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FINAL  LETTER  CONTRACT  REPORT 
Contract  N00014-89-0025 

Principal  Investigator:  Georges  L.  CHAHINE 


a  Foreword 

This  report  contains  copies  or  reprints  of  publications  made  under  contract  No.  N00014-89- 
C-0025  funded  by  the  Oflice  of  Nav2d  Research,  Fluid  Dynamics  Program  under  the  technical 
monitoring  of  Dr.  E)dwin  Rood. 

It  is  intended  to  document  the  technical  i^hievements  accomplished  under  this  contract.  In 
reverse  order  of  dates,  the  following  documents  are  included: 

V 

V. 

1.  G.L.  Chahine,  ‘‘Bubble  Dynamics  and  Cavitation  Inception  in  Non-Uniform  Flow  Fields,” 
to  appear  in  Proceedings  of  the  Twentieth  ONR  Symposium  on  Naval  Hydrodynamics’*, 
Santa  Barbara,  CA,  August  1994.. 

2.  G.L.  ClIAIIINE,  “Bubble  Interactions  with  Vortices,”  in  “Vortex  Flows,”  S.  Green, 
ed.,  to  be  published  by  Kluwer  Academic,  1994. 

3.  G.L.  Chahine,  “Cavitation  Dynamics  at  Microscale  Level,”  Journal  of  Heart  Valve 
Disease,  vol.  3,  1993. 

4.  G.  Desgress  DU  Lou,  T.  Sarazin,  and  G.L.  Chahine,  “Viscous  Interaction  Between 
Bubble  and  Line  Vortex,”  DynAFLOW,  Inc.  Technical  Report,  6.002.15,  1993. 

5.  Y.L.  Guerrier,  “The  Motion  of  a  Spherical  Docly  Below  a  Free  Surface,”  DYNAFLOW, 
Inc.  Technical  Report,  6.002.14,  1993. 

6.  A.  VAN  DER  Beken,  R.  Duraiswami,  and  G.L.  Chahine, “Study  of  Jet  Instability 
Formation  on  Free  Surfaces,”  DYNAFLOW,  Inc.  Technical  Report,  6-002-13,  1993. 
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7.  S.  Zhang,  J.  Duncan,  and  G.L.  Chahine,  ‘The  Final  Stage  of  the  Collapse  of  a 
Cavitation  Bubble  Near  a  Rigid  Wall,”  J.  Fluid  Mech.,  vol.  257, 1993. 

8.  G.  L.  Chahine,  E.  Delepoulle,  and  P.  Hauwaebt,  “Study  of  the  Interaction  Be¬ 
tween  a  Bubble  and  a  Vortical  Structure,”  Proceedings  Cavitation  and  Multiphase  Flow 
Forum,  New  York,  1993. 

9.  M.  Rebut  and  G.L.  Chahin  ^.^  "■nptotic  Study  of  Bubble  Dynamics  in  a  Nonuni- 
fonn  Potential  Flow,”  in  Proceedings,  AjME  Cavitation  and  Multiphase  Flow  Forum,  Los 
Angeles,  1992. 

10.  R.Duraiswami  and  G.L.  Chahine,  “Analytical  study  of  the  interaction  a  gas  bubble 
and  a  line  vortex,”  in  Proceedings  ASME  Catiiaticn  and  Multiphase  Flow  Forum,  Los 
Angeles,  1992. 

11.  G.L.  Chahine,  R.  Duraiswami,  and  M.  Rebut,  “Analytical  aod  Numerical  Study 
of  Large  Bubble/Bubble  and  Bubble/Flow  Interactions,”  Proceedings  of  the  Nineteenth 
ONR  Symposium  on  Naval  Hydrodynamics”,  Seoul,  S.  Korea,  1992. 

12.  J.B.  VlLLE  AND  G.L.  CttAHINE,  “Asymptotic  Study  of  Bubble  Dynamics  in  a  Slightly 
Compressible  flow,”  DynaFLOW,  Inc.  Technical  Report,  6.002.12,  1992. 

13.  L.  Mauduit  and  G.L.  Chahine,  “Asymptotic  Study  of  Bubble  Cloud  Dynamics  in  the 
Proximity  of  a  Body  in  Potential  Flow,”  Dynaflow,  Inc.  Technical  Report,  6.002.11, 
1992. 


14.  G.L.  Chahine,  R.  Duraiswami,  and  A.N.  Lakshminarasimha,  “Dynamical  Inter¬ 
actions  in  a  Bubble  Cloud,”  ASME  J.  Fluids  Engg.,  vol.  114,  1992. 

15.  G.L.  Chahine,  “Dynamics  of  the  Interaction  of  Non-Spherical  Cavities,”  in  “Mothemaf- 
ical  Approaches  in  Hydrodynamics,  (ed.  T.  Miloh),  SIAM,  PHILADELPHIA,  PP.  51-67, 
1991. 
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b  Summary 

The  primary  focns  of  the  work  conducted  under  this  contract  is  the  investigation  of  the  mech¬ 
anism  of  interaction  between  bubbles  and  underlying  flows,  and  of  the  mutual  interaction  of 
bubbles.  The  tools  developed  and  the  knowledge  gained  will  be  useful  to  us  and  other  re¬ 
searchers  and  engineers  to  model  and  understand  the  problem  of  cavitation  inception  in  various 
circumstances.  This  is  of  relevance  to  Navy  applications  where  cavitation  and  bubble  dynamics 
can  generate  noise,  adversely  affect  the  flow,  or  negatively  impact  on  the  performance.  Our 
main  emphasis  during  this  research  program  was  to  develop  a  description  of  the  dynamics  of 
strong  interactions  on  the  microscale  level  (the  dynamics  of  bubble  nuclei)  and  its  implications 
on  the  macroscale  level  (cavitation  inception,  emitted  noise). 

Since  the  fine  and  precise  modeling  of  the  overall  phenomenon  of  cavitation  is  very  compli¬ 
cated,  and  understanding  of  many  of  its  aspects  has  confounded  scientists  and  engineers,  we 
concentrated  attention  on  some  relatively  simple  but  practically  important  flow  situations,  so 
that  the  basic  physics  of  the  problem  could  be  understofxl.  This  understanding  of  the  fun¬ 
damental  mechanisms  is  essential  to  the  understanding  of  more  complicated  flows  involving 
bubbles,  and  allow  one  to  justify  or  discount  assumptions  made  in  other  studies  of  more  com¬ 
plex  flow  situations.  We  have  sought  to  achieve  this  goal  by  using  numerical,  analytical,  and 
experimental  methods. 

Tools  which  we  used  and/or  developed  in  this  study,  and  in  the  computer  programs  that 
have  resulted,  are  based  on  Matched  Asyix^>totic  expansions,  axisynunetric  and  3-D  Boundary 
Element  Methods  (BEM) ,  and  Vortex  Element  Methods.  In  addition,  in  order  to  study  viscous 
flow  /  bubble  interactions  a  simple  finite  difference  code  coupled  with  a  Runge-Kutta  model 
was  developed  for  the  axisymmetric  problem  of  bubble  /  vortex  viscous  flow  interaction. 

In  this  letter  report  we  will  not  go  into  the  details  of  our  results.  These  are  described  in  the 
various  publications  (listed  in  Appendix  A)  that  arose  from  work  on  this  contract  (copies  of 
the  most  relevant  publications  are  attached).  Instead  we  wiU  concentrate  here  on  some  aspects 
of  the  results,  and  their  implications  on  future  fundamental  and/or  nmnerical  work  and  on 
applications. 
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c  Bubble  Flow  Interaction 

This  section  relates  to  the  dynamics  of  bubble  nudd  (cavitation  inception)  in  boundary  layers, 
shear  layers  and  in  vortex  flows.  After  developing  the  method  of  approach,  particular  attention 
was  given  to  bubble  behavior  in  vortical  flows  and  close  to  a  boundaries.  In  all  cases  sin¬ 
gle  and  multiple  bubble  dynamics  were  considered.  Whenever  possible  comparison  was  made 
with  existing  experimental  evidence  or  with  small  scale  experiments  conducted  in  parallel  at 
Dynaflow.  Specific  areas  which  we  have  addressed  are: 

•  Interaction  between  multiple  bubbles  (cloud  cavitation) 

•  Influence  of  shear  and  vortical  flows  on  single  and  multiple  bubbles  (cavitation  in¬ 
ception  in  boundary  layers  and  trailing  vortices) 

•  The  description  of  large  bubble  deformation  near  a  submerged  body  (bubble  d]mam- 
ics  near  head  forms,  also  applicable  to  underwater  explosion  bubble  dynamics) 

•  Development  of  an  asymptotic  model  of  a  cavitating  bubbly  flow. 

•  Bubble  capture  and  behavior  in  a  vortex  flow  (bubble  capture,  cavitation,  and  vortex 
flow  modification) 

c.l  Bubbles  in  vortex  line-flow 

c.l.l  Bubble  capture  and  deformation  in  a  line  vortex  flow 

To  study  bubble  capture  and  interaction  with  the  vbcous  flow  field  of  a  vortex  line  or  a  vwtex 
ring,  a  model  where  the  interaction  is  restricted  to  the  constraint  that  no  additional  vortidty 
is  generated  by  the  bubble  dynamics  led  to  the  following  results: 

1.  Criteria  for  bubble  cs4>ture,  and  for  large  bubble  deformations  during  bubble  interaction 
with  a  vortex  line  flow  were  obtained. 

2.  Two  key  parameters  on  the  bubble  /  vortex  interaction  i^pear  to  be  the  ratio  between 
bubble  size  and  'Sriscous  core”  size,  and  the  ratio  between  ambient  pressure  and  the 
pressure  drop  at  the  vortex  center  due  to  the  circulation  in  the  vortex. 
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3.  Prior  to  bubble  capture  by  the  vortex  and  its  centering  on  the  vortex  axis,  the  strongest 
shear  effects  on  the  bubble  occur  in  the  region  close  the  vortex  core  edge. 

4.  During  strong  bubble  dynamics  (as  in  cavitation  inception  conditions)  bubble  deviation 
from  sph^cal  shape  during  bubble  growth  can  be  very  significant,  leading  eventually  to 
jet  formation  and  bubble  splitting,  and  thus  to  sound  emission  very  close  to  the  inception 
region. 

5.  In  strong  vortices,  such  as  in  a  tip  vortex,  deviation  from  sphericity  occurs  even  for  the 
smallest  conceivable  bubble  sizes. 

6.  Once  the  bubble  is  on  the  axis,  it  tends  to  elongate  significantly  if  the  ratio  between  its 
characteristic  size  and  the  viscous  core  radius  is  large.  It  then  tends  to  subdivide  into  a 
string  of  elongated  bubbles  along  the  axis. 

7.  The  model  was  extended  to  the  case  of  multiple  bubbles  in  the  vortex  flow,  and  was  able 
to  capture  both  inter-bubble  and  bubble-flow  interactions. 

Extension  to  a  two-phase  flow  fleld 

With  a  view  towards  large  scale  bubble  flow  simulations,  the  above  approach  was  implemented 
in  an  asymptotic  approach  which  has  the  advantage  of  being  much  less  constraining  compu¬ 
tationally  both  on  time  and  memory,  at  the  expense  of  restraining  solutions  to  small  bubble 
deformations.  The  method  of  matched  asymptotic  expansions  was  used,  the  small  parameter  e 
in  these  expansions  being  the  ratio  of  the  original  bubble  radius  and  the  distance  between  the 
bubble  and  the  nearest  line  vortex.  Analytical  developments  up  to  and  including  0{e^)  were 
made.  The  results  were  then  expressed  in  terms  of  a  series  of  ordinary  differential  equations 
(in  time)  for  the  coefficients  of  the  bubble  shape  function  (in  terms  of  spherical  harmonics). 

Experimental  validation 

A  series  of  experiments  on  the  interaction  of  spark  generated  bubbles  and  cavitating  and  non- 
cavitating  vortex  rings  was  performed  in  order  to  confront  the  codes.  A  vortex  ring  was  gen¬ 
erated  in  a  Plexiglas  chamber  maintained  at  pressures  below  the  ambient.  A  spark  generated 
bubble  was  formed  at  various  distances  away  from  the  ring,  and  high  speed  movies,video  record¬ 
ings  and  transient  pressures  in  the  liquid  were  recorded.  A  series  of  numerical  simulations  were 
also  performed  with  the  BEM  program  in  the  same  conditions  and  showed  better  than  expected 
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agreement  with  the  experiment  despite  the  modeling  assumptions  of  invisdd  liquid  away  from 
a  thin  viscous  core,  and  despite  neglect  of  vortex  ring  behavior  modification  due  to  the  presence 
of  the  bubble. 

c.1.2  Elongated  bubble  full  interaction  with  a  viscous  line  vortex  flow 

As  a  first  step  towards  a  full  bubble  /  viscous  flow  interaction  study,  the  following  simplified 
problem  of  cavitation  inception  in  a  line  vortex  was  addressed.  The  dynamics  of  an  infinitely 
elongated  (cylindrical)  bubble  was  considered  in  a  vortex  line  flow  field.  The  Navier  Stokes 
equations  were  then  solved  in  this  axisymmetric  two-dimensional  case.  The  bubble  dynamics 
was  obtained  in  terms  of  a  second  order  differential  equation,  similar  to  the  Rayleigh  Plesset, 
but  which  is  restricted  to  a  cylindrical  geometry,  and  contains  a  term  which  is  an  integral  of 
the  angular  velocities  in  the  flow.  This  term  constitutes  the  coupling  with  the  viscous  flow. 
The  viscous  flow  is  then  obtained,  using  a  finite  difiTerence  scheme,  by  resolution  of  a  diffusion 
equation  (reduced  NS  equations)  whose  coefficients  depend  on  the  bubble  characteristics.  The 
results  of  this  study  are  as  follows: 

1.  Starting  from  an  imposed  Rankine  vortex  flow  field  (sharp  change  in  the  slope  of  the 
velocity  profile,  du$/dr,  b^ween  the  viscous  and  the  invisdd  parts),  one  observes  that  a 
smoother  profile  is  rapidly  established. 

2.  The  position,  rc,  and  the  amplitude  of  maximum  tangential  velodty,  u^niaxi  strongly 
depend  on  the  bubble  dynamics: 

—  Tc  increases  during  the  bubble  growth  and  significantly  decreases  during  collapse. 
~  ugjoMx  decreases  during  the  bubble  growth,  and  significantly  increases  during 
collapse. 

3.  Vortidty  concentrates  near  the  axis,  stretches  during  bubble  collapse,  and  deca}rs  and 
diffuses  with  time  and  during  bubble  growth  due  to  viscous  diffusion. 

4.  This  results  in  a  moderated  bubble  collapse  and  growth  (compared  to  the  idealized  case 
where  the  viscous  basic  flow  is  assumed  independent  of  time)  when  viscous  effects  are 
fully  accounted  for  in  the  bubble/flow  interactions. 
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C.2  Bubble  behavior  in  a  shear  layer  near  a  fiat  plate 

c.2.1  Asymptotic  Analysis 

During  this  contract  we  have  studied  bubbles  in  shear  flows  by  means  of  the  method  of  matched 
asymptotic  expansions,  and  by  means  of  BEM  simulations.  A  treatment  of  the  behavior  of  a 
bubble  in  a  general  potential  flow  was  developed,  under  the  assmnption  that  the  bubble  size 
was  smaller  than  the  characteristic  length  scale  associated  with  the  external  flow.  Equations 
up  to  and  including  the  O(e^)  were  developed. 

The  resulting  equations  were  then  specialized  for  the  case  of  the  flow  past  a  semi-infinite 
bluff  body  (the  Schiebe  half  body).  The  equations  obtained  were  then  integrated,  and  showed 
some  interesting  feattires.  The  formation  of  the  reentrant  jet  was  shown  to  be  due  to  both  a 
combination  of  the  presence  of  the  wall  and  of  the  shear  flow.  In  fact,  the  presence  of  the  wall 
(in  terms  of  an  image  of  the  bubble)  does  not  appear  but  at  order  the  main  effect  of  the 
wall  at  the  leading  order  being  its  imposition  of  a  shear  velocity  field. 

c.2.2  Nume  rical  Simulation 

A  systematic  numerical  study  of  bubble  behavior  near  a  flat  plate  was  conducted,  using  high 
definition  bubble  discretization.  This  showed  interesting  results  on  bubble  behavior  during  its 
growth  and  collapse  near  a  wall.  For  an  increasing  ratio,  r,  between  the  shear  flow  velocity  at 
the  bubble  center  level  (shear  flow  is  zero  at  wall  and  increases  linearly  away  firom  it)  and  the 
bubble  characteristic  Rayleigl’  velocity  the  following  is  observed: 

1.  For  increased  values  of  r,  the  bubble  deforms  and  elongates  more  and  more  during  its 
growth. 

2.  For  small  values  of  r,  the  re-entering  jet  deviates  from  the  perpendicular  direction  to  the 
plate  with  increasing  values  of  r. 

3.  For  larger  values  of  r,  the  re-entering  jet  formation  is  tot£dly  modified  and  the  bubble 
tends  to  cut  itself  into  two  bubbles. 

4.  An  interesting  lifting  effect  is  observed  with  increasing  values  of  r.  The  bubble  centroid 
is  seen  to  move  further  and  further  away  firom  the  wall  with  increasing  values  of  r.  This 
is  probably  due  to  an  interaction  between  the  wall  shear  flow  and  the  effective  rotation 
of  the  bubble  with  time. 
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C.3  Multiple  Bubble  Dynamics 

The  focus  of  otir  study  on  multiple  bubble  dynamics  has  been  both  computational  and  analyt¬ 
ical.  The  computational  part  of  the  study  involved  the  simulation  of  various  multiple  bubble 
dynamics  problems.  Full  simulations  of  clouds  subject  to  step  changes  in  the  pressure  were  per¬ 
formed.  The  BEM  simulations  were  compared  with  the  predictions  of  an  analytical  treatment 
based  on  the  method  of  matched  asymptotic  expansions,  with  the  small  parameter  chosen  to 
be  the  ratio  of  characteristic  bubble  size  and  characteristic  inter-bubble  distance.  As  would  be 
expected,  the  two  methods  predict  similar  solutions  for  small  values  of  £,  but  diverge  when  the 
value  of  £  is  increased.  These  comparisons  serve  to  provide  a  means  of  mutual  validation  of  the 
analytical  technique  and  the  numerical  algorithm.  A  series  of  numerical  experiments  were  then 
performed  to  bring  out  various  features  of  the  dynamics  of  bubbles.  The  following  conclusions 
were  brought  out. 

1.  Multibubble  effects  result  in  a  cumulative  pressure  build-up. 

2.  Pressure  much  higher  than  due  to  summation  of  the  pressures  due  to  the  individual 
bubbles  are  obtained.  However,  overestimates  of  these  pressures  are  obtained  with  the 
asymptotic  approach. 

3.  While  growth  of  a  cloud  of  very  close  bubbles  does  not  deviate  much  from  the  case  of 
weak  interactions,  collapse  of  a  cloud  proceeds  in  a  very  directive  way.  Bubbles  on  the 
outer  shell  of  a  cloud  collapse  first,  leading  to  a  propagation  of  the  collapse  front  towards 
the  inside  of  the  cloud. 

4.  Most  striking  are  screening  influences  of  the  bubbles  -  outer  members  of  the  cloud  respond 
in  a  manner  markedly  different  from  the  ones  on  the  inside  of  the  cloud. 

An  asymptotic  analysis  was  also  performed  to  study  the  effect  of  compressibility  on  the 
dynamics  of  a  bubble  cloud.  This  analysis,  similar  to  that  used  by  other  workers  to  study 
single  spherical  bubble  dynamics,  replaces  the  Rayldgh-Plesset  equation  by  a  Keller-Herring 
(or  other  compressible  equations).  However,  the  analysis  is  complicated  by  the  appearance  of 
two  sttiaII  parameters  -  the  Mach  number  and  the  ratio  e  of  typical  bubble  size  to  inter  bubble 
distance.  Corrections  due  to  the  compressibility  were  obtained.  The  analysis  was  performed 
up  to  e^,  and  for  the  first  order  in  Mach  number. 
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d  A  New  B£M  Technique  for  Study  of  Liquid-Liquid 
Impact 

While  the  BEM  programs  developed  during  the  conduct  of  this  study  are  much  more  effi¬ 
cient  than  other  methods  used  to  simulate  free  surface  problems,  they  suffered  from  a  major 
breakdoMm  when  the  bubble  surface  became  multi-connected  (penetration  and  touchdown  of 
a  re-entering  jet).  This  affected  for  instance  our  simulations  in  the  case  of  strong  interac¬ 
tions  between  mviltiple  bubbles.  In  this  case,  the  validity  of  the  simulation  is  controlled  by  the 
shortest  period  of  the  bubbles  in  the  cloud.  As  soon  as  the  shape  of  that  bubble  becomes  multi- 
connected  the  method  fails  and  the  computation  stops.  Thus  a  key  extension  of  the  simulations, 
is  determining  the  bubble  dynamics  beyond  the  point  where  bubble  splitting,  or  reentrant  jet 
penetration  and  touch-down  occurs.  This  is  also  interesting  because  the  collapsing  bubbles  are 
themaelvea  capable  of  forming  vortical  structures  following  the  non  spherical  collapse.  This  issue 
is  one  of  both  practical  and  theoretical  significance.  Practically,  these  structtires  appear  to  be 
associated  with  cavitation  damage.  Fundamentally,  this  highlights  a  mechanism  by  which  a 
flow  that  starts  off  being  potential  is  later  on  able  to  develop  vorticity  by  the  collapse  of  various 
pieces  of  the  boimdary  onto  eaqh  other. 

Equations  for  the  further  flow  were  developed.  The  key  feature  of  the  methods  is  that 
the  surfaces  formed  by  the  touching  parts  of  the  bubble  are  treated  as  material  vortex  sheets. 
This  enables  us  to  treat  the  problem  with  the  botmdary  element  method.  A  BEM  program 
capable  of  simulating  bubble  collapse  past  the  touchdown  point  for  axisymmetric  geometries 
was  developed.  This  technique  is  presently  being  implemented  in  the  3-D  code. 


e  BEM  algorithm  improvement  for  free-surface  flow 

Since  the  BEM  programs  developed  deal  essentially  with  the  large  deformation  of  free  surfaces 
(here  mainly  bubble  interfaces),  these  same  codes  can  be  used  after  some  adjustments  to  more 
conventional  free  surface  flows.  During  this  contract,  we  applied  these  technique  to  study  high 
velocity  jets  that  develop  from  the  movement  of  a  free  surface  suddenly  generated  when  the 
bottom  of  an  empty  cylinder  open  at  both  end  is  suddenly  raised  from  the  bottom  of  a  container 
full  of  water.  The  results  correlated  reasonably  well  with  those  observed  experimentally  using 
high  speed  photography.  Similarly,  the  flow  due  to  a  droplet  impact  on  a  free  surface  and  to 
bubble  dynamics  below  a  free  surface  were  studied  in  small  students  projects. 
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f  Conclusions  and  Future  Plans 

The  above  described  work  forms  the  basis  of  our  on-going  development  of  a  powerful  free  surface 
large  nonlinear  motion  codes  including  vortical  effects  2uid  two-phase  flows.  By  combining  all 
the  various  tools  described  above,  a  large  simulation  code  to  run  on  supercomputers  or  parallel 
machines  is  now  conceivable.  Most  of  the  fundamental  issues  have  been  worked  out  under 
this  contract  and  other  IR&D  parallel  efforts.  Similarly,  we  are  presently  coupling  a  Vortex 
Element  Method  with  the  BEM  codes  described  above  to  study  vortical  flows  /  bubbly  flows 
interactions.  We  are  also  coupling  our  BEM  code  with  a  finite  element  (shell)  method  provided 
by  Laurence  Livermore  National  Laboratories  to  study  fluid  structure  interaction.  We  hope 
to  be  able  to  achieve  such  a  useful  tool  in  the  near  future,  in  order  to  take  advantage  of  the 
ever-improving  hardware  computational  capabilities. 
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ABSTRACT 

Tht  study  of  cavitation  inception  in  non-vniform 
flow  fields  rtfuires  complex  and  sophisticated  meth¬ 
ods.  These  need  to  account  for  the  interaction  be¬ 
tween  the  nuclei  and  the  underlying  flow,  often  t« 
the  neighborhood  of  walb,  ra  shear  layers,  in  sepa¬ 
rated  regions,  and  in  turbulent  flow  fields.  This  paper 
describes  our  contributions  towards  the  development 
'  of  tecknigues  for  the  study  of  fully  SD  bubble/bubble 
and  hubble/flow  tnieracttons.  IFtlA  Ike  advent  of  fast 
and  affordable  computers  such  techniques  have  be¬ 
come  more  and  more  practice,  and  can  be  effectively 
used  as  toob  for  the  description  of  large  scale  bub- 
ble/vortical  flow  field  interaction  simulations. 

a 

INTRODUCTION 

In  order  to  achieve  a  cavitation  free  design  of  a 
submerged  body  such  as  a  propeller,  or  to  test  a 
scale  model  in  a  laboratory  environment,  it  is  nec¬ 
essary  to  establish  criteria  for  cavitation  inception 
and  to  define  scaling  parameters  betweoi  models 
and  full  scale.  The  traditional  cavitation  number 
baaed  on  the  engineering  definition  of  cavitation  in¬ 
ception:  a  liquid  flow  experiences  cavitation  if  the 
local  pressure  drops  below  the  liquid  vapor  pressure 
is  obviously  not  always  adequate.  A  large  number  of 
studies  over  the  years  have  aimed  to  replace  this  cri¬ 
terion  with  a  more  adequate  one  based  on  spherical 
bubble  dynamics,  foUowing  introduction  of  the  con¬ 
cept  of  critical  pressure  to  replace  vapor  pressure.  In 
fact,  cavitation  very  seldom  occurs  under  the  format 
of  spherical  bubble  growth  and  collapse.  Cavitation 
inception  appears  in  several  forms  [1,  2],  the  most 
recognised  being  : 

(a)  Explosive  growth  of  individual  bubbles, 

(b)  Sudden  appearance  of  transient  cavities  or 
“flashes”  on  boundaries, 

(e)  Sudden  appearance  of  attached  partial  cavities, 
or  sheet  cavities, 


(d)  Explosive  growth  of  bubble  clouo.  uad  at¬ 
tached  cavities  or  a  vibrating  surface. 

(e)  Sudden  appearance  of  rotating  filatnents,  or  vor¬ 
tex  cavitation. 

Upon  further  scrutiny,  ail  of  these  forms  can  be 
related  to  the  explosive  growth  of  pre-existing  nuc '  n 
in  the  liquid  when  subjected  to  pressure  drops  gener¬ 
ated  by  various  forms  of  local  pressure  disturbances. 
These  are  either  acoustically  imposed  pressure  variv 
tions,  uniform  pressure  drops  due  to  local  liquid  ac¬ 
celerations,  or  strongly  non-uniform  pressure  fields 
due  to  streamwise  or  transverse  large  vortical  struc¬ 
tures.  The  presence  of  nuclei  or  toeoib  spots  in  the 
liquid  is  therefi>re,  essential  for  cavitation  inception 
to  occur.  Indeed,  a  pure  liquid  free  of  nuclei  can 
sustain  very  large  tensions,  in  the  hundreds  of  atmo¬ 
spheres,  before  a  cavity  can  be  generated  through 
separation  of  the  liquid  molecules.  Any  frmdamen- 
tal  analysis  of  cavitation  inception  has  to  start  from 
the  observation  that,  any  real  liquid  contains  nuclei 
which  when  subjected  to  variations  in  the  local  ambi¬ 
ent  pressure  will  respond  dynamically  by  oscillating 
and  eventually  growing  explosively  (i.e.  cavitate). 

In  most  real  flow  conditions  which  involve  non- 
uniform  flow  fields  the  conditions  leading  to  cavi¬ 
tation  inception  involve  subjection  of  the  cavitation 
nuclei  not  only  to  significant  pressure  drops,  but  also 
to  equally  significant  pressure  and/or  velocity  gradi¬ 
ents.  The  spherical  model,  despite  aU  the  help  it 
has  provided  over  the  years,  foils  to  address  these 
conditions  because  it  assumes  that  the  bubble  fol¬ 
lows  the  flow,  and  that  its  sise  remains  smaller  Umn 
the  length  scales  of  the  pressure  and  velocity  fluctua¬ 
tions.  However,  detailed  and  predse  observatioos  of 
flow  fields  in  even  the  most  simplified  flow  conditions 
(hemisphetieal  body,  simple  two-dimensional  blades, 
linear  tip  vortices,  vortex  rings,  submerged  jets,  etc.) 
show  that  the  velocity  and  pressure  fluctuations  in 
these  flow  fields  are  on  the  scale  of  strong  eddies 
of  the  same  sise  as  the  microbubbles  present  in  the 
liquid.  These  observatioos  gain  further  importance 


when  one  notices  that  all  laboratory  scale  model  ex¬ 
periments  are  inevitably  done  under  conditions  in 
which  the  eddies  and  the  bubbles  are  not  scaled  in 
the  same  proportions  (if  bubbles  are  scaled  at  all). 
The  study  of  bubble  dynamics  in  non-uniform  flow 
fields  then  stands  out  as  being  as  fundamental  and 
important  as  spherical  bubbles  have  been  for  the 
past  decades. 

In  this  paper  we  describe  our  efforts  towards  the 
understanding  of  this  problem  and  complement  our 
contribution  at  the  previous  symposium  [3].  To  do  so 
we  consider  three  fundamental  problems  of  relevance 
to  real  flow  field  configurations:  1.  bubble  dynam¬ 
ics  in  the  boundary  layer  of  a  flat  wall,  2.  bubble 
dynamics  in  the  boundary  layer  of  a  head-form,  and 
3.  Bubble  dynamics  in  a  vortical  flow  field.  This 
should  enable  one  to  deduce  criteria  for  cavitation 
inception  accounting  for  large  bubble  deformation 
and  splitting.  In  addition,  in  the  case  of  the  bub¬ 
ble  dynamics  in  a  vortex  flow,  we  present  schemes  to 
model  flow  modification  by  the  bubble  dynamics. 

SOLUTION  METHOD 

One  of  the  numerical  methods  that  has  proven  to 
be  very  eflScient  in  solving  the  types  of  free  bound¬ 
ary  problems  associated  with  bubble  dynamics  is 
the  Boundary  Element  Method.  Several  investiga¬ 
tors  [4,  S,  6,  7]  used  this  method  in  the  solution  of 
axisymmetric  problems  of  bubble  growth  and  col¬ 
lapse  near  boundaries.  This  method  was  extended 
to  three-dimensional  bubble  dynamics  problems  by 
Chahine  ei  al.  [8,  9].  We  describe  here  the  model, 
then  apply  it  to  various  cases  of  bubbles  in  a  vorti¬ 
cal  flow.  More  analytical  methods  such  as  those  we 
presented  at  the  previous  ONR  Symposium  [3],  give 
very  good  insight  into  the  dynamics  but  are  limited 
to  small  bubble/flow  field  interactions. 

Statement  of  the  problem 

Let  us  consider  the  dynamics  of  bubbles  oscillating 
in  a  non-uniform  flow  field  ("6astc  flovT)  of  velocity 
V,  that  is  known  (or  determined  by  the  problem  so¬ 
lution)  and  which  satisfies  the  inconq>re8sible  Navier 
Stokes  equations: 

/fv  1 

^  -I-  V,  -  vv.  =  -ivp,  -b  I/V*V,  .  (1) 

in  p 

Without  any  additional  assumptimis,  in  the 
presence  of  oscillating  bubbles  the  resulting  velocity 
field,  given  by  V,  also  satisfies  the  incompressible 
Navier  Stokes  equation: 

SV  I 

^  +  V-W  =  -iVP  +  i/V’V.  (2) 
at  p 


Let  us  then  define  the  bubble  flow  velocity  and 
pressure  variables,  Vt  and  Pt,  as  follows: 

V*  =  V  -  V„  P*  =  P  -  P,.  (3) 

We  now  consider  the  case  where,  because  we  are 
interested  in  cavitation  bubbles  with  high  but  sub¬ 
sonic  bubble  wall  velocities,  the  “bubble  flow’  field 
is  potential. 

V*  =  V***  =  0,  (4) 

We  now  subtract  (1)  from  (2)  accounting  for  (4) 
to  obtain 

V*  =  V*  X  (V  X  V,),  (5) 

♦  =  ^  +  (6) 

This  equation,  once  integrated,  is  to  replace  the 
classical  unsteady  Bernoulli  equation. 

The  assumption  of  potential  “bubble  flow’  may 
imply  that  no  new  vorticity  can  be  generated  by  the 
bubble  behavior  with  the  chosen  model.  However,  if 
we  allow  the  basic  flow  to  interact  with  the  bubble 
dynamics  and  be  modified  by  it  in  a  unrestricted 
and  rotational  manner,  as  done  later  below,  we  can 
recover  generation  and  modification  of  vorticity  by 
the  presence  and  dynannics  of  the  bubble. 

For  the  particular  cases  considered  in  this  paper, 
the  following  integrations  can  be  made.  In  the  case  of 
a  flat  waU  boundary  layer  flow  such  that  all  velocity 
vectors  are  parallel  to  the  wall,  and  depend  only  on 
the  distance  to  the  wall,  V,  =  f(z).eg,  where 
is  the  unit  vector  in  the  flow  direction,  and  is 
the  unit  vector  in  the  direction  perpendicular  to  the 
wall.  Equation  (6)  becomes: 

9  =  constant  in  the  e,  dtrecdton.  (7) 

For  the  case  where  the  basic  flow  field  is  composed  of 
linear  vortices  of  axis  direction,  e^,  Vg  =  V$.e0,  with 
Vs  the  tangential  velocity.  Equation  (6)  becomes: 

9  =  constant  in  the  direction  .  (8) 

Bubble  Flow  Equations 

As  stated  above,  we  consider  the  cases  where  the 
presence  of  bubbles  in  the  flow  has  significant  effects, 
that  is  cases  where  bubble  volume  variations  are  not 
negligible.  This  implies  large  but  subsonic  bubble 
wall  velocities.  Therefore,  we  consider  a  bubble  flow 
that  is  potentiad. 


The  solution  must  satisfy  initial  conditions  and 
boundary  conditions  at  infinity,  at  the  bubbles  walls 
and  at  the  boundaries  of  any  nearby  bodies.  At  all 
moving  or  fixed  sur&ces  (such  as  a  bubble  sur&ce  or 
a  nearby  boundary)  an  identity  between  fluid  veloci¬ 
ties  normal  to  the  boundary  and  the  normal  velocity 
of  the  boundary  itself  is  to  be  satisfied: 

V«».n  =  V,n.  (9) 

where  n  is  the  local  unit  vector  normal  to  the  bubble 
surface  and  Vs  is  the  local  velocity  vector  of  the 
moving  sur&ce. 

The  bubble  is  assumed  to  contain  noncondensi- 
ble  gas  of  partiad  pressure,  P,,  and  vapor  of  the  sur¬ 
rounding  liquid  of  partial  pressure,  Pu.  Vaporisation 
of  the  liquid  occurs  at  a  fast  enough  rate  so  that  the 
vapor  pressure  may  be  assumed  to  remain  constant 
throughout  the  simulation  and  equal  to  the  equilib¬ 
rium  v^or  pressure  at  the  liquid  ambient  tempera¬ 
ture.  In  contrast,  since  time  scales  associated  with 
gas  diffusion  are  very  large,  the  amount  of  noncon¬ 
densible  gas  inside  the  bubbles  remains  constant  and 
the  gas  pressure  is  assumed  to  satisfy  the  polytropic 
relation, 

=  constant,  (10) 

where  V  is  the  bubble  volume  and  k  the  polytropic 
constant,  with  h  s  1  for  isothermal  behavior  and 
k  =  Cp/e,  for  adiabatic  conditions. 

Tiie  pressure  in  the  liquid  at  the  bubble  sur¬ 
face,  Pi,  is  obtained  at  any  time  &om  the  following 
pressure  balance  equation: 

PL  =  P.+Pf.(^^y -Cj,  (11) 

where  Pg,  and  V,  are  the  initial  gas  pressure  and  vol¬ 
ume  respectively,  y  is  the  surface  tension,  C  is  the 
local  curvature  of  the  bubble,  and  V  is  the  instantar 
neous  value  of  the  bubble  volume.  In  the  numerical 
procedure  P,.  and  Vq  are  given  quantities  at  t  s  0. 

3-D  Boundary  Integral  Method 

In  order  to  render  possible  the  simulation  of  sin¬ 
gle  or  multiple  bubble  behavior  in  complex  geometry 
and  flow  configurations  including  the  full  non-linear 
boundary  cmidititms,  a  three-dimensional  Boundary 
Element  Method  was  developed  and  implemented 
[8,  9,  10,  11].  This  method  was  chosen  because  of 
its  computational  efficiency.  By  ctmaidering  only  the 
boundaries  of  the  fluid  domain  it  reduces  the  dimen¬ 
sion  of  the  problem  by  one.  This  method  provides 
a  solution  of  the  Laplace  equation  (4)  in  terms  of 
Green’s  equation,  which  provides  4f  anywhere  in 


the  domain  of  the  fluid  (field  points  P)  if  the  ve¬ 
locity  potential,  4*  ,  and  its  normal  derivatives  are 
known  on  the  fluid  boundaries  (points  M), 

I  [  Jn*  |MP| 

where  fl  is  the  solid  angle  under  which  P  sees  the 
fluid,  n  =  4r  if  P  is  a  point  in  the  fluid;  G  s  2r  if 
P  is  a  point  on  a  smooth  sur&ce,  and  Q  <  4t  if  P  is 
a  point  at  a  sharp  corner  of  the  surface. 

If  the  field  point  is  selected  to  be  on  the  mir&ce 
of  any  of  the  bubbles  or  on  the  surface  of  the  nearby 
boundaries,  then  a  closed  set  of  equuions  can  be  ob¬ 
tained  and  used  at  each  time  step  to  solve  for  values 
of  d4k/dn  (or  4t)  assuming  that  ail  values  of  4t  (or 
d^i/dn)  are  known  at  the  preceding  step. 

Discretuatioa 

To  solve  Equation  (12)  numerically,  it  is  necessary 
to  discretize  each  bubble  into  panels,  perform  the 
integration  over  each  panel,  and  then  sum  up  the 
contributions  to  complete  the  integration  over  the 
entire  bubble  surface.  To  do  this,  the  initially  spher¬ 
ical  bubbles  are  discretized  into  geodesic  shapes  us¬ 
ing  flat,  triangular  panels.  To  evaluate  the  integrals 
over  any  particular  panel,  a  linear  variation  of  the 
potential  and  its  normal  derivative  over  this  panel 
is  assumed.  In  this  manner,  both  4»  and  d^t/dn 
are  continuous  over  the  bubble  surface,  and  are  ex¬ 
pressed  as  a  function  of  the  values  at  the  three  nodes 
which  delimit  a  particular  panel. 

Equation  (12)  then  becomes  a  set  of  AT  equa¬ 
tions  {N  is  the  number  of  discretization  nodes)  of 
index  t  of  the  type: 

A  a4»i  A 

(13) 

where  the  matrices  A,;  and  Bij  are  the  discrete 
equivalent  of  the  integrids  in  (12). 

Curvature  and  tangential  velodty  computations 

In  order  to  proceed  with  the  computation  of  the 
bubble  dynamics  several  quantities  appearing  in  the 
id>ove  boundary  conditions  need  to  be  evaluated  at 
each  time  step.  The  bubble  volume  presents  no  par¬ 
ticular  difficulty,  while  the  unit  normal  vector,  the 
local  surfsce  curvature,  and  the  local  tangential  ve¬ 
locity  at  the  bubble  interface  need  further  develop¬ 
ment.  In  order  to  compute  the  curvature  of  the  bub¬ 
ble  surface,  a  three-dimensional  local  bubble  sur&ce 


At,  /(z,  y,  z)  =  0,  is  first  computed.  The  unit  normal 
at  a  node  can  then  be  expressed  as: 


n 


iv/r 


(14) 


with  the  appropriate  sign  chosen  to  insure  that  the 
normals  are  always  directed  towards  the  fluid.  The 
local  curvature  is  then  computed  using 


C’  =  Va.  (15) 

To  obtain  the  total  fluid  velocity  at  any  point 
on  the  surface  of  the  bubble,  the  tangential  veloc¬ 
ity,  Vt,  must  be  computed  at  each  node  in  addition 
to  the  normal  velocity,  V„  =  d^k/dn  a.  This  is 
also  done  using  a  local  surface  fit  to  the  velocity  po¬ 
tential,  4)  =  h{x,y,z).  Taking  the  gradient  of  this 
function  at  the  considered  node,  and  eliminating  any 
normal  component  of  velocity  appearing  in  this  gra¬ 
dient  gives  a  good  approximation  for  V(  ; 

V,  =  n  X  (V«P,  X  n) .  (16) 


Time  stepping 

The  basic  procedure  can  then  be  summarized  as 
follows.  With  the  problem  initialized  and  the  veloc¬ 
ity  potential  known  over  the  surface  of  the  bubble, 
an  updated  value  of  d4t/dn  can  be  obtained  by  per¬ 
forming  the  integrations  in  ( 12)  and  solving  the  cor¬ 
responding  matrix  equation  (13).  D^i/Dt  is  theu 
computed  using  the  “modified”  Bernoulli  equation 
(7)  or  (8).  Using  an  appropriate  time  step  all  val¬ 
ues  of  on  the  bubble  surface  can  then  be  updated 
using  at  the  preceding  time  step  and. 

In  the  results  presented  below  the  time  step, 
dt,  is  based  on  the  ratio  between  the  length  of  the 
smallest  panel  side,  fmm  znd  the  largest  node  ve¬ 
locity,  Vmas-  This  choice  limits  the  motion  of  any 
node  to  a  fraction  of  the  smallest  panel  side.  It  has 
the  great  advantage  of  constantly  adapting  the  time 
step,  by  refining  it  at  the  end  of  the  collapse  -  where 
Imin  becomes  very  small  and  Vm„  very  large  -  and 
by  increasing  it  during  the  slow  bubble  size  varia¬ 
tion  period.  New  coordinate  positions  of  the  nodes 
are  then  obtained  using  the  displacement: 

dM= 

where  u  and  et  are  the  unit  normal  and  tangential 
vectors.  This  time  stepping  procedure  is  repeated 
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Figure  1:  Influence  of  a  linear  shear  velocity  on  the 
collapse  of  a  bubble  near  a  solid  wall.  Vshegr  is  nor¬ 
malized  with  the  Rayleigh  velocity  ^(AP/p). 


throughout  the  bubble  growth  and  collapse,  result¬ 
ing  in  a  shape  history  of  the  bubble. 

The  developed  code  and  method  were  validated 
using  comparisons  with  known  results  in  the  literar 
ture  for  spherical  or  axisymmetric  bubble  conflgura- 
tions.  Convergence  of  the  2-D  and  .3-0  model  were 
then  established  for  cases  of  interest  using  increased 
numbers  of  grid  points.  Such  detailed  comparisons 
can  be  found  in  [12]. 

BUBBLE  COLLAPSE  NEAR  A  FLAT 
WALL  IN  A  SHEAR  FLOW 

In  most  previously  published  studies  of  bubble  dy¬ 
namics  near  solid  wadis,  the  wall  was  considered  rigid 
amd  infinite,  and  the  liquid  quiescent  in  the  absence 
of  the  bubble.  The  only  asymmetry  in  the  problem 
is  then  due  to  the  presence  of  the  infinite  wall,  and 
the  bubble  behaves  axisymetricadly.  In  this  case,  the 
bubble  forms  a  reentering  jet  perpendicular  to  the 
plate  during  the  collapse  phase.  Such  a  model  has 
been  extensively  used  by  many  authors  both  for  ex¬ 
perimental  and  anadytical/numericad  studies  mainly 
aimed  at  studying  erosion  due  to  cavitation  bubbles, 
and  was  justified  in  the  absence  of  more  advanced 
techniques.  It  is  however,  obvious  that  this  config¬ 
uration  is  rarely  encountered  in  practical  cavitating 
flow  fields. 

Figure  I  shows  the  results  obtained  with  a  relar 
tively  simple  model  for  the  wall  flow  using  our  BEM 
code  SDynaFS.  The  velocity  is  assumed  to  vary  lin¬ 
early  from  a  value,  V,h,ar  at  a  distance  Rmmm  from 
the  wall  to  zero  at  the  wall.  The  “basic*  pressure. 
Pamt,  is  assumed  constant  across  the  shear  layer 
and  is  an  input  of  the  problem  as  is  the  initial  gas 


preMure  innde  the  bubble,  Pf^.  The  bubble  cea- 
ter  i«  located  at  a  diatance  L  from  the  wall.  The 
bubble  behavior  attoogly  depeuda  on  the  parameter, 
<  —  characterising  wall  proximity,  and  on 

a  shear  parameter,  Xt  rstio  between  the  shear  ve¬ 
locity,  ,  SBd  characteristic  bubble  dynamics 
velociy:  x  »  V,ktmrly/^PIp- 

Figure  1  shows  selected  bubble  contours  of  the 
bubble  during  its  growth  and  collapse.  These  are 
cross  cuts  of  the  3-0  bubble  shapes  obtained  aloag 
the  plane  of  symmetry  (perpendicular  to  the  wall 
and  parallel  to  the  flow  direction).  The  presence  of 
shear  is  clearly  apparent  during  the  bubble  growth: 
downstream  bubble  points  move  away  from  the  ini¬ 
tial  bubble  center  much  faster  than  upstream  points. 
This  follows  the  simple  intuitive  reasoning  that  each 
point  on  the  bubble  surface  moves  with  a  velocity 
composed  of  the  velocity  it  would  have  in  absence  of 
shear  plus  the  local  velocity  of  the  “baste  floia*.  For 
instance  the  farthest  upstream  bubble  points  sees 
its  undisturbed  growth  velocities  increased  by  V,ktar 
while  the  farthest  downstream  point  has  its  velocity 
decreased  by  Vtktar-  The  opposite  is  true  during  the 
collapse  phase.  As  can  be  seen  by  comparing  the  var¬ 
ious  cases  of  increasing  x  in  Figure  1  “stretching”  of 
the  bubble  in  the  flow  direction  increases  with  the 
shear  intensity. 

During  the  bubble  collapse  an  even  more  signtf- 
icant  effect  of  the  presence  of  shear  on  the  bubble 
dynamics  can  be  seen.  The  formation  and  develop¬ 
ment  of  the  reentering  jet  seems  to  be  very  dramati¬ 
cally  modified.  Even  when  the  shear  velocity  is  very 
small,  the  jet  is  very  much  delayed  and  weakened 
in  comparison  with  the  case  of  the  absence  of  shear. 
Let  us  note  that  in  the  absence  of  a  "kostc  /low” 
the  jet  is  directed  towards  the  wall,  and  that  in  the 
other  extreme  case,  i.e.  no  wall  and  uniform  flow, 
the  reentering  jet  is  directed  upstream.  For  a  finite 
value  of  X  one  would  expect  a  jet  angled  towards  the 
wall  and  upstream. 

For  increased  values  of  x,  the  bubble  deforma¬ 
tion  and  ebngation  is  enhanced  during  the  growth. 
During  collapse  for  small  values  of  x,  the  re-entering 
jet  is  deviated  for  increasing  values  of  x  &om  the  per¬ 
pendicular  to  the  plate.  For  larger  values  of  x>  the 
re-entering  jet  formation  is  totally  modified  and  the 
bubble  tends  to  cut  itself  into  two  bubbles.  In  ad¬ 
dition,  an  interesting  lifting  effect  is  observed.  The 
bubble  centroid  is  seen  to  move  further  and  further 
away  firom  the  wall  with  increasing  values  of  x-  This 
is  probably  due  to  an  interaction  between  the  wall 
shear  flow  and  the  bubble  rotation. 
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Figure  2:  The  hemispherical  Rankine  body  shape 
used  in  the  simulations  and  the  corresponding  pres¬ 
sure  coefficient,  Cp,  distribution. 

BUBBLE  DYNAMICS  NEAR  A  HEMI¬ 
SPHERICAL  BODY 

Cavitation  on  hemispherical  bodies  has  been  stud¬ 
ied  for  a  long  time.  The  Schiebe  body  for  instance 
has  been  used  in  various  laboratories  for  studying 
cavitation  scaling  effects.  .More  recently,  an  exten¬ 
sive  program  for  the  study  of  cavitation  inception  for 
various  Schiebe  body  sizes  was  conducted  at  Caltech 
and  in  the  Large  Cavitation  Tunnel  (LCC)  in  Mem¬ 
phis  [13, 14].  Very  interesting  observations  of  bubble 
behavior  on  these  headforms  were  made.  These  ob¬ 
servations  indicated  strong  interaction  between  the 
bubbles  and  the  boundary  layer  on  the  headform. 
Large  deviations  from  spherical  bubble  shapes  were 
observed,  including  bubble  splitting  and  breakup, 
formation  of  a  weak  reentering  jet  during  bubble 
growth,  and  formation  of  long  ‘secondary  cavitation' 
or  a  trail  behind  the  bubble.  We  present  in  this  sec¬ 
tion  a  numerical  simulation  of  these  effects  using  the 
methods  described  above.  The  objective  here  is  not 
to  reproduce  all  the  characteristics  of  the  experimen¬ 
tal  studies,  but  to  observe  which  characteristics  can 
be  captured  by  the  present  solution  method. 

To  do  so,  the  flow  field  around  the  Schiebe  body 
was  simulated  using  a  very  elongated  Rankine  oval 
closed  body.  Figure  2  shows  the  hemispherical  body 
shape  and  the  corresponding  pressure  distributicm 
along  the  body.  One  can  clearly  observe  the  pres¬ 
ence  of  a  very  sharp  pressure  drop  at  the  upstream 
body  at  location  z/L  =  0.05,  followed  by  a  pressure 
rise  which  is  maintained  until  the  downstream  locv 
tion,  z/L  s  .95,  where  a  second  symmetric  pressure 
drop  is  present.  The  “basic  flow"  for  the  problem 
here  is  defined  as  that  due  to  the  superposition  of 


Figure  3:  Simulacion  of  the  behavior  of  a  bubble 
near  a  hemispherical  Rankine  body  shape  showing 
formation  of  indentation  and  trail. 

a  uniform  flow,  Vgo ,  and  two  sources  of  intensity  Q. 
To  maintain  the  body  shape  for  various  values  of 
the  uniform  flow  velocity,  the  ratio  Kn/Q  was  main¬ 
tained  constant.  In  order  to  account  for  the  presence 
of  a  boundary  layer  on  the  body,  this  inviscid  flow 
field  was  modified  arbitrarily  in  the  neighborhood  of 
the  hemispherical  body  shape,  in  such  a  way  that  the 
velocity  was  decreased  linearly  to  zero  on  the  body. 

In  the  following  flguies,  the  selected  Ranlune 
body  had  a  radius  of  4  inches,  and  a  length  of  55 
inches.  In  the  simulations  we  have  conducted  the 
bubble  sizes  were  varied  from  10  to  1000/im,  and  the 
flow  velocities  from  0  to  20  m/s.  The  cases  presented 
here  are  selected  because  they  reproduce  many  of  the 
characteristics  of  the  experimental  observations  in 
[13,  14].  Figure  3  shows  bubble  contours  at  various 
times,  and  illustrates  clearly  several  key  experimen¬ 
tal  observations:  the  formation  of  an  indentation  on 
the  bubble  top  while  the  bubble  is  being  converted 
downstream  by  the  hemispherical  body,  the  forma¬ 
tion  of  a  wedge  shape  on  the  downstrerun  portion  of 
the  bubble,  the  lifting  of  this  portion  of  the  bubble 
from  the  wall,  and  the  formation  of  a  ‘trail’  behind 
the  bubble  during  its  motion. 

The  indentation  appears  due  to  the  opposing 
effects  on  the  upstream  bubble  portion  of  the  basic 
flow  and  the  bubble  growth  velocity.  This  bubble 
portion  moves  away  the  least  from  the  initial  bubble 
center.  With  time  due  to  the  presence  of  the  shear, 
as  in  the  flat  widl  case,  this  bubble  region  roUs  away 
from  the  body  into  the  flow  direction  and,  then,  en¬ 
counters  a  pressure  rise  which  enhances  the  motion 
of  the  indentation  towards  the  body  wall.  On  the 
other  hand,  the  bubble  points  that  penetrate  the 


FigiiTe  4:  Bubble  behavior  in  the  boundary  layer 
of  a  cambered  lifting  surface  showing  the  formation 
of  a  long  trail  behind  the  bubble  (from  [15]) 

simulated  ‘boundary  layer’  of  the  body,  And  them¬ 
selves  quasi-trapped  in  that  lsv«r.  .4$  a  result,  these 
points  lag  behind  the  rest  of  the  bubble  and  a  bub¬ 
ble  ‘trail’  appears.  With  the  simple  model  used  here, 
this  trail  differs  from  that  in  the  experiments  by  the 
fact  that  it  issues  from  the  center  part  of  the  bubble 
and  not  from  its  side.  This  could  also  be  a  scaling 
effect,  in  the  sense  of  differing  ratios  between  the 
bubble  and  the  body  sizes.  Figure  4  taken  from  ob¬ 
servations  on  a  lifting  surface  [15]  shows  a  trail  which 
resembles  very  much  those  obtained  by  the  present 
numerical  simulattions. 

Figure  5  shows  the  case  of  a  bubble  where  the 
rolling  motion  of  the  bubble  points  is  not  strong 
enough  for  the  reentering  point  to  relocate  itself 
above  the  wall.  Instead,  the  indentation  occurs  early 
on  in  the  downstream  portion  of  the  bubble  leading 
to  a  fission  of  the  bubble  and  the  formation  of  a  long 
trail. 

Figure  6  shows  the  case  where  fission  of  the 
front  of  the  bubble  is  very  obvious.  This  case  re¬ 
sembles  very  much  to  the  experimental  observations, 
and  precedes  bubble  collapse  and  rebound. 

BUBBLE  /VORTEX  INTERACTIONS 

A  fundamental  aspect  of  cavitation  in  turbulent 
flows,  and  in  boundary  and  shear  layer  flows  con¬ 
cerns  the  interaction  between  bubbles  and  vortices. 
A  simple  example  is  that  of  a  ‘tip  vortex’  cavitation 
on  propellers  and  three-dimensional  airfoils.  The  in¬ 
teraction  between  bubbles  and  vortex  flows  is  in  fact 
of  relevance  to  several  fluid  engineering  problems  in¬ 
volving  submerged  jets,  flows  behind  constrictions 
and  orifices,  in  wakes  and  in  separated  flow  areas. 
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Figure  5:  3-D  view  of  the  bubble  shape  near  a 
hemispherical  Rankine  body  shape  after  formation 
of  a  trail. 


Figure  6:  Bubble  end  splitting  near  a  hemispherical 
Rankine  body  shape. 


Mechanistic  Description 

When  a  bubble  approaches  a  region  of  high  vortic- 
ity  in  a  liquid,  it  is  accelerated  towards  the  center 
of  rotation  due  to  the  highly  asymmetric  pressure 
field.  On  its  path  the  bubble  experiences  a  decreas¬ 
ing  ambient  pressure  which  leads  to  an  increase  in 
its  volume.  Simultaneously,  since  the  non  uniformity 
of  the  pressure  field  increases  with  pro.>dmity  to  the 
vortex  axis,  bubble  shape  deformation  increases. 

Over  the  last  decade  several  investigators  have 
addressed  the  phenomenon  of  bubble  capture  by  a 
vortex  [16,  18,  19].  These  studies  made  the  simplify¬ 
ing  assumption  that  the  bubble,  even  though  rd>le  to 
undergo  volume  changes,  remains  spherical.  In  ad¬ 
dition,  the  type  of  interactions  they  considered  was 
one-sided,  since  they  did  not  consider  vortex  flow 
modificalion  by  the  presence  and  behavior  of  the 
bubble.  More  recently  we  considered  a  broader  ap¬ 
proach  where  bubble  deformation  and  motion  were 
coupled  while  neglecting  flow  field  modification  by 
the  bubble  presence  [10.  ^Oj  This  study  showed 
that  the  pressure  gradient  across  the  bubble  can  lead 
to  significant  departure  from  bubble  sphericity,  and 
led  to  the  suggestion  that  the  deformation  and  later 
splitting  of  the  bubble  during  its  motion  towards  the 
vortex  center  is,  in  addition  to  its  volume  change,  a 
main  source  of  noise  in  tip  vortex  cavitation.  This 
appears  to  explain  the  reason  for  the  location  of  tip 
vortex  noise  at  cavitation  inception  very  close  to  the 
blade  [22],  and  is  in  agreement  with  recent  obser¬ 
vations  by  [23]  about  bubble  capture  in  tip  vortex 
cavitation. 

One  can  distinguish  three  phases  in  the  inter¬ 
active  dynamics  of  bubbles  and  vortices;  a)  bubble 
capture  by  the  vortex,  b)  interaction  between  the 
vortex  tuid  the  bubble,  c)  dynamics  of  bubbles  elon¬ 
gated  only  on  the  vortex  axis.  We  consider  these 
aspects  below. 

Order  of  magnitude  considerations 

In  order  to  discuss  the  problem  of  bubble  capture 
and  behavior  in  a  line  vortex  let  us  consider  a  Rank¬ 
ine  vortex  flow  field.  We  define  F  as  the  vortex  line 
circulation,  and  Uf  the  only  non-zero  velocity  com¬ 
ponent.  For  distances  r  smaller  than  Rc,  the  radius 
of  the  viscous  core,  the  flow  has  a  solid  body  rota¬ 
tion  behavior  while  for  distances  r  larger  than  Rc  the 
flow  behaves  as  an  ideal  inviscid  irrotional  vortex; 

For  such  a  flow  the  pressure  field.  p(r),  is  known.  Its 
value  and  the  corresponding  pressure  gradient  are 


given  by  the  following  nonnalixed  expressiona. 

?(F)  =  1  -  n/F* :  df/S^  =  2n/?®;  r  >  1. 

^?)  =  1  -  n  (2  -  F’)  ;  ap/aF  =  2nF;  F  <  I 

(20) 

with 

r  =  r/Rc\  p(F)  =  p{r)/p^.  (21) 

The  parameter  ,  Q,  defined  as 

“  = 

characterizes  the  intensity  of  the  pressure  drop  due 
to  the  rotation  relative  to  the  ambient  pressure,  paa- 
The  pressure  gradient  steepens  in  the  inviscid 
region  when  the  viscous  core  is  approached,  achieves 
its  maximum  at  F  =  1,  and  levels  off  in  the  viscous 
core  close  to  the  vortex  axis.  In  this  pressure  field, 
the  bubble  experiences  a  higher  pressure  on  its  right 
side  than  on  its  left  side,  the  difference  being  greater 
the  larger  the  bubble  is.  Similarly,  the  bubble  is 
‘sheared’,  since  fluid  particles  on  the  bubble/liquid 
interface  experience  different  velocities.  The  type  of 
shesuing  action  depends  on  the  position  of  the  bub¬ 
ble  relative  to  the  viscous  core/inviscid  fluid  bound¬ 
ary,  Rc.  If  the  bubble  is  fully  immersed  in  the  invis¬ 
cid  region  of  the  flow,  fluid  particles  on  its  left  side 
will  experience  larger  velocities,  while  if  it  is  fully  im¬ 
mersed  in  the  solid  body  rotation  region  of  the  flow, 
fluid  particles  on  its  right  side  will  experience  larger 
velocities.  The  most  complex  situation  is  when  the 
bubble  is  partly  in  the  viscous  core  and  partly  in  the 
inviscid  region. 

The  degree  of  bubble  shape  deviation  from 
sphericity  is  a  function  of  the  relative  orders  of  mag¬ 
nitude  of  the  pressure  grtulient,  the  bubble  wall  ac¬ 
celeration  due  to  volume  change,  and  surface  tension 
forces.  An  evaluation  of  the  bubble  wall  acceleration 
can  be  obtained  from  a  characteristic  bubble  radius, 
Ri,  and  &om  the  Rayleigh  time,  tr,  time  needed 
for  an  empty  bubble  to  collapse  from  its  radius  /Z* 
to  0,  under  the  influence  of  the  pressure  outside  the 
bubble.  If  we  take  for  characteristic  outside  local 
pressure  the  pressure  at  r  =  Re,  the  characteristic 
bubble  wall  acceleration,  "Tgromth,  is  : 

7fr9wts|e3A«  “  ~  (23) 

This  value  is  to  be  compared  with  the  acceler¬ 
ation  force  jfradimt  due  to  the  pressure  gradients 
expressed  in  (20): 


Tfradiant lesAs  ~  ^^Pco/pRet  (24) 

The  ratio  between  these  two  accelerations  is; 


Tfr«4W«nt  _  2Rt  12 

JfTtmtk  ^  1  —  n 


(25) 


This  expression  underlines  the  importance  be¬ 
tween  the  ratio  of  characteristic  bubble  size  Rs,  to 
viscous  c(»e  size  Re  .  Keeping  the  surface  tension 
parameter  the  same,  the  larger  the  ratio  (25)  is,  the 
more  important  bubble  defisrmation  will  be.  Tki$ 
remark  kas  important  implications  conceminp  scale 
effects  where  Rt  and  Re  do  not  increase  ta  the  same 
proportion  between  model  and  full  scale,  since  in  most 
practical  cases  bubble  distributions  and  sizes  are 
uncontrolled  and  typically  cannot  be  scaled  much, 
while  sizes  of  the  vortical  regions  depend  on  the  se¬ 
lected  geometry  and  velocity  scales. 

The  ratio  (25)  is  only  an  indicruion  of  the  rel¬ 
ative  importance  of  bubble  growth  and  slip  forces 
at  a  given  position.  In  fact  the  relative  importance 
of  these  competing  forces  changes  during  the  bub¬ 
ble  capture  process.  For  instance,  the  acceleration 
of  the  bubble  toward  the  vortex  axis  increases  with 
its  proximity  to  the  viscous  core  while  the  growth 
rate  tends  toward  a  constant  value  (decreasing  pres¬ 
sure  gradient).  This  indicates  that  strong  defonnsr 
tion  becomes  predominant  relative  to  volume  change 
when  either  the  bubble  is  very  close  to  the  axis  or 
when  n  becomes  large. 

Another  important  physical  factor  which  affects 
bubble  shape  is  the  surface  tension.  A  normalized 
value  of  this  pressure  can  be  obtained  as  a  ratio  of 
the  surface  tension  pressure  and  either  the  pressure 
difference  between  the  inside  and  the  outside  of  the 
bubble,  or  the  amplitude  of  the  variations  of  the  lo¬ 
cal  pressures  (pressure  gradients)  around  the  bubble. 
The  first  number,  Wg, ,  is  given  by; 


W.,=Re\pi-pg,{l-Q)]/y,  (26) 

where  p;  is  the  pressure  inside  the  bubble.  The  sec¬ 
ond  number,  W,„  is  given  by: 


Wg,  =  R^  {dp/dr) /{y/Rs), 


which  can  be  written  for  r  =  Re: 


Wgg  =  Wg, 
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Rs 


Pi/Poo  -  (1  -  12)  Re  ■ 


(27) 


(28) 


For  small  values  of  either  of  these  two  numbers, 
surface  tension  forces  are  predominant  and  prevent 
bubble  distortion  and  deviation  from  sphericity.  Ex¬ 
pressions  (28)  shows  that  this  is  possible  only  if  12  is 
small  and  if  R»  is  much  smaller  than  Rg.  Therefore, 
as  for  the  discussion  on  the  acceleration  forces,  one 
should  expect  larger  bubble  deformations  for  strong 
vortex  circulations  and  large  bubbles. 


Bubble  capture  by  a  vortex 

Despite  several  signiAcaat  cootributioos  to  the 
study  of  bubble  capture  by  a  vortex,  to  our  knowl¬ 
edge  no  complete  approach  has  yet  been  undertaken. 
The  complexity  of  the  full  problem  due  to  bubble  de¬ 
formation  during  its  capture  has  led  the  various  con¬ 
tributors  to  neglect  one  or  several  of  the  factors  in 
play,  and  therefore  to  only  investigate  the  influence 
of  a  limited  set  of  parameters. 

The  order  of  magnitude  of  the  bubble  capture 
time  by  the  vortex  can  be  easily  obtained  [16,  17]  if 
one  considers,  the  case  where  the  rate  of  change  of 
the  bubble  volume  is  negligible  relative  to  the  other 
terras.  In  this  case,  the  distance  between  the  sphere 
center  and  the  vortex  center,  C(f),  is  given  by: 

C(f)  =:  y/ 1  +  (vH'^  -  3)  f  <  (29) 

where  C  is  normalized  with  the  initial  bubble  posi¬ 
tion,  Co,  time  is  normalized  with  (2TCo/r),  and 
is  the  initial  bubble  tangential  velocitv  normalized 
by  (r/2TC.). 

The  capture  time,  Te,  for  a  bubble  initially  at 
rest  in  the  fluid  =:  0)  is  therefore  of  the  order: 


In  fact,  for  a  sphere,  only  viscous  friction  forces 
are  responsible  for  bubble  entrainment  with  the  flow. 
The  characteristic  time  of  viscous  effects,  or  the  time 
needed  by  the  bubble  to  be  entrained  by  the  flow  is 

ro=a>.  (31) 

The  qualitative  nature  of  the  capture  depends  on  the 
relative  size  between  Te  and  T„~ 

If  Te  >  TV  the  capture  time  is  too  long,  viscous 
effects  ate  predominant,  and  the  bubble  is  entrained 
by  the  liquid  and  it  swirls  around  the  vortex  while 
approaching  the  center  very  slowly. 

If  Tc  <  the  opposite  situation  occurs.  Vis¬ 
cous  effects  we  very  slow  to  take  effect  and  the  bub¬ 
ble  is  practically  sucked  into  the  vortex  and  moves 
towards  its  center  almost  in  a  purely  radial  fashion. 

Finally,  for  Te  «  T^  entrainment  by  the  liquid 
and  attraction  towards  the  center  of  the  vortex  oc¬ 
cur  on  the  same  time  scale.  Therefore,  the  bubble 
approaches  the  axis  in  a  spiral  fashion. 

The  above  reasoning  allows  one  to  define  a  “vio- 
lent  capture  radiud’  around  the  vortex  which  is  bub¬ 
ble  radius  dependent.  A  bubble  of  radius  a,  will 
be  sucked  in  by  the  vortex  if  it  is  within  the  radial 
distance  R^aptur^  ' 


R,ap,ur,  =  ae  .  (32) 

This  implies  for  a  tip  vortex  flow  field,  for  in¬ 
stance,  that  only  nuclei  present  in  a  small  'window’ 
are  rapidly  attracted  by  the  vortex  and  strongly  in¬ 
teract  with  it,  which  explains  difficulty  in  observing 
with  some  precision  tip  vortex  cavitation  inception 
events. 

Numerical  Results:  Large  bubble  growth 
rate,  low  surface  tension 

As  expected  from  the  discussion  presented  above  nu¬ 
merical  simulations  using  the  fully  three-dimensional 
numerical  code  SDynaFS  reveal  poteniiri  for  strong 
bubble  deformation  during  capture  by  a  vortex.  The 
numerical  results  indicate  that  this  is  the  case  for  a 
very  wide  rtmge  of  bubble  sizes  and  initial  values  of 
the  pressure  difference  between  the  inside  and  the 
outside  of  the  bubble. 

Figure  7  shows  bubble  behavior  in  the  case 
where  the  ratio  between  the  pressure  inside  the  bub¬ 
ble  and  the  ambient  pressure  is  significantly  large. 
Pt/Poo  —  384.  This  would  be  the  case  where  the 
bubble  in  equilibrium  in  a  high  ambient  pressure  en¬ 
vironment  is  suddenly  subjected  to  the  flow  field  of 
a  vortex,  as  for  instance  when  a  propeller  tip  vor¬ 
tex  suddenly  captures  a  cavitation  bubble  [23,  24|. 
In  a  Cartesian  system  of  coordinates,  the  bubble  is 
initially  centered  at  (0,0,0^ and  the  line  vortex  is 
parallel  to  the  Z  axis,  at  X  -  X/Rmax  ~  2/2mox 
is  the  maximum  size  the  bubble  would  have  if  al¬ 
lowed  to  grow  under  the  same  pressure  difference  in 
an  infinite  medium).  The  core  size  is  4iLnax-  With 
this  geometry  the  bubble  center  remains  in  the  plane 
Z  =  0. 

Figure  7a  gives  a  projected  view  of  the  bubble  in 
the  XOY  plane  at  different  instants.  The  observer 
is  looking  down  on  the  XOY  plane  from  very  far 
on  the  Z  axis.  The  bubble  is  seen  spiraling  around 
the  vortex  axis  while  approaching  it.  At  the  same 
time,  due  to  the  presence  of  the  pressure  gradient, 
the  bubble  strongly  deforms  and  a  reentering  jet  is 
formed  directed  towards  the  vortex  aucis,  indicating 
the  presence  of  a  much  larger  dynamic  pressure  on 
the  bubble  side  opposite  to  the  vortex  axis. 

Figure  76  shows  a  projected  view  of  the  same 
bubble  in  the  YOZ  plane  seen  from  the  OX  axis. 
Here  some  moderate  elongation  of  the  bubble  is  ob¬ 
served  atlong  the  axis  of  the  vortex  as  well  as  a  very 
distinct  side  view  of  the  re-entrant  jet.  This  result  is 
totally  contrary  to  the  usually  held  belief  that  bubbles 
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Figure  7:  3D  bubble  shapes  a(  various  times.  Bub¬ 
ble  initially  at  the  origin  of  coordinate  and  vor¬ 
tex  at  =  2Rmax-  =  0.474,  Ot/Poo  =  584.3, 
Re/ ^ax  =  4.  Projected  view  a)  in  the  XOY  plane; 
b)  in  the  XOZ  plane. 


constantly  grow  during  their  capture  until  they  reach 
the  axis  and  elongate  along  it. 

Figure  8  shows  in  the  XOY  plane  perpendicu¬ 
lar  to  the  vortex  axis  the  motion  of  two  particular 
points  on  the  bubble,  A  and  B,  initially  along  OY . 
Also  shown  is  the  motion  of  the  midpoint,  C.  While 
C  seems  to  follows  a  path  similar  to  the  classical 
logarithmic  spiral,  A  amd  B  can  follow  more  compli¬ 
cated  paths,  even  moving  away  from  the  vortex  axb 
at  some  point  in  time  for  case  (6)  where  the  vortex 
axis  was  initially  at  X  =  1. 

Small  growth  rate  aud  surface  tension 

Figure  9  considers  the  influence  of  bubble  size 
on  bubble  behavior  during  the  capture  process.  In 
all  three  cases  shown  in  the  figure  a  ratio  between 
the  pressures  inside  and  outside  the  bubble  equal 
to  one  is  considered,  Pi/Poa  =  1-  In  ^  cases,  the 
viscous  core  radius  is  chosen  to  be  /Ze  =  2.2  mm, 
while  the  initial  distance  between  the  vortex  cen¬ 
ter  and  the  center  of  each  bubble  is  chosen  to  be 
Co  I.SfZe  =  3.2  mm.  The  dimensions  shown  are 
normalized  with  the  initial  bubble  radius  for  each 
case.  The  circulation  in  the  vortex  is  chosen  to  cor¬ 
respond  to  a  practical  value  for  the  case  of  a  tip 
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Figure  8:  Motion  of  points  A  and  B  initially  on 
aixis  OX,  and  mid  point  C,  versus  times,  fl  =  0.474, 
Pi/Poo  =  584.3,  Oc/Rmax  =  4.  Vortex  at  a) 
X  —  2Jttnax  i  b)  /X  =  Rmax- 


vortex  behind  a  foil,  such  as  in  the  experiments  de¬ 
scribed  in  [23,  24),  r  =  0.152  m-/s.  Three  bubble 
sizes  are  considered:  10  pm,  100  pm  and  1000  pm. 
As  expected,  bubble  deformation  increases  with  the 
bubble  size.  The  deformation  is  small  for  09=10  pm, 
becomes  very  significant  for  a,=  100  pm,  and  is  e.x- 
tremely  important  for  09=1000  pm.  In  all  cases,  the 
bubbles,  while  remaining  in  the  inviscid  region,  are 
seen  to  be  sheared  very  strongly  by  the  flow.  The 
smaller  bubbles  appear  to  deform  in  the  expected 
way  in  a sheeu  flow.  The  larger  bubble  case  (09=  1000 
pm)  shows  extreme  bubble  elongation  and  wrapping 
around  the  viscous  core  region. 


Figure  9:  Bubble  contours  at  vanous  times, 
r  =  0.1527m-/s.  Pi  =  Poo.  a*  =  2.2mm,  vortex 
at  A"  =  3.2mm,  with  09  =  a)  10pm.  b)  lOOpm,  c) 
1000pm. 
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Figure  10:  Behavior  of  5  bubbles  in  a  vortex  line 
flow  -  Contour  shapes  at  various  times.  The  vor¬ 
tex  line  is  perpendicular  to  the  page  and  centered 
on  y  =  1.5mm.  =  2.2mm,  T  =  0.1573m-/s. 

0  s  0.872.  All  bubbles  have  oq  =  100/im. 

Multiple  Bubbles 

One  of  the  key  question  that  one  needs  to  address  in 
the  practical  studies  of  bubble/vortical  field  interac¬ 
tion  is  how  does  a  distribution  of  bubbles  modify  the 
flow  field.  In  order  to  address  such  a  problem  the 
program  SOyiuiFS  is  being  modified  for  effective 
implementation  on  a  supercomputer.  Indeed  one  of 
the  diflScolties  of  such  a  study  is  the  required  luge 
number  of  discretisation  points  which  prevents  sig¬ 
nificant  runs  on  typical  memory  and  speed  limited 
computers.  Some  preliminary  multibubble  interac¬ 
tions  were  consider^  in  [27,  26] 

Figure  10  shows  the  case  of  a  5-bubble  configu¬ 
ration.  This  run  has  the  advantage  of  including  both 
vortex/bubbte  and  bubble/bubbie  interactions.  All 
five  bubbles  are  chosen  such  that  in  absence  of  the 
vortex  flow  field,  the  pressures  inside  and  outside 
each  of  them  is  the  same  and  equal  to  0.74  atm, 
PilPoo  ~  1-  The  viscous  core  radius  and  the  cir¬ 
culation  are  again  chosen  to  be  in  the  same  ranges 
as  those  in  the  experiments  described  in  [23,  24). 
The  viscous  core  is  chosen  to  be  /Zc  =  2.2mm,  while 
r  =  0.1573  m*/s,  Q  =  0.872.  The  initial  bubble  cen¬ 
ters  are  select^  to  be  on  OY  axis  at  y  s  0, 2, 3, 4 
and  5  mm.  The  vortex  line  is  parallel  to  OX  axis 
and  is  centered  on  y  =  1.5  mm.  As  a  result,  bub¬ 
bles  No.  1,  2  and  3  are  initially  located  in  the  vis¬ 
cous  core,  while  bubbles  No.  4  and  5  are  located 


Figure  11:  3D  bubble  shapes  in  the  vortex  line  flow 
field  of  Figure  8  before  collapse  of  buble  .N’o.  1.  View 
from  a)  OZ  axis,  b)  OX  axis. 

in  the  inviscid  flew  region.  Ail  five  bubbles  consid¬ 
ered  have  an  initial  radius  of  100  /im.  Figure  10 
shows  contours  of  the  bubbles  as  they  rotate  around 
the  vortex  axis  at  various  tinMS.  This  figure  clearly 
shows  the  presence  of  a  non-uniform  flow  field.  In¬ 
deed  Bubble  No.  3  which  is  the  closer  to  the  region 
of  highest  angular  velocity  of  the  “baste  flow”  is  seen 
to  swirl  around  tae  vortex  center  at  the  fastest  rate, 
while  Bubble  No.  2,  which  is  the  closest  to  the  vor¬ 
tex  center  is  seen  to  practically  rotate  around  itself. 
Similarly,  the  highest  shear  is  seen  to  occur  close  to 
the  viscous  core  edge  where  the  pressure  gradients 
and  their  variations  are  steeper. 

Since  all  bubbles  were  chosen  to  have  the  stune 
initial  radius  and  internal  pressure,  the  natural  pe¬ 
riod  of  oscillation  of  each  of  the  selected  bubbles  in¬ 
creases  with  the  proximity  to  the  vortex  axis.  Xs  a 
result,  the  farthest  bubble  from  the  axis.  Bubble  .No. 
.5,  collapses  first  while  stretching  and  deforming. 

Figure  1 1  shows  two  thee-dimensionsd  views  of 
the  bubbles  before  the  collapse  of  bubble  No.  1. 
These  views  enable  one  to  have  a  better  idea  of  the 
bubble  shape  deformation  and  elongation  during  the 
capture  phenomenon.  Similar  experimented  obser¬ 
vations  were  seen  in  [24] . 

Bubble  on  vortex  axis 

Let  us  consider  now  the  case  where  the  bubble  is 
captured  by  the  vortex  and  placed  at  its  axis.  Such 
a  problem  was  considered  earlier  in  [21]  for  an  elon¬ 
gated  bubble.  Unfortunately,  that  study  neglected 
an  essential  element  of  vortex  dynamics:  i.e.  the 
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Figure  12:  Comparison  between  the  contours  of  an 
elongated  bubble  during  its  collapse  in  the  absence 
and  in  the  presence  of  swirl.  Initial  elongation  ratio 
of  3.  Poo/pi  =  3.27.  a)  No  swirl,  b)  fi  =  0.56. 
Rc/ Rmas  —  3. 

presence  of  an  azimuthal  velocity,  and  a  strong  jet 
which  initiated  at  both  extreme  points  of  the  bub¬ 
ble  along  the  axis  of  synunetry  was  obtained.  .\s 
shown  in  Figure  12a  such  a  behavior  is  reproduced 
using  the  program  2DyiiaFS  when  the  vortex  flow 
field  is  neglected.  However,  the  opposite  effect  is 
in  general  obtained  when  the  rotation  in  the  vortex 
flow  is  included.  Figure  126  illustrates  this  for  par¬ 
ticular  values  of  Q  and  the  normalized  core  radius, 
Rc  —  Re/ Rmat- 

In  both  cases  shown  in  Figures  I2a  and  126  the 
initial  length  to  radius  bubble  elongation  ratio  was 
three.  It  is  clear  from  the  comparison  that  the  swirl 
flow  has  a  conclusive  effect  on  the  bubble  dynam¬ 
ics.  Bubble  surface  portions  away  from  the  vortex 
axis  experience  much  higher  pressures  than  bubble 
surface  portions  on  and  close  to  the  vortex  axis,  and 
therefore  move  much  faster  during  the  collapse  phase 
generating,  instead  of  the  sharp  jets  on  the  axis  as  in 
Figure  12a,  a  constriction  in  the  mid-section  of  the 
bubble.  This  generates  an  hourglass  shaped  bubble 
which  then  separates  into  two  tear-shaped  bubbles. 

In  the  following  figure  13a  ~c,  various  configura¬ 
tions  of  initially  spherical  bubble  dynamics  are  stud¬ 
ied.  The  initial  internal  pressures  inside  the  bubbles 
are  taken  to  be  larger  than  the  pressure  on  the  vor¬ 
tex  axis,  and  the  bubbles  are  left  free  to  adapt  to  this 
pressure  difference.  The  figures  show  that  the  bub- 


Figtire  13:  Bubble  dynamics  on  the  axis  of  a  vor¬ 
tex  line.  Left  side  shows  3D  shapes  at  selected 
times.  Right  side  shows  bubble  contours  at  in¬ 
creasing  times,  r  =  0.005m-/s.  R^  =  lOOpm. 
^)Pi/Poo  =  2.  Rc/Ro  =  1  .  b)  pi/p^  =  2.  Rc/Ro  =  1. 

c)  Pi/Poo  =  1,  Re/Ro  =  0.57. 

ble  behavior  depends  significantly  for  a  given  value 
of  the  swirl  parameter,  0.  on  the  normalized  core  ra¬ 
dius  Re,  ratio  of  Rg  to  Hmac-  In  adl  cases  where  Rmat 
is  larger  than  Rg  it  appears  that  the  bubble  tends  to 
adapt  to  the  vortex  tube  of  radius  Rg.  This  could  lead 
to  various  bubble  shapes  as  shown  in  the  following 
figures  ending  up  with  a  very  elongated  bubble  with 
a  wavy  surface  for  large  values  of  Rmax/ Re- 

Figures  13a  —  c  show  bubble  contours  at  vari¬ 
ous  times  during  growth  and  collapse  for  increasing 
values  of  the  core  radius.  Rg,  and  decreasing  values 
of  Pi/Poo-  Also  shown  are  selected  3D  shapes  of  the 
bubbles  at  various  times.  It  is  apparent  from  these 
figures,  that  during  the  initial  phase  of  the  bubble 
growth,  rtulial  velocities  are  large  enough  to  over¬ 
come  centrifugal  forces  and  the  bubble  first  grows 
almost  spherically.  Later  on.  the  bubble  shape  starts 
to  depart  from  spherical  and  to  adapt  to  the  pressure 
field.  The  bubble  then  elongates  along  the  axis  of 
rotation.  Once  the  bubble  has  exceeded  its  equilib¬ 
rium  volume,  bubble  surface  portions  away  from  the 
axis  -  high  pressure  areas  -  start  to  collapse,  or  to 
return  rapidly  towards  the  vortex  axis.  To  the  con¬ 
trary,  points  near  the  vortex  do  not  experience 
rising  pressures  during  their  motion,  are  not  forced 
back  towards  their  initial  position,  and  continue  to 
elongate  along  the  axis.  .\s  a  result,  a  constriction 
appears  in  the  mid-section  of  the  bubble.  The  bub- 
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ble  can  then  separate  into  two  or  more  tear-shaped 
bubbles.  It  is  copjectured  that  this  splitting  of  the 
bubbles  is  a  main  contributor  to  cavitation  inception 
noise.  This  behavior  is  very  similar  to  that  observed 
for  bubble  growth  and  collapse  between  two  plates 
[15],  which  results  in  the  formation  of  a  vortex  line! 

Keeping  0  constant  while  reducing  the  core  size 
Re  has  the  effect  of  steepening  the  radial  pressure 
gradient  along  the  bubble  surface  and  increasing  the 
rotation  speed  inside  the  viscous  core.  This  enhances 
the  deviation  of  the  bubble  shape  from  a  sphere,  and 
increases  the  centrifugal  force  on  the  fluid  particles 
closer  to  the  vortex  axis.  This  has  the  consequence 
of  increasing  the  elongation  rate  of  the  bubble  and 
results  in  more  and  more  complex  dynamic  shapes  of 
the  elongated  bubbles.  The  bubble  can  then  become 
subdivided  into  three,  four  or  more  satellite  bubbles 
during  the  collapse.  The  elongated  and  wavy  shapes 
obtruned  have  been  observed  on  cavitation  on  the 
axis  of  the  vortex  formed  in  a  vortex  tube  [26]. 

Observation  of  the  elongated  bubble  dimension 
variations  with  time  are  very  revealing  [10,  26].  Nor¬ 
malizing  lengths  by  Rmas  ^d  time  by  the  Rayleigh 
time  based  on  Rmas  and  the  pressure  difference  be¬ 
tween  Pfe  and  the  pressure  on  the  vortex  axis,  one 
finds  that  the  bubble  length  along  the  rotation  axis 
strongly  depends  on  Cl.  However,  the  bubble  cross- 
section  radius  closely  follows  the  classical  Rayleigh 
model  and  is  very  little  dependent  on  0.  Variations 
of  Cl  between  0.1  and  0.94  modify  the  normalized 
bubble  period  by  less  than  10  percent.  One  should 
notice,  however,  that  bubble  period  is  here  defined 
as  the  time  needed  for  the  bubble  to  subdivide  into 
two  secondary  bubbles. 

More  realistic  vortex  line  model 

While  the  Rankine  model  is  very  helpful  to  study 
the  fimdtunentals  of  bubble/vortex  interactions,  it 
does  not  allow  one  to  capture  other  features  such  as 
flow  and  bubble  motion  along  the  axis  of  rotation. 
In  [28]  we  conducted  a  study  where  a  Burgers  vortex 
line  flow  field  was  considered. 

Ur  =  -Cr,  u,  =  Cz 

where  C  is  a  constant,  and  6  is  the  viscous  core  ra¬ 
dius.  The  pressure  distribution  can  then  be  obtained 
by  solving  the  momentum  equation: 

p(r,  z,  <)  =  Poo  -  2pC^z^  -  2pC*PX^  -  B/2X^+ 

B  [exp(-A-*)  -  exp(-2Jf*)/2l/A’’-»- 
B[Ei{-X^)-Ei{-2X^)], 

(34) 
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Figure  14:  Bubble  dynamics  on  the  axis  of  a  vis¬ 
cous  line  vortex.  Contour  shapes  versus  time.  Basic 
field  obtained  using  a  viscous  flow  solver  with  vis¬ 
cous  diffusion  along  z  and  r.  Viscous  core  size  1mm, 
initial  bubble  size  100pm. 

with  B  =  pT/2z6  and  X  =  r/26.  This  flow  and 
pressure  Held  were  used  to  study  bubble  dynamics 
on  the  vortex  axis.  When  the  bubble  in  initially 
centered  at  the  origin  of  coordinates  it  has  again  a 
symmetric  behavior.  However,  a  much  faster  bubble 
elongation  with  time  is  then  seen,  but  here  again  the 
bubble  cross  section  does  not  exceed  the  core  size. 

Figure  14  show  an  example  of  bubble  behavior 
in  an  even  more  realistic  vortex  line  flow  field.  In 
this  case  the  flow  field  of  the  vortex  line  is  obtained 
by  solving  the  viscous  flow  field  due  to  am  imposed 
Rankine  vortex  flow  plus  a  uniform  axial  velocity  at 
z  =  0.  This  is  to  simulate  the  diffusion  of  a  vortex 
line  generated  at  the  tip  of  a  three-dimensional  foil. 
The  conunercial  Navier  Stokes  solver  Fidap  was  then 
used  at  the  Ecole  Navale  at  Brest  to  obtain  the  dif¬ 
fusion  of  such  a  flow  along  the  z  axis,  and  included 
an  axial  flow  at  z  =  0.  The  resulting  flow  field  was 
then  used  as  a  basic  flow  to  study  3-D  bubble  behav¬ 
ior  using  SDynaFS.  In  this  case  pressure  gradients 
along  the  vortex  axis  are  important  enough  to  pro¬ 
duce  a  reentering  jet  along  the  vortex  axis  while  the 
bubble  is  entrained  along  the  vortex  line  by  the  z 
component  of  the  flow. 

Experimental  validation  study 

In  order  to  validate  the  numerical  studies  on  bub¬ 
ble  vortex  interactions,  a  fundamental  experiment 
was  conducted.  This  consisted  of  the  controlled  ob¬ 
servation  of  the  interaction  between  a  vortex  ring 
and  a  bubble.  The  results  of  the  experiment  were 
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then  compared  with  thoce  obtained  with  SOynaFS 
described  above  [25,  26].  The  vortex  ring  was  gen¬ 
erated  in  a  Plexiglas  tank  using  a  cylinder  equipped 
with  a  2.5  cm  radius  piston.  The  cylinder  had  a 
sharp  lip  exit  to  enhance  the  roll  up  of  the  fluid  vor¬ 
tex  generated  at  the  lip.  This  results  in  a  vortex 
ring  with  a  diameter  slightly  larger  than  that  of  the 
cylinder.  A  spark  generated  bubble  was  produced 
where  desired  in  the  vortex  ring  flow  field.  The  in¬ 
teraction  between  the  generated  ring  and  bubble  was 
then  observed  using  high  speed  photography.  A  trig¬ 
gering  line  allowed  one  to  synchronize  the  departure 
of  the  piston  and  the  triggering  of  the  spark  gener¬ 
ator  using  pressure  transducers  to  precisely  detect 
the  vortex  ring  motion. 

Both  the  experimental  observations  and  the  nu¬ 
merical  computations  showed  very  similar  behaviors. 
The  results  of  these  comparisons  can  be  found  in 
[25,  26).  Bubble  shearing  and  splitting  along  the 
flow  direction  appears  common.  This  can  be  quali¬ 
tatively  understood  by  considering  the  velocity  and 
pressure  fields  around  the  bubble.  The  motion  of 
each  point  on  the  surface  of  the  bubble  is  the  re¬ 
sult  of  the  combination  of  the  underlying  fluid  ve¬ 
locity  and  of  the  velocity  due  to  the  bubble  growth 
or  collapse.  The  effect  of  the  underlying  fluid  flow  is 
usually  small  during  initial  bubble  growth  and  later 
bubble  collapse  phases  due  to  the  large  bubble  wall 
velocity  during  these  phases,  but  becomes  most  im¬ 
portant  at  the  end  of  the  growth  where  bubble  wall 
velocities  reach  a  minimum.  For  a  bubble  in  a  uni¬ 
form  flow,  the  presence  of  the  underlying  flow  re¬ 
flects  on  the  bubble  shape  during  the  growth  by  a 
larger  extension  of  the  bubble  in  the  downstream  di¬ 
rection  and  by  a  flattening  of  the  bubble  shape  in 
the  upstream  direction.  Later  on  due  to  inertia,  the 
downstream  bubble  part  that  has  extended  further 
collapses  faster  forming  a  reentering  jet  directed  up¬ 
stream. 

When  the  flow  is  not  uniform,  a  similar  phe¬ 
nomenon  occurs  but  is  stronger  on  one  side  of  the 
bubble  than  on  the  other  due  to  the  typical  asymme¬ 
try  of  a  shear  flow.  In  addition,  the  fact  that  the  un¬ 
derlying  shear  flow  becomes  at  some  point  during  the 
bubble  history  stronger  than  the  local  bubble  wall 
velocity  creates  the  opportunity  of  a  jet  generated 
by  the  underlying  flow,  which  can  be  opposite  to  the 
one  described  above  and  directed  downstream.  This 
leads  to  the  formation  of  a  constriction  ail  around 
the  bubble  with  a  tendency  for  bubble  splitting. 


Figure  IS:  Dynamics  of  the  interaction  between  a 
cylindrical  bubble  and  a  line  vortex.  F  =  0.5  m*/$. 
Pgo  =5xlO*Po,  Poo=l-3xlO*Pa.  a)  Bubble  radius, 
value  of  maximum  azimuthal  velocity  u«  max ,  and  po¬ 
sition  of  Asmax-  b)  Bubble  radius  versus  time  with 
and  without  viscous  interaction. 

FULL  VISCOUS  INTERACTION  BE¬ 
TWEEN  A  cylindrical  bubble  and 

A  LINE  VORTEX 

One  weakness  of  the  numerical  approach  presented 
above  is  the  fact  that,  while  the  influence  of  the  flow 
on  the  bubble  was  fully  accounted  for,  the  modifica¬ 
tion  of  the  flow  by  the  bubble  presence  and  dynamics 
was  restricted  to  the  case  where  the  “bubble  flow” 
was  potential.  In  the  present  section,  we  will  remove 
this  restriction  in  the  simple  case  of  the  interaction 
between  a  cylindrical  bubble  and  a  line  vortex.  This 
corresponds  to  cases  where  the  line  vortex  has  the 
central  part  of  its  viscous  core  gaseous  or  vaporous. 
Such  an  analysis  is  important  to  determine  criteria 
for  unstable  bubble  growth  (cavitation  inception), 
and  to  describe  how  bubble  dynamics  affects  the  vis¬ 
cous  flow  itself.  To  do  so.  we  consider  the  case  where 
an  axisymmetric  elongated  bubble  of  initial  radius  a, 
is  located  on  the  axis  of  a  fully  viscous  line  vortex. 
For  illustration,  we  consider  the  case  where,  at  t  =  0, 
the  vortex  tine  is  a  Rankine  vortex.  From  there  on, 
the  vortex  diffuses  with  time  and  interacts  fully  with 
the  bubble.  The  generated  flow  satisfies  the  axisym¬ 
metric  incompressible  Navier-Stokes  equations. 

Denoting  the  radius  of  the  bubble  as  a  (<) ,  and 
its  tinw  derivative,  d  (() ,  the  continuity  equation 
leads  to: 
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(41) 


Ur^a{t)a{t)/r.  (S5) 

Replacing  tt,  by  its  expienion  in  the  momawtum 
equationa  one  obtains; 


I  /  .2  j\  I  dp 


(38) 


9ri0  . 
dt 


This  set  of  coupled  equations  allows  one  to  describe 
both  the  bubble  dynamics  and  the  flow  field  modifi¬ 
cation  accounting  for  two>way  interaction. 


Method  of  Solution 

In  order  to  obtain  a  differential  Equation  for  the  bub¬ 
ble  radius  variations,  similar  to  the  Rayleigh  Ples- 
set  Equation,  Equation  (36)  is  integrated  between 
r  =  a{t)  and  a  very  large  radial  distance,  r  = 
beyond  which  the  vortex  flow  is  assumed  to  be  in- 
viscid  (vortex  line  of  circulation  F).  This  leads  to  an 
integral  term  containing  uj.  In  order  to  obtain  this 
term,  a  space  and  time  integration  of  Equation  (37) 
is  needed.  This  is  obtained  using  a  Crank-Nicholson 
finite  difference  integration  scheme.  To  do  so,  the 
domain  of  integration  is  made  time  independent  us¬ 
ing  the  variable  change, 

s  =  r/o(f).  (38) 

The  integration  region  becomes  for  all  times  [1;  3;,^] , 
with  Rin/(t)  —  a(t)s,„/.  Equation  37  becomes: 


DUi  _  s  g  duf  a  dut  a  _ 

Di  a  dt  sa  ds  s*o'**'*' 


_1 1_  / ^u«  1  d^  _ 

R,  a’  V  5s*  t  dt  t*  J 

with 


(39) 

(40) 


Similarly,  Equation  (36)  becomes: 


with 
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(42) 


Initial  and  Boundaury  Conditions 

The  initial  conditions  considered  are  as  follows.  For 
the  bubble. 


o(0)  =  a.,  d  (0)  0.  (43) 

For  the  line  vortex,  the  equation  at  f  =  0,  is  that  of  a 
Rankine  vortex.  In  addition,  the  following  boundary 
condition  is  imposed  at  the  bubble  interface: 

(«) 

where  ft  is  the  dynamic  viscosity,  and  the  gas  com¬ 
pression  law  is  given  by: 

Pt=Pu{j)  •  (45) 

To  ckwe  the  problem,  the  following  condition  is 
imposed  on  the  pressure  at  the  distance,  : 

Some  Preliminary  Results 

Figures  15a  and  155  illustrate  both  the  bub¬ 
ble/vortex  flow  field  interaction  and  a  case  where 
there  is  a  need  to  include  this  foil  interaction  in  the 
d)mamic8.  In  these  two  figures,  the  bubble  has  an 
initial  radius  of  1mm,  while  the  viscous  core  of  the 
vortex  has  an  initial  radius  of  1cm.  The  initial  cir¬ 
culation  in  the  vortex  is  0.5  m*/s,  and  the  initial 
pressure  in  the  bubble  is  5xlO*Pa,  while  the  am¬ 
bient  pressure  is  1.3x10* Pa.  Therefore,  the  bubble 
starts  its  dynamics  by  collapsing.  Figure  15a  shows 
siinultaneoasly  three  duuracteristic  quantities  of  the 
problem  versus  time.  The  first  quantity  is  the  bub¬ 
ble  radius  versus  time,  while  the  other  two  quantities 
are  the  radial  position,  /Zsmu,  ^  maximum  as- 
imuthal  velocity,  usmasi  «nd  the  value  of  this  veloc¬ 
ity.  In  the  previous  sections,  these  two  last  quantities 
remained  constant  with  time.  A  very  important  first 
result  very  clearly  shown  in  Figure  15a  is  that  both 
the  position  of  RtmmK,  ud  the  value  of  tisomsi  both 
directly  depend  on  the  variation  of  a(f).  The  vis¬ 
cous  core  (of  radius  Rsmu)  is  seen  to  decrease  with 
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the  bubble  radius  during  bubble  collapse,  and  to  in* 
crease  with  the  bubble  radius  during  bubble  growth. 
This  tendency  of  the  viscous  core  to  get  displaced 
with  the  bubble  wall,  corresponds  to  intuition,  but 
is  proven  numerically  to  our  knowledge  for  the  first 
time  here  and  in  [28]. 

Viscous  effects  appear  more  prominently  when 
following  the  bubble  dynamics  over  more  than  a  sin¬ 
gle  period  of  oscillation.  Both  maximum  values  of 
^mui  and  u«m>x  seen  to  decrease  with  time. 
Through  conservation  of  momentum,  the  asimuthal 
velocity  follows  an  tendency  opposite  to  the  core 
size.  As  the  bubble  wall  moves  inward  the  viscous 
core  shrinks,  simultaneously  increasing  the  tangen¬ 
tial  velocity  to  a  maximum  when  the  bubble  reaches 
maximum  size.  As  the  bubble  grows  again,  the  core 
expands  and  the  tangential  velocity  decelerates  to  a 
minimum  at  the  maximum  bubble  radius.  When  the 
fluid  particles  are  pulled  in  towards  the  vortex  axis 
they  accelerate  tangentially.  This  is  similar  to  the 
phenomenon  of  vorte.x  stretching  . 

Figure  156  shows  the  importance  of  the  inclu¬ 
sion  of  full  viscous  flow  /  bubble  interaction  in  the 
dynamics.  The  figure  shows  also  the  case  where  the 
underlying  flow  field  is  forced  to  remain  that  of  a 
Rankine  vortex.  In  that  case,  the  bubble  oscilla¬ 
tions  are  repeatable  with  time,  and  no  viscous  decay 
of  the  amplitude  of  the  oscillations' are  visible.  To 
the  contrary  when  the  underlying  flow  is  modified 
through  viscous  diffusion  and  'mteraction  with  the 
bubble,  the  bubble  radius  oscillations  decays  very 
much  after  the  first  collapse,  and  the  flow  field  char¬ 
acteristics  aue  modified  as  described  in  Figure  15a. 

Figures  16a  amd  166  show,  respectively,  the  in¬ 
fluence  on  the  problem  dynamics  of  the  initial  gas 
pressure  inside  the  bubble,  and  the  ratio  of  ini¬ 
tial  core  radius  to  initial  bubble  radius,  /Ze/a,.  For 
an  initiad  pressure  on  the  vortex  axis  of  7x  10* Pa, 
Figure  16a  shows  the  dynamics  of  the  bubble  and 
the  viscous  core  size  when  the  initial  pressure  in  the 
bubble  decreases  from  5x10®  Pa  to  1.5x10® Pa.  For 
Pjjo  —  5x  10®Pa  the  bubble  collapse  is  very  weak, 
amd  the  core  radius  is  seen  to  follow  the  bubble  wall 
oscillations.  For  all  three  other  smaller  values  of  P,» 
starting  &om  Pfo  =4x10® Pa  the  bubble  collapse  is 
strong  enough  to  result  in  a  full  collapse  of  the  vis¬ 
cous  core  which  practically  disappears  (maudmum 
azimuthal  velocity  at  the  bubble  wall)  during  the 
later  phases  of  the  bubble  collapse.  This  is  followed 
by  a  much  stronger  rebound  of  the  viscous  core  than 
the  bubble  rebound. 

Figure  166  shows  a  behavior  similar  to  the  pre¬ 
vious  figure  when  the  ratio,  iZe/a«,  increases.  Here 
again  a  strong  core  collapse  amd  rebound  is  observed 


Figure  16:  Dynamics  of  the  interaction  be¬ 
tween  a  cylindrical  bubble  and  a  line  vortex. 
Posit  =<X  10®Pa.  a)  Influence  of  the  initial  bub¬ 
ble  pressure,  on  bubble  ratdius  and  position  of 
Rsmos-  Ac/a»  =  2.  b)lnfluence  of  Rt/a,  on  the  bub¬ 
ble  radius  and  position  of  /2«max-  Pf  =1.5x  10® Pa. 

when  the  initial  distance  between  the  bubble  wall 
and  the  core  radius  is  decreased. 

The  case  of  initial  bubble  growth  instead  of  col¬ 
lapse  is  not  shown  here  because  it  presents  the  same 
character  as  observed  in  the  rebound  cases  in  the 
above  figures. 

INTERACTION  BETWEEN  A  BUBBLE 
AND  A  VORTICAL  PLOW 

In  order  to  extend  the  methods  presented  above 
to  the  more  general  case  of  the  interaction  between 
a  bubble  and  a  general  rotational  field,  the  BEM 
method  was  coupled  to  a  vortex  element  method. 
With  this  approach  the  basic  vortical  flow  is  repre¬ 
sented  by  a  distribution  of  three-dimensional  vortex 
elements,  and  if  need  be,  by  the  addition  of  a  po¬ 
tential  component.  The  procedure  then  is  to  track 
in  time  both  the  bubble  free  surface  motion  and  the 
vortex  elements  motion.  By  doing  so,  one  is  able 
to  obtain  not  only  the  bubble  motion  and  defor¬ 
mation,  but  also  the  vorticity  distribution  variation 
with  time.  Modification  of  the  vortical  field  by  the 
presence  of  the  bubbles  is  thus  an  outcome  of  the 
interaction  method. 

The  above  is  based  on  the  basic  principle  that 
any  arbitrary  basic  flow  field  may  be  decomposed 


ioto  «  potential  part,  4;  wd  a  rotational  part,  A : 


a  s  tt^  -f  Uw  s  Vd,  +  V  X  A.  (47) 

Th«  rotational  part  of  tlw  velocity  derives 
from  the  vector  potential  A  which  satidies 

V»A  s  (48) 

where  w  is  the  vorticity.  The  velocity  is  obtained  by 
the  Biot*Savart  law; 

For  numerical  simulation,  the  vorticity  field  is 
discretised  using  a  desingularised  representation  of 
vorticity  [29,  30,  31]. 


N 

(50) 

tsO 

where  Xi  ue  the  centers  of  the  vortex  elements,and 
/«  is  a  spherical  rapidly  decaying  core  fimction  or 
moUifier  [29],  which  is  chosen  to  be 


(51) 


following  [31].  With  the  discretised  vorticity  dis¬ 
tributed  over  vortex  elements,  we  may  also  write 
dVi  s  dAi  X  dxi, and  hence 


f^idVi  =  r.dxi  (52) 

where  Fjis  the  elementary  circulation  associated 
with  the  i-th  line  element.  By  virtue  of  Kelvin  and 
Helmholtz  theorems  Fi  remains  invariant  in  time, 
and  the  elements  follow  the  local  velocity  field  en¬ 
abling  stretching  and  tilting  of  the  elements.  The 
change  in  the  vorticity  is  represented  by  a  change  in 
the  line  element  dxi-  The  discretised  velocity  expres¬ 
sion  is: 


(«  -  X<)  X  dx.- 


x=l-e-'’.  (53) 

The  element  positions  are  updated  by  the  velocities 
at  their  end  points 


Xi(t  +  dt)  s  x<(l)  +  tt(x<.  (54) 

The  convergence  of  this  vortex  method  was 
proven  in  [32].  The  procedure  is  as  follows.  For 


Figure  17:  Interaction  between  a  bubble  and  a  fi¬ 
nite  thickness  line  vortex  represented  by  3D  vortex 
elements.  Crosscut  in  the  plane  of  symmetry  z=fi. 
Note  motion  of  the  vortex  line  points  close  to  the 
bubble  deviate  significantly  from  a  pure  circular  mo¬ 
tion  as  away  from  the  bubble. 


a  given  vorticity  distribution  in  the  flow  field  of  in¬ 
terest,  a  geometric  distribution  of  three-dimensional 
vortex  elements  is  selected.  In  the  examples  below  a 
Gaussian  distribution  is  selected.  The  inverse  prob¬ 
lem  of  (50)  is  then  solved  to  obtain  the  values  of  the 
elementary  circulations,  F,,  associated  with  each  fi¬ 
nite  line  element.  With  the  knowledge  of  this  initial 
vortex  element  distribution,  and  the  initial  bubble 
discretization,  one  can  proceed  with  the  time  step¬ 
ping  to  solve  the  problem.  The  influence  of  ail  bub¬ 
ble  panels  and  all  vortex  elements  on  the  bubble  and 
vortex  nodes  are  computed.  This  allows  determi- 
naition  of  the  new  values  of  the  velocity  on  all  the 
bubble  nodes.  Knowing  all  values  of  and  d^t/dn 
on  the  boundaries  one  can  deduce  the  velocity  any¬ 
where,  and  in  particular  at  ail  nodes  of  the  vortex 
elements  whose  position  can  then  be  updated  using 
(54). 

The  case  of  a  finite  thickness  line  vortex  was 
considered  and  represented  with  18  vortex  lines  dis¬ 
cretized  into  30  elements.  One  can  then  obtain  as 
shown  in  Figure  17  both  the  bubble  and  the  vortex 
line  deformations.  Figure  17  shows  the  interaection 
at  various  times  during  bubble  growth  and  collapse 
between  the  plane  z  s  0  and  the  bubble  and  the 
vortex  elements.  This  shows  both  bubble  and  vortex 
elements  motion  with  time.  Note  that  the  motion  of 
the  vortex  line  point  close  to  the  bubble  deviate  sig- 
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Figure  18:  Interaction  between  a  bubble  and  a  ft* 
nite  thickness  line  vortex  represented  by  3D  vortex 
elements.  3D  view  at  maximum  bubble  sise  of  the 
bubble  and  vortex  line  shapes 


Figure  19:  Vorticity  distribution  modification 
akmg  the  OY  axis  during  bubble  oscillation  in  a  fi* 
nite  thickness  line  vortex  represented  by  3D  vortex 
elements. 


nificantly  from  a  pure  circular  motion.  Tltose  away 
from  it  just  rotate  around  the  central  point  due  their 
mutual  interaction  and  to  the  symmetry  of  the  distri¬ 
bution.  Figure  18  shows  a  3D  snapshot  of  the  bubble 
and  vortex  line  shapes  for  the  example  of  a  bubble 
immersed  in  the  vortical  field.  Figure  19  shows  how 
the  vorticity  distribution  along  the  OY  axis  has  been 
modified  by  the  dynamics  and  presence  of  tlM  bub¬ 
ble.  It  is  apparent  in  this  case  that  very  significant 
redistribution  of  the  vortex  field  is  possible  during 
the  bubble  motion. 

The  above  example  is  shown  as  an  illustration  of 
the  method  being  developed.  More  detailed  descrip¬ 
tions  and  a  more  extensive  analysis  are  in  prepara¬ 
tion  [33]. 

CONCLUSIONS 

The  study  of  bubble  dynamics  in  non-uniform  flow 
fields  is  complex  but  essential  to  any  re^  attenq>t  to 
study  bubble  dynamics  in  realistic  flow  conditions. 
Due  to  the  difficulties  involved  in  both  experimental 
and  analytical  approaches,  the  trend  is  to  address 
the  problems  by  a  two-pronged  effort  involving  nu¬ 
merical  and  experimental  simulations.  This  is  made 
possible  by  the  development  of  advanced  high  speed 
computers  which  render  direct  numerical  simulations 
possible  in  reasonable  anoounts  of  time.  The  stud¬ 
ies  presented  above  addressed  various  aspects  of  the 
problem,  namely  bubble  behavior  in  the  vicinity  of 
boundaries,  bubble  capture  by  a  vortex  and  bubble 
dynamics  in  a  vortical  flow  field.  The  most  interest¬ 
ing  development  is  the  capability  to  study  the  influ¬ 
ence  of  the  bubble’s  presence  on  the  vortical  field  it¬ 
self.  Our  attempts  in  this  direction  were  briefly  pre¬ 
sented  and  are  presently  very  actively  being  pursued. 
It  is  hoped  that  a  matching  between  a  flow  solver,  at 
least  in  the  vortical  region,  and  a  bubble  dynamics 
solver  such  as  2DyiiaFS  or  SOynsUFS  will  enable 
one  to  describe  with  some  acceptable  accuracy  the 
full  interaction  between  the  bubbles  tuid  the  vortical 
flow  field.  This  is  of  great  importance  since  it  would 
allow  the  user  to  understand  the  mechanics  involved 
thus  enid>ling  one  to  manipulate  the  phenomena  for 
technological  advantage  in  applications  such  as,  in 
ship  wakes,  bubble  drag  reduction,  or  cavitation  in¬ 
ception  delay. 
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Abstract 

Tht  understanding  of  the  fundamental  mechanisms  involved  in  the  interaction  between  bubbles 
and  vortices  is  of  relevance  to  many  important  engineering  applications.  Classical  assumptions 
of  bubble  sphericity  and  decoupling  between  bubble  and  flow  behavior  prevent  one  from 
capturing  essential  element<)  of  the  interaction.  Bubble  motion  and  deformation  are  seen  to  he 
of  great  importance  for  most  bubbles  in  the  size  spectrum.  In  this  chapter  studies  on  bubble 
capture  by  a  vortex,  bubble  motion  and  deformation  during  that  capture,  and  bubble  behavior 
once  the  bubble  is  on  the  vortex  axis  are  described.  Flow  field  modifications  once  the  bubble  is 
on  the  vortex  axis  are  also  briefly  considered.  The  most  promising  approach  appears  to  consist 
of  a  coupling  between  a  boundary  element  method  to  describe  the  bubble  behavior  and  a  viscous 
flow  solver  to  describe  the  basic  flow. 


19,1.  INTRODUCTION 

The  simultaneous  presence  of  bubbles  and  vortices  is  typical  of  many  high  velocity  turbulent 
flows.  Spectacular  examples  can  be  observed  with  propellers,  where  at  high  rotational  speeds 
the  helicoidal  tip  vortices  formed  at  the  tip  of  each  blade  ‘cavitate’  and  become  sites  of 
bubble  concentration  and  fluid  vaporization  into  what  is  termed  ‘tip  vortex  cavities’  (see 
photograph  in  Figure  19.1a).  This  phenomenon  is  addressed  in  more  detail  in  Chapter  17. 
While  for  practical  reasons  engineers  tend  to  superflci2dly  address  the  fundamental  problem  - 
by  stating,  for  example,  that  cavity  formation  in  the  vortex  will  occur  if  the  pressure  on  the 
center  line  drops  in  the  monophase  model  below  the  liquid  vapor  pressure-,  a  closer  look  at 
the  fundamental  processes  at  work  reveals  that  the  actual  phenomenon  is  rather  very  complex 
amd  very  poorly  understood.  Questions  such  as  how  does  a  microscopic  bubble  behave  in 
the  presence  of  the  vortex  ...,  or  how  and  to  what  extent  the  presence  of  bubbles  modifies 
the  flow  field  of  the  vortex  ...  have,  at  this  point,  only  preliminary  answers  or  no  answers 
at  all.  The  interaction  between  bubbles  and  vortex  flows  is  in  fact  of  relevance  to  several 
fluid  engineering  problems.  Important  examples  include  cavitation  in  shear  layers,  boundary 
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Fig.  19.1.  Practical  examples  of  bubbles  and  vortices,  a)  Tip  vortex  cavitation  on  a  propeller  (Chahine 
et  al.,  1993b),  b)  Vortex  cavitation  in  the  separated  region  behind  a  cylinder  (courtesy  cc.  J,  Y  Billard, 
Ecole  Navale,  Brest,  France). 


layers,  tip  vortex  cavitation,  bubbles  in  the  shear  layer  of  submerged  jets,  cavitation  behind 
orifices,  bubbles  in  separated  flow  areas  (see  Figure  19.16),  microbubbles  in  boundary  layers, 
...etc.  In  the  above  mentioned  flows,  bubbles  are  held  responsible  for  dramatic  effects  such  as 
noise  generation,  materials  erosion,  and  bubble  drag  reduction.  These  effects,  experimentally 
observed  and  widely  accepted,  are  not  yet  completely  understood.  Therefore,  a  satisfactory 
control  of  the  deleterious  effects  is  not  presently  possible. 

This  chapter  will  try  to  highlight  the  problems,  present  some  proposed  explanations  and 
methods  for  solution,  and  provide  some  preliminarily  confirmed  results.  However,  it  does 
not  claim  to  answer  all  the  complex  and  presently  unanswered  questions,  and  likely  fails  to 
£uidress  some  of  the  problems  that  will  appear  to  be  important  in  some  configurations  in  future 
research. 

19.1.1.  Mechanistic  Description  When  a  bubble  approaches  a  region  of  high  vorticity 
in  a  liquid,  it  is  accelerated  towards  the  center  of  the  vortex.  The  asymmetric  pressure 
field  pushes  the  bubble  towards  the  vortex  axis  while  it  is  swirling.  On  its  path  the  bubble 
experiences  a  decreasing  ambient  pressure  which  can  lead  to  an  increase  in  the  bubble  size. 
Simultaneously,  since  the  non  unifomuty  of  the  pressure  field  around  the  bubble  increases  with 
proximity  to  the  vortex  axis,  bubble  shape  deformation  increases.  An  explosive  bubble  growth 
is  provoked  if  the  pressure  in  the  vortex  field  drops  below  the  bubble  'critical  pressure',  Pe- 
For  a  bubble  of  radius  r<,  in  static  equilibrium  when  the  ambient  pressure  is  Pg,  this  pressure  is 
defined  as  the  pressure  below  which  an  equilibrium  bubble  radius  does  not  exist.  In  cavitation 
studies  within  the  assumption  of  an  isothermal  law  of  behavior  of  the  gas  included  in  the  bubble 
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(see  SectioQ  19.4.1,  Equation  (19.37))  this  pressure  is  defined  by^ 


(19.1) 


where  a  is  the  surface  tension  parameter,  and  is  the  'critical  radial  given  by 


(19.2) 


rc 


Pa  —  P„  + 


where  P„  is  the  liquid  vapor  pressure  (see  for  example  Hanunitt  1980). 

Over  the  last  decade  several  investigators  have  addressed  the  phenomenon  of  bubble 
capture  by  a  vortex  (Bovis,  1980a, b;  Latorre,  1982;  Ligneul,  1989;  Ligneui  and  Latorre,  1989). 
However,  these  studies  made  the  strong  simplifying  assumption  that  the  bubble,  even  though 
able  to  undergo  volume  changes,  remains  spherical.  In  addition,  the  t]rpe  of  interactions  they 
considered  was  one-sided,  since  they  did  not  consider  vortex  flow  modification  by  the  presence 
and  behavior  of  the  bubble.  More  recently,  Chahine  (1990)  considered  a  broker  approach 
where  bubble  deformation  and  motion  were  coupled  while  neglecting  flow  field  modification 
by  the  bubble  presence.  This  study  showed  that  the  pressure  gradient  across  the  bubble 
can  lead  to  significant  departure  from  bubble  sphericity,  and  led  to  the  suggestion  that  the 
deformation  and  later  splitting  of  the  bubble  during  its  motion  towards  the  vortex  center  is, 
in  addition  to  its  volume  change,  the  main  source  of  noise  in  vortex  cavitation.  This  appears 
to  explain  the  reason  for  the  location  of  tip  vortex  noise  at  cavitation  inception  very  close  to 
the  blade  (Higuchi  et  al,  1989),  and  is  in  agreement  with  recent  observations  by  Arndt  and 
Madnes  (1993)  about  bubble  capture  in  tip  vortex  cavitation.  We  will  consider  the  details  of 
such  approaches  in  the  following  sections. 

One  can  distinguish  three  phases  in  the  interactive  dynamics  of  bubbles  and  vortices: 
a)  bubble  capture  by  the  vortex,  b)  interaction  between  the  vortex  and  an  initially  quasi- 
spherical  bubble  on  its  axis,  c)  dynamics  of  elongated  bubbles  on  the  vortex  axis.  After  some 
phenomenolo^cal  and  order  of  magnitude  considerations  of  the  phenomena  at  hand,  we  will 
consider  each  of  the  three  phases  and  the  method  of  solution  proposed  for  their  study. 


19.2.  ORDER  OF  MAGNITUDE  CONSIDERATIONS 

In  order  to  analyze  the  problem  of  bubble  capture  and  behavior  in  a  line  vortex  let  us 
consider  as  an  example  the  Rankine  vortex  flow  field  described  in  Section  1.1.  We  adopt  a 
notation  consistent  with  that  section,  denoting  F  the  vortex  drcuiation,  and  u«  the  only  non¬ 
zero  velocity  component.  However,  in  order  to  avoid  potential  confusion  with  the  bubble  radius 
definitions  later,  we  will  use  Rc  for  the  radius  of  the  viscous  core  (R  is  used  in  section  1.1). 
For  distances  r  smaller  than  Rc  the  flow  has  a  solid  body  rotation  behavior  (velocities  vary 
as  r),  while  for  distances  r  larger  than  Rg  the  flow  bdiaves  as  in  an  ideal  invisdd  irrotational 
vortex  (velocities  vary  as  1/r).  The  expression  of  the  velocity  is  given  in  Equation  (1.1.14). 
For  such  a  flow  the  pressure  field  is  known  and  its  value  p(r)  b  given  by  Equation  (1.1.16).  A 
key  parameter  which  appears  in  the  pressure  expression  is  the  “suriH  parameter",  0,  d^ned 
as 


*Thi**i«  obtained  by  coneidering  Equation  (19J8),  wiiting  V  s^irr^  and  ,  and  aolving  for  the  iwninwim  of  the 

function  Pt(r). 
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(19.3) 


which  characterizes  the  intensity  of  the  pressure  drop  due  to  the  rotation  relative  to  the 
ambient  pressure,  pm.  To  illustrate  the  importance  of  this  parameter,  we  normalize  the 
pressure  with  poo,  to  obtain  the  following  normalized  expressions  for  the  pressure  and  the 
pressure  gradient: 


(19.4) 

with 

(19.5) 


/  1  ,  O 
m  =  1  -  p; 

?(?)=l-!2(2-1^); 


1, 

^'<1, 


Note  that  the  pressure  on  the  vortex  axis  is  (1  —  20)  and  goes  to  zero  when  0  approaches  1/2. 

As  seen  in  Figure  1.1.5  the  pressure  gradient  steepens  in  the  inviscid  region  when  the 
viscous  core  is  approached,  achieves  its  maximum  at  F  =  1,  and  levels  off  in  the  viscous  core 
close  to  the  vortex  axis.  If  a  bubble  is  subjected  to  the  pressure  field  shown  in  the  figure,  it  will 
experience  a  higher  liquid  pressure  on  its  right  side  than  on  its  left  side,  the  difference  being 
greater  the  larger  the  bubble  is.  Similarly,  the  bubble  is  ‘sheared’,  since  fluid  particles  on  the 
bubble  /  liquid  interface  experience  different  velocities.  The  type  of  shearing  action  depends 
on  the  position  of  the  bubble  relative  to  the  viscous  core  /  inviscid  fluid  boundary,  i2e.  If  the 
bubble  is  fully  immersed  in  the  inviscid  region  of  the  flow,  fluid  particles  on  its  left  side  will 
experience  larger  velocities,  while  if  it  is  fully  immersed  in  the  solid  body  rotation  region  of 
the  flow  fluid  particles  on  its  right  side  will  experience  larger  velocities.  The  most  complex 
situation  is  when  the  bubble  is  partly  in  the  viscous  core  and  partly  in  the  inviscid  region.  In 
that  case,  it  is  expected  that  the  bubble  behavior  wiU  be  vortex  flow  model  dependent,  since 
in  fact  the  sharp  separation  between  the  two  regions  is  purely  mathematical,  and  is  a  very 
schematic  representation  of  the  physical  reality. 

Due  to  the  pressure  and  velocity  gradients  the  bubble  is  accelerated  toward  the  axis  while 
somewhat  growing  and  defoniimg.  Therefore,  depending  on  its  size  and  position,  the  bubble 
experiences  a  pressure  variation  along  its  surface  and  a  slip  velocity  relative  to  the  surroimding 
fluid.  This  results  in  some  degree  of  bubble  shape  deviation  from  sphericity.  The  importance 
of  this  deviation  is  a  function  of  the  relative  orders  of  magnitude  of  the  pressure  gradient,  the 
bubble  wall  acceleration  due  to  volume  change,  and  surface  tension  forces. 

An  evaluation  of  the  bubble  wall  accderation  can  be  obtained  from  a  characteristic  bubble 
radius,  JU,  and  from  the  Rayleigh  time,  time  needed  for  a  empty  bubble  to  collapse  from 
its  radius  to  0,  under  the  influence  of  the  pressure  outside  the  bubble  (Rayleigh,  1917).  For 
the  present  problem  let’s  take  for  characteristic  outside  local  pressure  the  pressure  at  r  s 
that  is  (p  =  1  —  D)  as  the  typical  local  ambient  pressure,  the  Rayleigh  time  is  then: 


(19.6) 


tr  = 


Poo(l  -fl)* 


The  characteristic  bubble  wall  acceleration,  ygrowthi  at  r  =  b  then: 
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(19.7) 


I  Poo(l  -  (1) 


This  value  is  to  be  compared  with  the  acceleration  force  'jgradimt  due  to  the  pressure 
gradients  expressed  in  (19.4): 

ygradimt  “  “  » 


(19-8) 

The  ratio  between  these  two  accelerations  can  be  evaluated,  for  instance  at  r  =  iZe  ,  to 
yield  the  simple  expression: 


(19.9) 


'Igradient  _  ^Rh  fl 

"tgr&uitk  1  “*  fl 


This  expression  underlines  the  relative  importance  between  the  characteristic  bubble  size 
Hi,  and  the  viscous  core  size  Rc  .  Keeping  the  surface  tension  parameter  the  same  (see 
discussion  on  the  Weber  number  below),  the  larger  the  ratio  (19.9)  is,  the  more  important 
bubble  deformation  will  be.  This  remark  has  important  implications  concerning  scale  effects 
where  R^,  and  Rc  do  not  increase  in  the  same  proportion  between  scale  and  model,  since  in  most 
practical  cases  bubble  distributions  and  sizes  are  uncontrolled  and  typically  cannot  be  scaled 
much,  while  the  size  of  the  vortical  regions  depend  on  the  selected  geometry  and  velocity 
scales. 

The  ratio  (19.9)  is  only  an  indication  of  the  relative  importance  of  bubble  growth  and  slip 
forces  at  a  given  position.  In  fact  the  relative  importance  of  these  competing  forces  changes 
during  the  bubble  capture  process.  For  instance,  the  accderation  of  the  bubble  toward  the 
vortex  axis  increases  with  its  proximity  to  the  viscous  core  while  the  growth  rate  tends  toward  a 
constant  value  (decreasing  pressure  gradient).  This  indicates  that  strong  deformation  becomes 
predominant  relative  to  volxune  change  when  either  the  bubble  is  very  close  to  the  axis  or  the 
vortex  circulation  (the  swirl  parameter”,  fl)  becomes  large. 

Another  important  physical  factor  which  affects  bubble  shape  is  the  surface  tension.  A 
normalized  value  of  the  corresponding  pressure,  a  Weber  number,  can  be  constructed  by 
combining  the  surface  tension  pressure  (coefScient,  a)  with  either  the  pressure  difference 
between  the  inside  and  the  outside  of  the  bubble,  or  the  amplitude  of  the  variations  of  the 
local  pressures  (pressure  gradients)  around  the  bubble.  The  first  number.  Wg, ,  is  given  by: 


(19.10) 


Pi  -Poo(l  ~fi) 

<X/Rs 


where  p,-  is  the  pressure  inside  the  bubble.  The  second  number,  W*,,  is  given  by: 


(19.11) 

which  can  be  written  for  r  =  Rc’. 


dp/dr 

<t/Rs* 


(19.12) 


2fi  Rk 

Rc' 
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For  small  values  of  either  of  these  two  numbers  tension  forces  are  predominant  and  prevent 
bubble  distortion  and  deviation  from  sphericity.  Expressions  (19.12)  shows  that  this  is  possible 
only  if  fl  is  small  and  if  iZt  is  much  smaller  than  Rc.  Therefore,  as  for  the  discussion  on 
the  acceleration  forces,  one  should  expect  larger  bubble  deformations  for  stronger  vortex 
circulations  and  larger  bubbles. 

19.3.  BUBBLE  CAPTURE  BY  A  VORTEX 

Despite  several  significant  contributions  to  the  study  of  bubble  capture  in  a  vortex,  to  our 
knowledge,  no  complete  approach  has  yet  been  undertaken.  While  the  overall  approach,  in 
terms  of  the  investigation  of  the  bubble  motion  has  several  similarities  to  the  problem  of  the 
interaction  between  vortices  and  solid  particles  (see  Chapter  20),  the  bubbles,  unlike  solid 
particles,  will  deform  and  change  volume  while  interacting  with  the  vortex  flow  field.  The 
complexity  of  the  problem  has  led  the  various  contributors  to  neglect  one  or  several  of  the 
factors  in  play,  and  therefore  to  only  investigate  the  influence  of  a  limited  set  of  parameters. 
The  first  approaches  to  the  problem  were  attempted  independently  at  about  the  same  time  by 
Bo  vis  (1980a),  and  Latorre  (1980).  While  both  studies  accounted  for  volume  change  during 
bubble  motion,  the  basic  assumptions  smd  effects  taken  into  account  were  quite  different.  Bovis 
(1980a,b)  considered  the  case  where  the  flow  velocities  in  the  vortex  flow  are  large  enough  to 
justify  the  assumptions  of  invisdd  potential  flow.  This  simplification,  valid  for  instance  in  tip 
vortex  cavitation  where  very  large  tangential  velocities  come  into  play,  and  when  the  bubble  is 
not  too  close  to  the  vortex  axis,  allows  one  to  consider  other  important  effects.  For  instance, 
one  can  then  consider  in  a  consistent  fashion  important  phenomena  such  as  the  modification 
of  the  vortex  flow  by  the  presence  of  the  bubble  and  the  volume  change  and  shape  deformation 
of  the  bubble  (Duraiswami  and  Chahine,  1991).  On  the  other  hand,  Latorre  (1980)  and  in 
following  studies  (Ligneul  and  Latorre,  1989),  in  a  more  pragmatic  approach,  considered  real 
fluid  effects  to  determine  the  bubble  motion  equation,  neglecting  bubble  shape  deformation 
and  modification  of  the  flow  by  the  bubble  behavior.  They  coupled  these  equations  with  a 
spherical  bubble  dynamics  model  to  deduce  noise  emission  in  tip  vortex  cavitation. 

In  the  potenti2tl  flow  approach,  the  expression  of  the  modified  flow  field  due  to  the  presence 
of  a  spherical  bubble  is  based  on  Weiss’  theorem  (see  Milne-Thomson,  1968).  In  a  spherical 
system  of  coordinates  centered  at  the  sphere  center,  if  the  undisturbed  potential  flow  in  absence 
of  the  sphere  of  radius  a,  is  $o(rj^>^)ithe  velocity  potential  of  the  modified  flow  due  to  the 
presence  of  the  fixed  sphere  is  $(r,  tf,  ^)  given  by  the  equation: 

(19.13)  «(r,»,*)  =  «„(r.«,^)  +  i  ’j 

0 


Using  the  notations  in  Figure  19.2,  the  expression  of  the  velocity  potential  of  the  vortex 
flow  is: 

.  .  _  .  -  r  ,  rsin^sin^ 

(19.14)  $o(r,  —  tan~^  7/ .r"; — 

^  2t  ^{t)  +  rsm6cos<i> 


where  F  is  the  vortex  circulation  and  C(0  instantaneous  distance  between  the  vortex 
and  the  bubble  center. 

Similarly,  the  expression  of  the  velocity  potential  of  the  flow  due  to  the  bubble  radius  time 
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Fig.  19.2.  Sketch  of  the  geometric  quantities  involved  in  the  analytical  description  of  bubble  capture 
in  a  vortex  line. 


variations,  a  (t),  is 
(19.15) 


a^t)  S  (0 


where  ®  indicates  time  differentiation.  If  we  account  for  a  relative  velocity  (V  —  Vb)  between 
the  spherical  bubble  and  the  fluid  the  modified  bubble  velocity  potential  becomes: 


(19.16) 


♦.(r,  tf,  =  -^2^  _  ^r-(V  -  Vb), 


where  V(t)  and  VB(t)  are  the  instantaneous  fluid  and  bubble  center  velocities.  The  absolute 
velocity  potential  in  the  fixed  coordinate  system  attached  to  the  vortex,  $•,  which  accounts 
for  bubble  motion  and  radius  variations  is  then: 


(19.17) 


The  equation  of  motion  of  the  sphere  can  now  be  obtained  by  using  Bernoulli’s  equation 
and  integrating  the  pressure  over  the  surface  of  the  sphere.  The  resulting  force  leads  to  the 
following  dynamic  equation: 


(19.18) 


4  3  <^vb  .  |v$.n  , 

r‘‘«-5-='’//[-§r+  2  J”*' 


where  p  and  pi  are  the  liqmd  and  bubble  content  density,  a  the  babble  radius,  n  the  normal 
vector  to  the  bubble  surface,  and  dV^/dt  the  bubble  accderation.  The  evaluation  of  the 
expression  (19.18)  in  the  general  case  is  rather  complex.  A  simplified  asymptotic  expression 
can  however  be  obtained  when  the  radius  of  the  bubble  is  small  relative  to  the  distance  from 
the  vortex  axis, 

(19.19)  €  =  ?<1. 

Co 
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The  expression  of  the  two  nondimensional  components  of  the  accderatm  are  then: 


(19.20) 


(19.21) 


2C 

VuVL  .  T 


••(I-?)' 


a  z 

where  the  velocities  are  normalized  by  the  tangential  vebdty  at  the  location  of  the  center 
of  the  bubble  at  t  =  0,  and  time  by  the  ratio  between  the  distance  and  that  charactnistic 
velocity, 

Vi^Vi  / 


(19.22) 


i  =  t  / 


r 

2tCo’ 

r  * 


Similarly,  (  is  normalized  with  the  initial  position,  C  —  C/  C>*  Note  that  VJr  =  dC/dt,  and 
that  for  a  bubble  p^jp  is  negligible.  The  third  component  adong  ^  is  obviously  zero  due  to 
the  s}rmmetry  of  the  problem  (see  Darrozes  and  Chahine,  1983,  for  further  discussions  and 
derivations  of  the  above  equations). 

In  the  studies  of  Ligneul  and  Latorre  (1989)  the  bubble  equation  (19.18)  is  replaced  by  an 
empirical  force  balance  equation  first  given  by  Johnson  and  Hsieh  (1966): 


(19.23)  ^  *  3(V  -  Vb)-  -  —  +  §  jV  -  VbI  . 

at  a  p  ia 

where  Cd  is  a  viscous  drag  coefiicient.  The  first  two  terms  on  the  right  hand  side  come  from 
inviscid  flow  considerations  and  are  therefore  included  more  formally  and  more  accurately 
in  Equation  (19.18).  The  first  term  which  results  directly  from  the  integration  in  (19.18) 
of  the  third  term  in  Equation  (19.17).  It  reflects  the  fact  that  any  slip  velocity  between 
the  bubble  center  and  the  surrounding  fluid  increases  with  an  increase  of  the  bubble  wall 
velocity  amd  a  decrease  of  the  bubble  radius.  Therefore,  the  bubble  center  decelerates  during 
bubble  growth  and  accelerates  very  much  during  the  bubble  collapse  where  both  a  and 
are  very  large.  The  second  term  is  in  fact  an  accderation  term  of  the  relative  or  slip  veloaty, 
(V  —  Vb),  whose  expression  has  been  often  debated  in  the  multiphase  flow  community  (Van 
Wijngaarden,  1980).  The  third  term  is  a  viscous  drag  term  where  the  drag  coefficient  Cd 
depends  on  the  Refolds  number  of  the  relative  flow,  R^.  Ligneul  and  Latorre  (1989)  used 
the  expression: 

(19.24)  C'rf  =  ~  [1+0.197/2?;“  + 2.6  xlO-^i?J,^];  with 

Other  authors  add  a  memory  term  (Basset  term)  which  accounts  for  the  full  history  of  the 
slip  velocity  through  an  integration  between  0  and  t.  Based  on  equation  (19.23)  the  equations 
of  motion  of  the  bubble  become  for  a  Rankine  vortex  of  viscous  core  radius,  Rc' 


dt 


=  CV3-3K, 


g  Cd\SV\ 

a'*'  4o 


3P 

Arm' 


& 
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(19.25) 

•  1  7 

V'  ^  S 

|fvi  =  (ve  +  »2  +  v2)‘. 

(19.26) 

^  ^“2tC  ^  dt  ’ 

Both  approaches  (Bovis,  1980a,  Latone,  1980)  used  the  spherical  bubble  dynamics 
equation  -  Imown  as  Rayleigh  Plesset  Equation  (Plesset,  1948)  -  to  determine  the  bubble 
radius  variation  with  time: 

(19.27)  p  a  +1  +  P,  +  P,.  -  2^, 

where  n  is  the  dynamic  viscosity,  P^  the  initial  gas  pressure  with  k  the  polytropic  gas  constant, 
P»  the  vapor  pressure,  and  7  the  surface  tension  coefficient.  Assumptions  leading  to  this 
equation  are  described  further  in  Section  19.4.1. 


19.3.1.  Capture  Time  In  order  to  get  an  idea  about  the  characteristic  time  for  bubble 
capture  by  the  vortex  let  us  consider  equations  (19.20)  and  (19.21).  If  one  considers  -  for 
an  order  of  magmtude  evaluation-  the  case  where  the  rate  of  ^ange  of  the  bubble  volume  is 
negligible  relative  to  the  other  terms,  then  the  two  equations  of  motion  degenerate  to: 


=  — =5  + 

dl  ^  c 

(19.28) 

<a  -  c  ’ 

where 

(19.29) 

Equations  (19.28)  can  be  integrated  to  give  the  position  of  the  non  deforming  bubble 
relative  to  the  vortex  axis  versus  time.  Using  d^/dt  as  an  intermediary  variable  to  express 
d/dtisdj d('d^/dt,  and  assuming  that  the  bubble  center  has  no  initial  radial  velocity  (vr»  =  0), 
while  the  initial  tangential  velocity  is  v«ot  Equation  (19.28)  leads  to: 


(19.30) 


^«=i’ 


Equation  19.30  is  very  instructive  in  terms  of  the  motion  of  a  particle  o[  density  in 
a  vortex  flow  field.  Depending  on  the  sign  of  —  3^)the  particle  will  be  attracted  or 
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repelled  by  the  vortex.  This  term  in  fact  expresses  a  balance  between  inertial  (centrifugal) 
and  pressure  forces.  For  bubbles  entrained  in  the  flow  field  of  the  vortex,  9«o  ia  between  0  and 
1,  and  M  is  very  close  to  since  pi/p  <  1.  As  a  result 

(19.31)  ?(?)  Jii  )/l  +  (T>i;’-3)i’  <  y/l-ZV. 


The  capture  time,  Te,  for  a  bubble  initially  at  rest  in  the  fluid  (Uto(O)  s  0)  is  therefore 


(19.32) 


or 


rc  = 


2x<? 

Ty/Z' 


In  fact,  for  a  sphere,  only  viscous  effects  can  be  responsible  for  bubble  entrainment  with  the 
flow,  since  with  the  invisdd  model  Equations  (19.18)  clearly  indicate  that  only  radial  forca 
on  the  sphere  are  non-zero.  In  the  presence  of  viscosity  friction  forces  enable  entrainment  of 
the  bubble  with  the  fluid.  The  characteristic  time  of  viscous  effects,  or  the  order  of  magnitude 
of  the  time  needed  for  the  bubble  to  be  entrained  in  the  flow  being 


(19.33) 


the  qualitative  nature  of  the  capture  depends  on  the  relative  size  between  Tc  and  T„. 

If  Te  ^  Ti,  the  capture  time  is  too  long,  viscous  effects  are  strong  enough  for  the  bubble 
to  be  entrained  relatively  rapidly  by  the  liquid  and  it  starts  swirling  aroimd  the 
vortex.  It  approaches  the  vortex  axis  little  by  little  but  very  slowly. 

If  Te  <  Tv  the  opposite  situation  occurs:  viscous  effects  are  very  slow  to  take  effect  and 
the  bubble  is  practically  sucked  into  the  vortex  moving  towards  its  center  almost 
in  a  purely  radial  fashion. 

Finally,  for  Tc  Tv  entrainment  by  the  liquid  and  attraction  towards  the  center  of  the 
vortex  occur  on  the  same  time  scale.  Therefore,  the  bubble  ^proaches  the  axis 
in  a  spiral  fashion.  The  above  reasoning  allows  one  to  define  a  '^violent  captun 
radiu^  around  the  vortmc  which  is  bubble  radius  dependent.  A  bubble  of  radius 
Uv  will  be  sucked  in  by  the  vortex  if  it  is  within  the  radial  distance  Rcaptur*  • 


(19.34) 


Remftmrt  —  <*0 


19.4.  NUMERICAL  STUDY 

Due  to  the  difficulty  of  the  problem  at  hand  and  to  the  inq>roved  performance  of  high  speed 
computers,  numerical  methods  offer  presently  the  best  hope  for  solutions.  Coupled  with 
guidance  from  analytical,  experimental  and  order  of  magnitude  or  pbenixnenological  studies, 
a  numerical  approach  can  enable  minimization  of  the  number  of  physical  phenomena  to  take 
into  account.  One  of  the  numerical  methods  that  has  proven  to  be  very  efficient  in  solving 
the  type  of  free  boundary  problem  associated  with  bubble  dynamics  is  the  Boundary  ESement 
Method.  Among  others,  Guerri  et  al.  (1981),  Blake  et  oL  (1986, 1987),  and  Wilkerson  (1989) 
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used  this  method  in  the  solution  of  axisymmetric  problems  of  bubble  growth  and  coll^Me  near 
boundaries.  This  method  was  extended  to  three-dimensional  bubble  dynamics  problems  by 
Chahine  et  al.  (1988,  1989).  We  describe  here  the  model,  then  i4>ply  it  to  the  case  of  bubbles 
in  a  vortex  flow. 

19.4.1.  Bubble  Flow  Equations  Let  us  consider  the  cases  where  the  presence  d  a 
bubble  in  the  flow  has  significant  effects,  that  is  cases  where  bubble  volume  time  variations 
are  not  negligible.  This  implies  large  but  subsonic  bubble  wall  velocities.  Therefore,  one 
can  neglect  viscosity  and  compressibility  effects  on  the  bubble  dynamics.  These  assumptions, 
classical  in  cavitation  bubble  dynamics  studies,  result  in  a  flow  that  is  potential,  (vebdty 
potential,  $),  and  which  satisfies  the  Laplace  equation, 

(19.35)  =  0. 

The  solution  must  in  addition  satisfy  initial  conditions  and  boundary  conditions  at  infinity, 
at  the  bubble  walls  and  at  the  botmdaries  of  any  nearby  bodies. 

At  all  moving  or  fixed  surfaces  (such  as  a  bubble  surface  or  a  nearby  boundary)  an  identity 
between  fluid  velocities  normal  to  the  boundary  and  the  normal  velocity  of  the  boundary  itself 
is  to  be  satisfied: 

(19.36)  •  n  =  Vs  •  n, 

where  n  is  the  local  unit  vector  normal  to  the  bubble  surface  and  Vs  is  the  local  velocity 
vector  of  the  moving  surface. 

The  bubble  is  assumed  to  contain  noncondensible  gas  as  well  as  vapor  of  the  surrounding 
liquid.  The  pressure  within  the  bubble  is  considered  to  be  the  sum  of  the  partial  pressures  of 
the  noncondensible  gases,  Pg  ,  and  that  of  the  liquid  vapor,  Pp.  Vaporization  of  the  liquid  is 
assumed  to  occur  at  a  fast  enough  rate  so  that  the  vapor  pressure  may  be  assumed  to  remain 
constant  throughout  the  simulation  and  equal  to  the  equilibrium  vapw  pressure  at  the  liquid 
ambient  temperature.  In  contrast,  since  time  scales  associated  with  gas  diffusion  are  much 
larger,  the  amount  of  noncondensible  gas  inside  the  bubbles  is  assumed  to  remain  constant 
and  the  gas  is  assumed  to  satisfy  the  polytropic  relation, 

(19.37)  PgV^  =  constant, 

where  V  is  the  bubble  volume  and  k  the  polytropic  constant,  with  1:  =  I  for  isothermal 
behavior  and  Cpfcp  for  adiabatic  conditions. 

The  pressure  in  the  liquid  at  the  bubble  surface.  Pi.  ,  is  obtained  at  any  time  from  the 
following  pressure  balance  equation: 

(19.38)  + 

where  Pg^  and  Vq  are  the  initial  gas  pressure  and  volume  respectively,  <r  is  the  surface  tension, 
C  is  the  local  curvature  of  the  bubble,  and  V  is  the  instantaneous  value  of  the  bubble  volume. 
In  the  numerical  procedure  Pgg  and  Vq  are  known  quantities  at  f  ss  0. 

19.4.2.  Boundary  Integral  Method  for  Three-Dimensional  Bubble  Dynamics 
In  order  to  render  possible  the  simulation  of  single  or  multiple  bubble  behavior  in  complex 
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geometry  and  flow  conflgTirations  including  the  full  non-linear  boundary  conditions,  a  three- 
dimensional  Boundary  Element  Method  was  developed  and  implemented  by  Chahine  et  oL 
(1988-1991).  The  Boundary  Element  Method  was  chosen  here  because  of  its  computational 
efficiency.  By  considering  only  the  boundaries  of  the  fluid  domain  it  reduces  the  dimension  of 
the  problem  by  one.  This  method  is  based  on  Green’s  equation  which  provides  9  anywhere  in 
the  domain  of  the  fluid  (field  points  P)  if  the  velocity  potential,  $  ,  and  its  normal  derivatives 
are  known  on  the  fluid  boimdaries  (points  M),  and  if  $  satisfies  the  Laplace  equation: 


(19.39) 


a*  1 

an  IMP  I 


an' IMP 


ds  =  ax$(P), 


where  ax  =  Q  is  the  solid  angle  under  which  P  sees  the  fluid, 
a  =  4,  if  P  is  a  point  in  the  fluid, 
a  =  2,  if  P  is  a  point  on  a  smooth  srirface,  and 
a  <  4,  if  P  is  a  point  at  a  sharp  comer  of  the  surface. 


If  the  field  point  is  selected  to  be  on  the  surface  of  any  of  the  bubbles  or  on  the  surface  of 
the  nearby  boundaries,  then  a  closed  set  of  equations  can  be  obtained  and  used  at  each  time 
step  to  solve  for  values  of  d^ldn  (or  $)  assuming  that  all  values  of  $  (or  d^fdn)  are  known 
at  the  preceding  step. 

To  solve  Equation  (19.39)  numerically,  it  is  necessary  to  discretize  each  bubble  into  panels, 
perform  the  integration  over  each  panel,  and  then  sum  up  the  contributions  to  complete  the 
integration  over  the  entire  bubble  surface.  To  do  this,  the  initially  spherical  bubbles  are 
discretized  into  a  geodesic  shape  using  flat,  triangular  panels.  This  discretization  of  a  bubble 
shape  is  described  in  Chahine  et  al.  (1988  and  1993c).  Equation  (19.39)  then  becomes  a  set 
of  N  equations  (iV  is  the  number  of  discretization  nodes)  of  index  i  of  the  type: 


(19.40)  ^  j  =  ^  ^ 

where  Aij  and  Bij  are  elements  of  matrices  which  are  the  discrete  equivalent  of  the  integrals 
given  in  Equation  (19.39). 

To  evaluate  the  integrab  in  (19.39)  over  any  particular  panel,  a  linear  variation  of  the 
potential  and  its  normal  derivative  over  the  panel  is  assumed.  In  this  manner,  both  $  and 
d$/dn  are  continuous  over  the  bubble  surface,  and  are  expressed  as  a  function  of  the  values 
at  the  three  nodes  which  delimit  a  particular  panel.  Obviously  higher  order  descriptions  are 
conceivable,  and  would  probably  improve  accuracy  at  the  expense  of  additional  analytical 
effort  and  numerical  computation  time.  The  two  integrals  in  (19.39)  are  then  evaluated 
an2dytically.  The  resulting  expressions,  too  long  to  present  here,  can  be  found  in  Chahine  et 
al.  (1988). 

In  order  to  proceed  with  the  computation  of  the  bubble  dynamics  several  quantities 
appearing  in  the  above  boundary  conditions  need  to  be  evaluated  at  each  time  step.  The 
bubble  voliune  presents  no  particular  difficulty,  while  the  unit  normal  vector,  the  local  surface 
curvature,  and  the  local  tangential  velocity  at  the  bubble  interface  need  further  development. 
In  order  to  compute  the  curvature  of  the  bubble  surface  a  three-dimensional  local  bubble 
surface  fit,  /(x,  y,  z)  =  0,  is  first  computed.  The  unit  normal  at  a  node  can  then  be  mqpiessed 
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m: 

(19.41) 

with  the  Impropriate  sign  chosen  to  insure  that  the  normal  is  always  directed  towards  the 
fluid.  The  local  curvature  is  then  computed  using 

(19.42)  C  =  V  •  n. 

To  obtain  the  total  fluid  velocity  at  any  point  on  the  surface  of  the  bubble,  the  tangential 
velocity,  Vt ,  must  be  computed  at  each  node  in  addition  to  the  normal  velocity,  Vn  =  d^jdn 
n.  This  is  also  done  using  a  local  surface  fit  to  the  velocity  potential,  s  A(x,  y,  z).  Taking 
the  gradient  of  this  function  at  the  considered  node,  and  eliminating  any  normal  component 
of  velocity  appearing  in  this  gradient  gives  a  good  approximation  for  the  tangential  velocity 

(19.43)  Vt  =  nx(V*,  xn). 

The  basic  procedure  can  then  be  summarized  as  follows.  With  the  problem  initialized 
and  the  velocity  potential  known  over  the  surface  of  the  bubble,  an  updated  value  of  d^fdn 
can  be  obtained  by  performing  the  integrations  in  (19.39)  and  solving  the  corresponding 
matrix  equation  (19.40).  DifDt  is  then  computed  using  a  “modified”  Bernoulli  equation 
(see  Equation  (19.51)  below).  Using  an  appropriate  time  step  all  values  of  $  on  the  bubble 
surface  can  then  be  updated  using  9  at  the  preceding  time  step  and  D^IDt, 

In  the  results  presented  below  the  time  step,  dt,  was  based  on  the  ratio  between  the  length 
of  the  smaller  pand  side,  Imin  and  the  highest  node  velocity,  Vmag.  This  choice  limits  the 
motion  of  any  node  to  a  fraction  of  the  smallest  panel  side.  It  has  the  great  advantage  of 
constantly  adapting  the  time  step,  by  refining  it  at  the  end  of  the  collapse  -  where  Lnm  becomes 
very  small  and  Km*  very  large  -  and  by  increasing  it  during  the  slow  bubble  size  variation 
perk>d.  New  coordinate  positions  of  the  nodes  are  then  obtained  using  the  displacement: 

dM^^^n  +  Vtet-h 

where  n  and  e(  are  the  unit  normal  and  tangential  vectors.  This  time  stepping  procedure 
is  repeated  throughout  the  bubble  growth  and  collapse,  resulting  in  a  shape  history  of  the 
bubble. 


n  =  ± 


V/ 


iv/r 


19.4.3.  Pressure  /  Velocity  Potential  Relation  Let  us  consider  the  case  of  a  bubble 
growing  and  collapsing  in  a  nonuniform  flow  field  (“&astc  flovT)  of  velocity  Vo  that  is  known 
and  satisfies  the  Navier  Stokes  equations: 


(19.46) 


^  +  V, .  Wo  =  -i  Wo  +  yV’V,  . 
at  p 
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Also  assume  that  in  presence  of  the  osdlli^ing  bubbles,  the  resulting  vdodty  fidd,  given 
by  V,  also  satisfies  the  incompressible  Navier  Stokes  equation: 

BV  1 

(19.47)  ^+V.W*-ivP  +  vV»V. 

Ot  p 

Both  V  and  Vo  also  satisfy  the  continuity  equation.  We  can  now  define  bubble  flow 
velocity  and  pressure  variables,  Vb  and  /\,  as  follows: 

(19.48)  Vt=:V-Vo,  A  =  P-Po. 


If  we  consider  the  case  where  '^bubble  flow"  field  is  potential^  : 

(19.49)  V4  =  V»*»  =  0, 


and  subtract  (19.46)  from  (19.47)  accounting  for  (19.49)  we  obtain 


(19.50) 


V'ir  =  V 


^  +  5lv,|’+VoV,  +  :^ 


=  V,  X  (V  X  Vo). 


The  asstunption  of  potentiai  '^bubble  flow"  implies  that,  even  though  the  basic  flow  is 
allowed  to  interact  with  the  bubble  dynamics  and  be  modified  by  it,  no  new  vorticity  can  be 
generated  by  the  bubble  behavior  with  the  chosen  model  Equation  (19.50)  can  be  integrated 
to  obtain  an  equation  similar  to  the  classical  unsteady  Bernoulli  equation.  For  the  particular 
case  of  the  Ranldne  vortex  Equation  (19.51)  can  be  written  in  cylindrical  coordinates,  when 
the  ‘‘bubble  flow’’  does  not  have  any  e«  components: 


dz 


=  0. 


In  this  case  the  Bernoulli  equation  is  to  be  replaced  by: 


(19.51) 


.  1 


+  j|v.|»  + 


p-p« 


=  constant  in  any  radial  direction. 


dt  'Z  p 

Accounting  for  at-infinity  conditions,  the  pressure  in  the  liquid  at  the  bubble  wall.  Pi, 
given  by  (19.51)  is  related  to  and  the  pressure  field  in  the  Ranldne  vortex  Pq  by: 


(19.52) 


P 


dt 


MU»  wmll 


19.4.4.  Specialization  to  Axisynunetric  Problems  In  axisymmetric  problems,  the 
physical  variables  (velocity  potential  and  pressure)  are  independent  of  the  angular  coordinate. 
Thus  the  angular  coordinate  only  enters  the  formulation  through  the  argument  of  the  Green’s 
function  in  Equation  (19.39) 

(19.53)  G(MP)  *  1/  I  MP  I . 

The  integration  of  these  dependent  quantities  can  be  explicitly  carried  out.  Let  C  represent  the 
trace  of  the  geometry  under  consideration  in  a  meridian  plane.  Let  r,0,z  be  the  qrlindrical 
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Nonmlized  Time  (T/Tmy|ei^ 

Fig.  19.3.  Comparison  between  Rayleigh- PUsset  solution  and  the  axiaymmetrie  BEM  code  20yiiaFS 
and  the  3D  BEM  code  SDynaFS.  Computations  started  with  an  initial  bubble  pressure  584  times 
larger  than  the  ambient  pressure,  a)  Over  bubble  period,  b)  End  of  collapse. 


coordinates  of  point  Af,  running  point  on  the  boundary,  and  without  loss  of  generality  we 
select  the  coordinates  of  P  to  be  (A,  0,2).  The  integral  equation  (19.39)can  then  be  written 


(19.54)  0,  Z)  =  ^(r,  z)r^  "  X 

In  writing  the  above  expression  the  fact  that  the  normal  to  an  axisymmetric  surface  is 
independent  of  the  angular  coordinate  has  been  used.  Thus,  integration  over  the  angular 
variable  is  reduced  to  evaluation  of  one  integral 


(19.55)  /=  r'G(r,«,z:«,Z)d9  =  -± 

Jo  4t  Jo  +  r*  - 


de 

2rRox6  +  (2  —  z)^ 


which  is  nothing  but  the  complete  elliptic  integral  of  the  first  kind,  K{m),  with 

(19.56)  =  A  =  ^(/2  +  r)»  +  (2-z)2. 

The  equation  for  the  potential  may  then  be  written  as: 


(19.57)  2x^(il.Z)  =  -X«r..)r^  (i^)  + 

Further  details  of  the  method  can  be  found  in  Taib  (1985). 


19.5.  NUMERICAL  RESULTS  AND  DISCUSSION 

19.5.1.  Validation  of  Numerical  Codes  The  use  of  the  Boundary  Element  Method 
to  study  axisymmetric  bubble  dynamics  has  been  validated  by  the  various  authors  quoted 
earlier.  This  has  included  both  comparisons  with  a  quasi-analytical  solution  for  spherical 
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bubbles  -  Rayleigh-Plesset  Equation  (19.27)  -  and  experimental  validation  for  the  relatively 
simple  cases  of  spherical  and  axisymmetric  bubble  collapse  near  flat  solid  walls.  Figures  19.3a 
and  19.36  show  comparative  results  between  the  codes  used  below  (axisymmetric  2DynaFS 
and  fully  three-dimensional  SDynaFS)  and  the  semi-analytical  results. 

Comparison  of  the  results  of  the  3D  code  used  in  the  examples  shown  below  against 
previously  published  and  confirmed  results  in  the  literature  for  the  relatively  simple  cases 
have  been  very  favorable.  For  spherical  bubbles,  comparison  with  the  Rayleigh-Plesset  “exact” 
solution  revealed  that  numerical  errors  for  a  “coarse”  discretization  of  a  102-node  bubble  (not 
shown  in  the  above  figures)  was  about  2  percent  of  the  achieved  mairiTnnm  radius,  but  was 
very  small,  0.03  percent,  of  the  bubble  period.  The  error  on  the  maximum  radius  was  less  than 
0.14  percent  for  a  discretized  bubble  of  162  nodes  (320  panels),  and  dropped  to  0.05  percent 
for  252  nodes  (500  panels).  Comparisons  were  also  made  with  studies  of  axisymmetric  bubble 
collapse  available  in  the  literature  (Guerri,  tt  al,  1981,  Blake  et  oL,  1986,  1987),  and  have 
shown,  for  the  coarse  discretization,  differences  with  these  studies  on  the  bubble  period  of 
the  order  of  1  pjercent.  Finally,  comparison  with  actual  test  results  of  the  complex  three- 
dimensional  behavior  of  a  large  bubble  collapse  in  a  gravity  field  near  a  cylinder  shows  very 
satisfactory  results,  (Chahine,  1988,  1991).  The  observed  difference  in  the  period  was  shown 
to  be  related  to  the  confinement  of  the  experimental  bubble  in  a  cylindrical  container. 

19.5.2.  Bubble  Capture 

Large  bubble  growth  rate,  low  surface  tension  case  As  expected  fiom  the  mechanistic 
considerations  analysis  presented  in  Sections  19.1.1  and  19.1.2  numerical  simulations  using  the 
fully  three-dimensional  numerical  approach  reveal  potential  for  strong  bubble  deformation 
during  capture  by  a  vortex.  The  numerical  results  indicate  that  this  is  the  case  for  a  very 
wide  range  of  bubble  sizes  and  initial  values  of  the  pressure  difference  between  the  inside  and 
the  outside  of  the  bubble. 

Figure  19.4  shows  three-dimension2Ll  bubble  behavior  in  the  case  where  the  ratio  between 
the  pressure  inside  the  bubble  and  the  ambient  pressure  is  significantly  large,  Pi/poo  =  584.3. 
This  would  be  the  case  where  the  bubble  in  equilibrium  in  a  high  ambient  pressure  environment 
is  suddenly  subjected  to  the  flow  field  of  a  vortex,  as  for  instance  when  a  propeller  tip  vortex 
suddenly  captures  a  cavitation  bubble  (see  Maines  and  Arndt,  1993,  and  Green,  1991).  In  a 
Cartesian  system  of  coordinates,  OXY Z,  the  bubble  is  initially  centered  at  (0,0,0),  and  the 
line  vortex  is  located  parallel  to  the  Z  axis,  at  X  =  XI Umax  =  2  (two  times  the  maximum 
size,  Rmaxi  the  considered  bubble  would  have  if  allowed  to  grow  under  the  same  pressure 
difference  in  an  infinite  medium).  The  core  size  considered  here  is  ^Rmax-  With  this  geometry 
the  bubble  center  remains  in  the  plane  Z  —  0. 

Figure  19.4a  gives  a  projected  view  of  the  bubble  in  the  XOY  plane  at  different  instants. 
The  observer  is  looking  down  on  the  XOY  plane  from  very  far  on  the  Z  axis.  The  bubble  is 
seen  spiraling  around  the  vortex  axis  (  perpendicular  to  the  figure)  while  approaching  it.  At 
the  same  time,  due  to  the  presence  of  the  pressure  gradient,  the  bubble  strongly  deforms  and 
a  reentrant  jet  is  formed  directed  towards  the  axis  of  the  vortex,  thus  indicating  the  presence 
of  a  much  larger  dynamic  pressure  on  the  bubble  side  opposite  to  the  vortex  axis. 

Figure  19.46  shows  projected  view  of  the  same  bubble  in  the  YOZ  plane  seen  from  the  OX 
axis.  Here  some  moderate  elongation  of  the  bubble  is  observed  along  the  axis  of  the  vortex 
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Projected  view  in  plane  parallel  to  the  vonex  axis 


View  ftom  the  vortex  axis 


Y/RltMT 


Y/Rjnax 

Fig.  19.4.  3D  bubble  shapes  at  various  times.  Bubble  initially  at  the  origin  of  the  cartesien  coordinate 
system,  and  vortex  at  X  =  2Rmax-  0  =  0.474,  p,/Poo  =  584.3,  Rc/Rmax  =  4.  Projected  view  a)  in 
the  XOY  plane;  b)  in  the  XOZ  plane. 


as  well  as  a  very  distinct  side  view  of  the  re-entrant  jet.  This  result  is  totally  contrary  to  the 
usually  held  belief  that  bubbles  constantly  grow  during  their  capture  until  they  reach  the  axis 
and  elongate  along  it. 

Figure  19.5  shows  in  the  XOY  plane  perpendicular  to  the  vortex  axis  the  motion  of  two 
particular  points  on  the  bubble,  A  and  B,  initially  along  OY.  Also  shown  is  th^  motion  of 
the  midpoint,  C.  While  C  seems  to  follows  a  path  similar  to  the  classical  logeirithmic  spiral, 
A  and  B  can  follow  more  complicated  paths,  even  moving  away  from  the  vortex  axis  at  some 
point  in  time  for  case  (6)  where  the  vortex  axis  was  initially  at  X  =  1. 

Small  growth  rate  and  surface  tension  Figure  19.6  considers  the  influence  of  bubble  size 
on  bubble  behavior  during  the  capture  process.  In  all  three  cases  shown  in  the  figure  a  ratio 
between  the  pressures  inside  and  outside  the  bubble  equal  to  one  is  considered,  pi/poo  =  1- 
In  all  cases,  the  viscous  core  radius  is  chosen  to  be  i2e  =  2.2  mm,  while  the  initial  distance 
between  the  vortex  center  and  the  center  of  each  bubble  is  chosen  to  be  Co  —  l>5i2e  =  3.2  mm. 
The  dimensions  shown  are  normalized  values  with  the  initial  bubble  radius  for  each  case.  The 
circulation  in  the  vortex  is  chosen  to  correspond  to  a  practical  value  for  the  case  of  a  tip  vortex 
behind  a  foil,  such  as  that  used  in  the  experiments  described  by  Maines  and  Arndt  (1993) 
and  Green  (1991),  F  =  0.152  m^/s.  Three  bubble  sizes  are  considered:  10  pm,  100  pm  and 
1000  pm.  As  expected,  bubble  deformation  increases  with  the  bubble  size.  The  deformation 
is  small  for  Uo^lO  pm,  becomes  very  significant  for  ao=100  pm,  and  is  extremely  important 
for  ao=1000  pm.  In  all  cases,  the  bubbles  while  remaining  in  the  invisdd  region,  are  seen  to  be 
sheared  very  strongly  by  the  flow.  The  smaller  bubbles  appear  to  deform  in  the  expected  way 
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x/Rmax 


Fig.  19.5.  Motion  of  the  two  points  initially  on  axis  OX,  A  and  B,  and  the  mid  point  C  between  ^ 
and  B,  versits  times,  fi  -  0.474,  Pi/Poo  =  584.3,  Oc/Rmax  =  4.  Vortex  located  at  a)  X  =  2Rmx*  ! 

X  ~  Rmax' 


in  a  shear  flow.  The  computations  were  stopped  when  significant  bubble  shape  deformations 
necessitated  finer  time  steps.  The  larger  bubble  case  (ao=1000  pm)  shows  extreme  bubble 
elongation  and  wrapping  around  the  viscous  core  region. 

19.5.3.  Multiple  Bubbles  One  of  the  key  question  that  one  needs  to  address  in 
bubble/vortex  interaction  practical  studies  is  how  does  a  distribution  of  bubbles  modify  the 
flow  field  in  a  vortex  line.  In  order  to  address  such  a  problem  the  program  SDynaFS  is  being 
modified  for  effective  implementation  on  a  supercomputer.  Indeed  one  of  the  difficulties  of 
such  a  study  is  the  required  large  number  of  discretization  points  which  prevents  significant 
runs  on  typical  memory  and  speed  limited  computers.  Figure  19.7  shows  a  case  run  in  the 
case  of  a  field  of  bubbles  in  absence  of  a  vortex  field  on  a  Cray  machine.  In  the  figure  case 
two  planes  of  symmetry  were  assumed  to  minimize  computation  times.  In  the  presence  of  a 
vortex  line  use  of  such  a  symmetry  is  not  warranted  since,  due  to  various  rates  of  rotation  of 
each  b'  .bble  in  the  vortex  field,  the  symmetry  is  not  preserved  during  the  bubble  motion.  In 
addition,  due  to  the  high  shear  rates  that  bubbles  can  experience,  a  relatively  large  number 
of  discretization  points  is  needed  to  describe  each  bubble. 

Figure  19.8  shows  the  case  of  a  5-bubble  configuration.  This  run  has  the  advantage  of 
including  both  vortex  /  bubble  and  bubble  /  bubble  interactions.  All  five  bubbles  are  chosen 
such  that  in  absence  of  the  vortex  flow  field,  the  pressures  inside  and  outside  each  bubble 
are  the  same  and  equal  to  0.74  atm,  pi/poa  —  1.  The  viscous  core  radius  and  the  circulation 
are  again  chosen  to  be  in  the  same  ranges  as  those  in  the  experiments  described  by  Maines 
and  Arndt  (1993),  and  Green  (1991).  The  viscous  core  is  chosen  to  be  /Ze  =  2.2mm,  while 
r  =  0.1573  m^/s,  SI  =  0.872.  l^e  initial  bubble  centers  are  selected  to  be  on  OY  axis  at  the 
coordinates:  Y  =  0, 2, 3, 4  and  5  mm.  The  vortex  line  is  parallel  to  OX  axis  and  is  centered 
on  y  =  1.5  mm.  As  a  result,  bubbles  No.  1,  2  and  3  are  initially  located  in  the  viscous  core, 
while  bubbles  No.  4  and  5  are  located  in  the  invisdd  flow  region.  All  five  bubbles  considered 
have  am  initial  radius  of  100  pm.  Figure  19.8  shows  contours  of  the  bubbles  as  they  rotate 
around  the  vortex  axis  at  various  times  This  figure  clearly  shows  the  presence  of  a  nonuniform 
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Fig.  19.7.  Simulation  of  the  dynamical  interactions  between  a  cloud  of  21  bubbles  using  SDynaFS 
on  a  Cray.  Two  planes  of  symmetry  are  used.  Each  bubble  has  102  nodes  and  200  panels,  a)  Growth, 
b)  Collapse. 
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Fig.  19.8.  Dynamical  behavior  of  5  bubbles  in  a  vortex  line  flow  -  Bubble  contours  at  various 
times.  The  vortex  line  is  perpendicular  to  the  page  and  centered  on  Y  -  1.5mm.  Rc  =  2.2mm, 
r  =  0.1573m^/d.  0  =  0.872.  All  bubbles  have  Oq  =  lOO/im. 


flow  field.  Indeed,  Bubble  No.  3  which  is  the  closer  to  the  region  of  highest  angular  vebdty 
of  the  %asic  flow”  is  seen  to  swirl  around  the  vortex  center  at  the  fastest  rate,  while  Bubble 
No.  2,  which  is  the  closest  to  the  vortex  center  is  seen  to  practically  rotate  around  itself. 
Similarly,  the  highest  shear  is  seen  to  occur  close  to  the  viscous  core  edge  where  the  pressure 
gradients  and  their  variations  are  steeper. 

Since  all  bubbles  were  chosen  to  have  the  same  initial  radius  and  internal  pressure,  the 
natural  period  of  oscillation  of  each  of  the  selected  bubbles  increases  with  the  proximity  to 
the  vortex  axis.  As  a  result,  the  farthest  bubble  firom  the  axis.  Bubble  No.  5,  collapses  first 
while  stretching  and  deforming.  In  order  to  be  able  to  continue  the  computation  following 
break  up  of  a  bubble,  that  bubble  was  removed  and  the  computation  was  continued  with  the 
bubbles  left. 

Figure  19.9  shows  two  thee-dimensional  views  of  the  bubbles  before  the  collapse  of  bubble 
No.  1.  These  views  enable  one  to  have  a  better  idea  of  the  bubble  shape  deformation  and 
elongation  during  the  capture  phenomenon. 

Figure  19.10,  courtesy  of  Sheldon  Green,  is  an  unpublished  photo  of  a  bubble  in  the 
viscous  core  of  the  trailing  vortex  of  a  NACA  66-209  hydrofoil  (see  Green,1991,  for  details  of 
the  experiment).  The  photograph  is  a  double  exposure,  the  time  of  separation  between  the 
two  pictures  being  150  ps.  The  three  bubble  shapes  in  the  top  of  the  figure  are  aligned  along 
the  axis  of  the  vortex.  The  diameter  of  these  shapes  is  of  the  order  or  200  pm.  llie  bottom 
two  shapes  are  those  of  the  same  bubble  at  two  instants  150  ps,  and  illustrate  very  clearly 
the  large  deformations  of  the  bubble  during  its  capture  by  the  vortex.  As  in  the  numerical 
simulations  presented  above,  this  behavior  appears  to  be  related  to  the  large  shear  stresses 
experienced  by  the  bubble  while  approaching  the  vortex  axis.  In  the  first  of  the  two  pictures 
the  bubble  is  very  elongated  due  to  shear,  while  150  ps  later,  it  r^pears  to  have  grown  in 
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Fig.  19.9.  3D  bubble  shapes  in  the  vortex  line  floio  field  of  Figure  8  before  collapse  of  buble  No.  1. 
Vievt  from  a)  OZ  axis,  b)  OX  axis. 


size  -  due  to  the  pressure  drop  in  the  vortex,-  while  conserving  a  strong  deformation  on  its 
downstream  surface. 

19.5.4.  Bubble  on  Vortex  Axis  Let  us  consider  now  the  case  where  the  bubble  is  placed 
at  the  vortex  axis  at  t  s  0  and  starts  to  grow  due  to  the  excess  between  the  internal  pressure 
and  the  local  ambient  pressure.  Such  a  problem  was  considered  earlier  by  Crespo  et  al  (1990) 
who  studied  the  dynamics  of  an  elongated  bubble.  Unfortunately,  his  model  neglected  essential 
elements  in  the  bubble  /  line  vortex  dynamics:  i.e,  the  presence  of  an  azimuthal  velocity  flow 
field,  a  rotational  and  viscous  flow,  and  a  pressure  “well”  on  the  axis.  Crespo  obtained  a  strong 
jet  which  initiated  at  both  extreme  points  of  the  bubble  along  the  axis  of  synunetry.  As  shown 
in  Figure  19.11a  such  a  behavior  is  reproduced  using  the  program  2DynaFS  when  the  vortex 
flow  field  is  neglected.  However,  the  opposite  effect  is  in  general  obtained  when  the  rotation  in 
the  vortex  flow  is  included.  Figure  19.116  illustrates  this  for  particular  values  of  the  circulation, 
r,  (or  the  swirl  parameter,  H)  and  the  normalized  core  radius,  7^  =  Re! Umax-  Modifications 
in  the  results  when  fl  and  7^  are  changed  are  discussed  in  the  following  paragraph. 

In  both  cases  shown  in  Figures  19.11a  and  19.116  the  initial  bubble  shape  elongation  ratio, 
bubble  length  to  radius,  was  three.  It  is  clear  from  the  comparison  that  the  swirl  flow  has  a 
conclusive  effect  on  the  bubble  dynamics.  Bubble  surface  portions  away  from  the  vortex  axis 
experience  much  higher  pressures  than  bubble  surface  portions  on  and  close  to  the  vortex  axis, 
and  therefore  move  much  faster  during  the  collapse  phase  generating,  instead  of  the  sharp  jets 
on  the  axis  as  in  Figure  10a,  a  constriction  in  the  mid-section  of  the  bubble.  This  generates 
an  hourglass  shaped  bubble  which  then  separates  into  two  tear-shaped  bubbles. 

In  the  following  figures  19.12a  —  c,  the  dynamics  of  initially  spherical  bubble  positioned 
at  t  s  0  on  the  vortex  axis  are  studied.  The  initial  internal  presstires  inside  the  bubbles  are 
taken  to  be  larger  than  the  pressure  on  the  vortex  axis,  and  the  bubbles  are  left  free  to  adapt 
to  this  pressure  difference.  The  figures  strongly  indicate  that  the  bubble  behavior  depends 
significantly  for  a  given  value  of  the  swirl  parameter,  (1,  on  the  normalized  core  radius  71^, 
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Fig.  19.10.  Double  exposure  photo  of  a  bubble  in  the  viscous  core  of  the  trailing  vortex  of  a  NACA 
66-209  hydrofoil  (see  Green,  1991).  Time  of  separation  between  two  exposures  =150  ps.  Scale  190 
fim./cm.  Rg  =  6.810®,  F  =  0.232771^5.  Courtesy  of  Sheldon  Green. 


ratio  of  Rg  to  Umax,  the  maximum  radius  the  bubble  would  achieve  if  it  was  in  am  infinite 
medium  with  an  ambient  pressure  equal  to  that  on  the  vortex  axis.  In  all  cases  where  the 
bubble  maximum  radius,  Rmax  is  larger  than  Rc  it  appears  that  the  bubble  tends  to  adapt 
to  the  vortex  tube  of  raidius  Rg.  This  could  lead  to  various  bubble  shapes  as  shown  in  the 
following  figures  ending  up  with  a  very  elongated  bubble  with  a  wavy  surface  for  large  vadues 

Rmax! Rc‘ 

Figures  19.12a  —  c  show  bubble  contours  at  vairious  times  during  growth  and  collapse  for 
increasing  values  of  the  core  radius,  Rg,  and  decreasing  values  of  Pilp<x>-  Also  shown  are 
selected  3D  shapes  of  the  bubbles  at  various  times  which  have  the  advantage  of  being  much 
more  descriptive.  It  is  apparent  from  these  figures,  that  during  the  initial  phase  of  the  bubble 
growth,  radial  velocities  aire  large  enough  to  overcome  centrifugal  forces  and  the  bubble  first 
grows  almost  spherically.  Later  on,  the  bubble  shape  starts  to  depart  from  spherical  and  to 
adapt  to  the  pressure  field.  The  bubble  then  elongates  along  the  axis  of  rotation.  Once  the 
bubble  has  exceeded  its  equilibrium  volume,  bubble  surface  portions  away  from  the  axis  - 
high  pressure  areas  -  start  to  collapse,  or  to  return  rapidly  towards  the  vortex  axis.  To  the 
contrary,  points  near  the  vortex  axis  do  not  experience  rising  pressures  during  their  motion, 
are  not  forced  back  towards  their  initial  position,  amd  continue  to  elongate  along  the  axis. 
As  a  result,  a  constriction  appears  in  the  mid-section  of  the  bubble.  The  bubble  can  then 
separate  into  two  or  more  tear-shaped  bubbles.  It  is  conjectured  that  this  splitting  of  the 
bubbles  is  a  main  contributor  to  cavitation  inception  noise.  This  behavior  is  very  similar 
to  that  observed  for  bubble  growth  and  collapse  between  two  plates  (Chahine,  1989),  which 
results  in  the  formation  of  a  vortex  line!  (see  Figure  19.12). 

Keeping  D  constant  while  reducing  the  core  size  Rc  has  the  effect  of  steepening  the  radial 
pressure  gradient  along  the  bubble  surface  and  increasing  the  rotation  speed  inside  the  viscous 
core.  This  enhances  the  deviation  of  the  bubble  shape  from  a  sphere,  and  increases  the 
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Fig.  19.12.  Bubble  dynamics  on  the  axis  of  a  vortex  line.  Left  side  shows  3D  shapes  at  sdected  times. 
Right  side  shows  bubble  contours  at  increasing  times.  F  =  0.005m’/ j,  =  lOO/im.  ajpi/poo  =  2, 
Rc/Ro  =  1,6;  Pi/poo  =  2,  Rc/R^  =  1,  c)  pi/p^  =  1,  Rc/Ro  =  0.57. 


Fig.  19.14.  Cavitation  bubble  shapes  observed  at  the  exit  of  a  vortex  tube. 
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Vortex  Axis  of  Rotation 


Fig.  19.15.  Influence  of  solid  wall  distance  on  bubble  collapse  in  a  line  vortex,  fl  =  .475,  pi/poo  =  584, 
Oe  =  1.18.  L/Rfnnv  =  4:  c)  ^•5* 


centrifugal  force  on  the  fluid  particles  closer  to  the  vortex  tixis.  This  has  the  consequence  of 
increasing  the  elongation  rate  of  the  bubble  and  results  in  more  and  more  complex  dynanuc 
shapes  of  the  elongated  bubbles.  The  bubble  can  then  become  subdivided  into  three,  four 
or  more  satellite  bubbles  during  the  collapse.  The  elongated  and  wavy  shapes  obtained  have 
been  observed  in  unpublished  tests  that  we  have  conducted  on  cavitation  on  the  axis  of  the 
vortex  formed  in  a  vortex  tube  (see  Figure  19.14). 

19.5.5.  Bubble  on  Vortex  Axis  Near  a  Wall  The  series  of  Figures  19.15a  —  c  show  the 
collapse  of  a  bubble  trapped  in  a  line  vortex  perpendicular  to  a  solid  wall  at  various  distances 
from  this  wall.  The  boundary  is  at  y  =  0  and  its  distance  to  the  initial  buDole  center,  L,  is 
normalized  with  Rmax-  The  presence  of  the  wall  is  accounted  for  by  the  incorporation  of  an 
image  bubble.  The  imeventful  growth  phase  ends  with  the  elongated  spheroid  shaped  contours 
shown  at  the  center  of  each  figure.  Then,  the  overall  bubble  behavior  spears  to  be  similar  to 
that  in  absence  of  the  wall;  namely,  bubble  elongation  along  the  axis  followed  by  a  splitting 
into  two  bubbles.  The  presence  of  the  wall  is  felt  by  an  as3anmetry  between  the  two  secondary 
bubbles.  In  all  cases,  computation  was  stopped  at  bubble  splitting.  A  speaal  treatment  to 
the  bubble  shape  discretization  needs  to  be  done  after  that  point  (panel  removal)  and  is  being 
implemented.  It  is  speculated,  based  on  previous  bubble  dynamics  observations,  that  very 
strong  jets  bringing  back  the  two  pointed  tips  (in  the  splitting  region)  of  the  two  secondary 
bubbles  inside  each  bubble  will  be  generated.  This  phenomenon  is  expected  to  be  stronger 
for  the  secondary  bubble  close  to  the  wall  since  that  bubble  has  a  much  more  elongated  tip. 

Figure  19.16  shows  the  influence  of  the  circulation  parameter,  ft,  on  the  bubble  behavior 
for  fixed  values  of  the  core  radius  and  the  distance  to  the  wall.  This  figure  contains  significant 
information  on  the  scaling  of  bubble  behavior  in  a  vortex  flow.  Three  characteristic  dimensions 
of  the  bubble  are  shown  as  a  function  of  time.  These  are  the  bubble  radius  along  the  plane 
perpendicular  to  the  line  vortex,  itn,  and  the  distances  between  the  initisd  bubble  center 
smd  the  two  extreme  points  on  the  vortex  axis,  Zn(l)  and  Zn(lOO).  Figure  19.16  shows 
time  variation  of  these  three  quantities  normadized  with  Rmas'  Time  is  normalized  with  the 
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Fig.  19.16.  Infhterux  of  0,  on  the  motion  of  bubble  axial  and  longitudinal  dimensions  versus  time  for 
a  bubble  trapped  in  a  line  vortex  perpendicular  to  a  solid  wall.  Distances  are  normalized  with  Rmax 
and  times  are  normalised  wiUt  Rayleigh  time,  pi/poo  —  684,  Oe/Rm**  ~  0.4,  LfRmax  =  4. 


Rayleigh  time  baaed  on  Umax  ^d  the  pressure  difference  between  and  the  pressure  on 
the  vortex  axis.  It  is  i^parent  from  this  figure  that  R,t  follows  the  classical  Rayleigh  model. 
Variations  of  0  between  0.1  and  0.94  modify  the  normalized  bubble  period  by  less  than  10 
percent.  One  should  notice,  however,  that  bubble  period  is  here  defined  as  the  time  needed  for 
the  bubble  to  subdivide  into  two  secondary  bubbles,  and  that  no  bubble  surface  instability, 
as  described  earlier,  occurred  in  that  case.  Bubble  dongation,  on  the  other  hand,  depends 
strongly  on  0,  as  can  be  seen  firom  the  Zn  curves.  The  elongation  of  the  bubble  part  close  to 
the  wall  is  seen  to  be  affected  for  large  values  of  Cl. 

19.6.  VALIDATION  STUDY:  BUBBLE  /  VORTEX  RING  INTERACTION. 

19.6.1.  Experimental  Study  In  order  to  validate  the  numerical  studies  mi  bubble  / 
vortex  interactions,  a  fundamental  experimental  and  numerical  study  was  conducted.  This 
consisted  of  the  controlled  observation  (ff  the  interaction  between  a  vmtex  ring  and  a  bubble. 
The  results  of  the  experiment  were  then  onnpared  with  those  obtained  with  the  3D  free  surface 
dynamics  numerical  code  SDynaFS  described  above  (Chahine  et  al,  1993). 

A  vortex  ring  was  generated  in  a  Plexiglas  tank  using  a  cylinder  equipped  with  a  2.5  cm 
radius  piston.  The  cylinder  has  an  sharp  lip  exit  to  enhance  the  roU  up  of  the  fluid  vmtex 
generated  at  the  lip.  This  results  in  a  vmtex  ring  with  a  diameter  slightly  larga  than  that  of 
the  cylinder  (Kalumudc  and  Chahine,  1990).  The  water  in  the  tank  is  degassed  using  a  vacuum 
pump  and  a  spark  generated  bubble  is  produced  using  two  tungsten  d«:trodes  submerged  in 
the  tank  which  can  be  manipulated  from  outside  the  tank  to  be  placed  where  desired.  The 
spark  is  produced  by  discharging  during  a  very  short  time  period  (s:  lO'^s)  a  hi^  voltage 
(6000  volts)  from  a  series  of  c^iadtors.  The  interaction  between  the  generated  ring  and  bubble 
was  then  observed.  A  sparic  generating  the  bubble  has  the  advantage  simulating  cavitation 
bubbles  and  allowing  one  to  choose  precisely  when  and  where  the  bubble  is  generated,  which 
is  essential  to  coordinating  the  positions  of  the  bubble  and  the  ring,  and  the  starting  time  of  a 
high  speed  camera.  A  triggering  line  allows  one  to  synchronize  the  departure  of  the  piston  and 
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Fig.  19.17.  Particle  trajectory  around  the  ring  oiteous  core. 


the  triggering  of  the  spark  generator  using  pressure  transducers  to  precisely  detect  the  vortex 
ring  motion.  As  the  piston  starts  to  move  down,  a  pressure  pulse  is  created  in  the  tank  by 
the  fluid  impulsive  motion.  This  is  detected  by  the  transducer  probe  and  amplified  to  trigger 
a  delay  generator.  The  output  signal  (a  very  short  pulse)  then  triggers  the  spark  generator. 
Visualization  was  performed  using  a  HYCAM  n  high  spe^  camera  capable  of  11,000  frames 
per  second. 

On  several  of  the  motion  pictures  taken  very  small  gas  bubbles  were  present  under  the 
piston.  The  visualization  of  the  motion  of  these  bubbles  allows  one  to  observe  their  trajectory 
around  the  vortex  ring.  The  existence  of  a  'Sriscous  core”  was  apparent  from  the  velocity 
profile  obtained  by  tracing  the  microbubbles’  motion,  whether  or  not  the  vortex  ring  was 
cavitating.  For  the  cavitating  cases,  the  'Sriscous  core”  surrounded  the  vaporous/gaseous 
core.  A  typical  trajectory  of  the  small  bubbles  is  shown  in  Figure  19.17.  Also  shown  in  this 
figure  is  a  sketch  of  a  bubble  and  the  particle  trajectory  line  (T).  Figure  19.17  also  shows  the 
geometric  characteristics  of  the  bubble/ring  positions.  Di  is  the  distance  between  the  bubble 
center  and  the  viscous  core  center  when  the  bubble  is  at  its  v<dume  and  has  the 

equivalmt  maximum  radius  IL^,.  Dt  is  the  horizontal  distance  between  the  bubble  and  the 
center  of  the  viscous  cote.  The  normalized  quantities  7^  =  DxjR^  and  7^  =  DxIRma* 
characterize  the  bubble  /  vortex  ring  interactions.  As  expected,  it  is  observed  that  smaller 
7^  and  7^  correspond  to  stronger  interactions  and  larger  bubble  deformations. 

Figure  19.18a  —  c  drawn  in  the  ring  reference  frame  shows  the  bubble  motion  and 
d^ormation  with  time  fw  three  selected  cases  of  increasing  bubble/shear  interaction.  The 
electrodes  position  shown  on  each  graph  is  the  one  at  the  instant  of  the  spark  generation.  The 
vortex  ring  side  view  indicates  the  position  of  the  reference  frame. 

As  can  be  seen  from  the  pictures  in  Figure  19.19a  ( T^T  »  2.16,  Tt]  s  0,  Vri^g  =  0.28m/s) 
and  from  the  contours  in  Figure  19.20a  ,  the  bubble  remains  practically  spherical  during  its 
grovrth.  The  interaction  is  weak  due  to  the  relatively  large  distance  between  the  bubble  and 
the  ring,  and  also  due  to  the  relatively  small  circulation  of  the  ring.  The  first  collapse  is  too 
Cast,  and  no  significant  deformation  of  the  bubble  is  seen  until  the  rebound  when  a  reentrant 
jet  sq>pears  on  the  bottom  face  of  the  bubble  followed  after  the  rebound  by  an  outgoing 
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jet  on  the  top  face.  It  appears  that  during  the  first  bubble  osdllation  period  the  bubble 
translation  velocity  is  smaller  than  the  vortex  generated  fluid  velocity.  The  bubble  therefore 
sees  a  flow  moving  upward.  The  jet  direction  (including  the  reentrant  and  the  outside  jet)  is 
on  a  pathline  of  shear  flow,  and  the  bubble  motion  after  the  collapse  follows  a  particle  path 
line  while  oscillating  and  cutting  itself  in  two. 

In  Figure  19.196  =  2.38, 257  =  1.5,  Vring  =  O.TSm/s)  the  bubble  first  grows  spherically, 

then  it  starts  to  stretch  into  an  ovoid  shape:  the  bottom  face  is  less  curved  and  the  top  face 
more  curved  thsm  in  the  spherical  case.  Here  the  distance  is  not  too  differmt  from  the 
previous  case  but  the  circulation  in  the  vortex  ring  is  about  three  times  larger.  When  the 
bubble  volume  decreases,  the  stretching  due  to  the  shearing  action  becomes  more  pronounced 
and  a  constriction  along  the  bubble  periphery  appears  along  the  pathlines  (T).  The  bubble 
then  rebounds  with  a  dumbbell  shape. 

In  Figure  19.19c  (257  =  l-li  2^  =  0-37,  Kin*  =  0.82m/s)  the  bubble  appears  to  be 
stretched  more  and  more  in  the  pathlines’  direction  during  its  growth,  with  the  top  region 
more  stretched  than  the  bottom  one,  and  the  top  right  part  growing  more  than  the  left  one. 
When  the  bubble  collapses,  its  left  side  continues  to  be  sheared  by  the  flow  into  a  pathline 
direction  and  a  ^beak’  forms  at  the  top  left  part  and  becomes  more  pronounced  once  the 
volume  of  the  bubble  starts  to  decrease.  Then,  there  is  a  constriction  all  2iround  the  bubble 
which  appears  first  on  the  top  face  of  the  bubble.  The  bubble  then  cuts  itself  in  two  and 
rebounds  as  two  side-by-side  very  distorted  bubbles  (or  bubble  clouds).  The  left  one  then 
touches  the  cavitating  xing  and  splits  again  into  two  parts.  The  deformations  of  the  bubble 
are  more  significant  in  this  case  than  in  the  two  previous  cases,  because  the  bubble  is  closer 
to  the  center  of  the  ring  core  and  experiences  a  strong  shear  flow.  In  addition,  there  appears 
to  be  a  “venturi  effect”  between  the  bubble  and  the  viscous  core  that  further  increases  the 
stretching  of  the  left  part  of  the  bubble 

Within  the  margin  of  errors  of  the  measurements,  comparison  of  the  time  variation  of  the 
average  radius  of  each  bubble  shows  no  significant  effect  of  the  presence  of  shear  on  the  bubble 
period.  However,  indications  of  a  lengthening  effect  of  the  bubble  period  can  be  seen  on  the 
characteristic  distances  between  the  bubble  ‘center’  and  the  two  upstream  and  downstream 
points  along  a  particle  pathline  (direction  (T))  .  This  effect  however  seems  small  in  the  cases 
presented  here  and  should  be  investigated  further. 

Physical  explanations  The  observations  made  above  can  be  qualitatively  understood  by 
considering  the  velocity  and  pressure  fields  around  the  bubble.  The  motion  of  each  point 
on  the  surface  of  the  bubble  is  the  result  of  the  combination  of  the  underlying  (shear)  fluid 
velocity  and  of  the  velocity  due  to  the  bubble  growth  or  collapse.  The  effect  of  the  underlying 
fluid  flow  (whose  characteristic  speed  is  about  2m/ s)  is  minor  during  initial  bubble  growth 
and  later  bubble  collapse  phases,  but  becomes  most  important  at  the  end  of  the  growth  and 
at  the  beginning  of  the  collapse  where  bubble  wall  velocities  reach  a  miTiimiim.  Indeed,  right 
after  the  spark  generation,  the  speed  of  each  point  of  the  bubble  surface  is  very  high  (about 
40m/s).  It  then  decreases  to  zero  at  about  the  maximum  radius,  and  then  increases  during 
the  bubble  collapse.  For  a  bubble  in  a  uniform  flow,  the  existence  of  the  flow  reflects  on  the 
bubble  shape  by  a  larger  bubble  growth  in  the  downstream  direction  and  by  a  flattening  of 
the  bubble  shape  in  the  upstream  direction.  Later  on  due  to  inertia,  the  downstream  part 
that  has  extended  further  collapses  faster  forming  a  reentrant  jet  directed  upstream  in  the 
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plane  of  symmetry  of  the  bubble. 

When  the  flow  is  not  uniform,  a  similar  phenomenon  occurs  but  is  stronger  on  one  side  of 
the  bubble  than  on  the  other  due  to  the  typical  asymmetry  of  a  shear  flow.  In  addition, 
the^possibility  that  the  underlying  shear  flow  becomes  at  some  point  during  the  bubble 
history  stronger  tham  the  bubble  wall  velocity  creates  the  possibility  of  a  jet  generated  by  the 
imderlying  flow,  which  can  be  opposite  to  the  one  described  above  and  directed  dowustream. 
In  the  case  of  the  figures  shown  here,  the  velocity  profile  seen  by  the  bubble  decreases  from 
left  to  right.  When  the  bubble  starts  to  grow,  the  speed  of  each  point  is  much  more  important 
than  the  velocity  of  the  fluid  flow:  the  bubble  is  therefore  almost  spherical.  Then,  when  the 
speed  of  each  point  decreases,  the  influence  of  the  fluid  flow  increases.  The  top  part  of  the 
bubble  grows  more  than  without  the  presence  of  the  basic  flow  and,  due  to  the  shear,  the 
left  paurt  grows  more  than  the  right  one.  In  auidition,  the  top  face  is  more  stretched  than  the 
bottom  face  because  on  the  top  face  the  speeds  awld  up,  while  they  subtract  on  the  bottom. 
The  opposite  is  true  during  the  collapse  where  velocities  add  up  on  the  bottom  part  of  the 
bubble  and  subtract  on  the  top. 

As  the  fluid  flow  moves  upward  in  the  case  shown  in  the  figure,  the  reentrant  jet  is  expected 
to  appeair  on  the  top  face.  However,  due  to  the  strong  sheatf,  the  left  part  of  the  bubble  is 
prevented  from  collapsing  forcing  a  compensating  middle  of  the  bubble  constriction  cdl  along 
the  bubble,  with  a  tendency  to  form  reentramt  jets  on  both  ends  of  the  bubble  along  the 
pathline.  This  constricted  shape  of  the  bubble  is  similar  to  that  obtained  with  a  bubble 
collapsing  between  two  wadis. 


19.6.2.  Numerical  Modeling  In  order  to  model  the  bubble/shear  flow  interaction 
described  above,  the  Boundary  Element  Method  (BEM)  code  described  above,  SDynaJS, 
was  used.  The  flow  field  of  the  moving  vortex  ring  was  modeled  using  the  following  classicad 
expression  for  the  velocity  potential  at  the  point  M  produced  by  a  vortex  ring  (72.): 


(19.58) 
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where  Sr  is  any  surface  limited  by  the  ring  vortex  ring  line  (72),  and  Ct  is  the  tangential 
direction  adong  (72).  This  enables  one  to  determine  the  velocity  and  pressure  field  outside  of 
the  viscous  core  region  of  the  vortex  ring. 

Figure  19.20c  shows  simulations  for  these  same  experimentad  conditions  as  in  Figure  19c 
with  r  =  0.12m2/s,  while  Figures  19.20a  amd  19.20b  show  the  same  conditions  but  for 
r  =  0.25m2/3  and  F  =  O.lOm^/s.  As  in  the  experiment  Figure  19.20c  shows  elongation 
of  the  left  side  of  the  bubble  in  the  sheau  flow  direction.  The  formation  of  a  beak  at  the 
end  of  the  bubble  growth  is  adso  evident  but  not  as  pronounced  as  in  the  experiment.  Later 
a  constriction  in  the  bubble  shape  along  the  fluid  pathline  is  also  apparent.  The  overall 
comparison  between  this  numericad  modeling  and  the  experiment  is  encouraiging.  However, 
the  strong  shearing  effect  on  the  beak  preventing  the  bubble  top  from  collapsing  from  the  left 
side  is  not  ais  strongly  reproduced  in  the  numericad  simulation.  This  is  most  probably  due  to 
the  fact  that  the  simtdation  neglected  the  vortex  bubble  ring  behavior  amd  did  not  include  amy 
modification  of  the  flow  due  to  the  growth  of  the  ring  bubble  near  the  spark-generated  bubble 
creating  the  venturi  effect  we  mentioned  eau'lier. 

At  the  smaller  circulations  the  tendency  of  the  bubble  to  elongate  and  then  cut  itself  into 


4M 


Fig.  19.20.  Numerical  simulations  of  bubble  /  vortex  ring  interaction..  Tfl  =  1.1,  TJj  =  0.37, 
Vring  =  0.82m/j.;  T  =  a)  0.025m^/3,‘  b)  Q.lQm^js;  e)  0.12m^/j  which  corresponds  to  Figure  19.18c. 


two  is  also  cleairly  apparent  as  in  the  experiments. 

19.7.  OTHER  RELEVANT  STUDIES 

One  other  relevant  aspect  of  bubble  /  vortex  interactions  concerns  the  case  where  the  gaseous 
phase  or  cavitation  is  so  developed  that  the  vortex  center  is  filled  with  gzis  or  vapor.  The 
dynamics  of  such  cavities  have  been  considered  in  the  particular  cases  of  cavitating  vortex 
rings  and  well  developed  tip  vortices.  As  for  the  studies  presented  above,  various  simplifying 
assumptions  were  made  by  the  various  authors  in  order  to  address  these  problems.  For  the 
sake  of  brevity  we  will  not  consider  these  studies  here.  However,  we  refer  the  readers  to  the 
following  publications  on  cavitating  vortex  rings  (Chahine  and  Genoux,  1983,  Genoux  and 
Chahine  1984,  Chadiine  and  Kalumuck,  1988  and  Kalumuck  and  Chahine,  1990).  Concerning 
elongated  developed  tip  vortices,  the  readers  can  consult  the  following  publications  (Bovis, 
1980a,  Ligneul  and  Latorre,  1989,  and  Ligneul,  1989). 

19.8.  FULL  VISCOUS  INTERACTION  BETWEEN  A  CYLINDRICAL 
BUBBLE  AND  A  LINE  VORTEX 

One  weakness  of  the  numerical  approaches  presented  above  is  the  fact  that,  while  the  influence 
of  the  flow  on  the  bubble  was  fully  accounted  for,  the  modification  of  the  flow  by  the  bubble’s 
presence  and  dynamics  was  restricted  to  the  case  where  the  ‘‘bubble  flow”  was  potential 
(see  Section  19.4.3).  In  the  present  section,  we  will  remove  this  restriction  in  the  simple 
but  interesting  case  of  the  interaction  between  a  cylindrical  bubble  and  a  line  vortex.  This 
corresponds  to  cases  such  as  described  in  the  previous  section,  where  the  line  vortex  has  the 
central  part  of  its  viscous  core  gaseous  or  vaporous.  As  illustrated  below,  such  an  analysis 
is  important  to  determine  criteria  for  unstable  bubble  growth  (cavitation  inception),  and 
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to  describe  how  bubble  dynamics  affects  the  viscous  flow  itself.  To  do  so,  we  consider  the 
case  where  an  axisymmetric  elongated  bubble  of  initial  radius  Uo  is  located  on  the  axis  of  a 
fully  viscous  line  vortex.  For  illustration,  we  consider  the  case  where,  at  t  =  0,  the  vortex 
line  is  a  Rankine  vortex.  From  there  on,  the  vortex  difliises  with  time  and  interacts  fully 
with  the  bubble.  The  generated  flow  satisfies  the  axisymmetric  incompressible  Navier-Stokes’ 
equations  in  cylindrical  coordinates.  With  all  derivatives  with  respect  to  z  and  0  being  null, 
the  continuity  and  momentum  equations  reduce  to: 


(19.59) 
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Denoting  the  radius  of  the  bubble  as  a  (f) ,  emd  its  time  derivative,  a  (t) ,  the  continuity 
equation  leads  to: 


(19,62) 
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Replacing  Ur  by  its  expression  in  19.60  and  19.61  one  obtains: 
(19.63) 
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This  set  of  coupled  equations  allows  one  to  describe  both  the  bubble  dynamics  and  flow  field 
modification  with  time  accounting  for  the  interaction  with  the  bubble. 


19.8.1.  Method  of  Solution  In  order  to  obtain  a  differential  Equation  for  the  bubble 
radius  variations,  similar  to  the  Rayleigh  Plesset  Equation  (19.27),  Equation  (19.63)  is 
integrated  between  r  =  a(t)  and  a  very  large  radial  distance  r  =  R,*/,  beyond  which  the 
vortex  flow  is  assumed  to  be  invisdd,  and  thatt  due  to  a  line  vortex  of  circulation  F.  This 
leads  to  an  integral  term  containing  uj.  In  order  to  obtain  this  term,  a  space  and  time 
integration  of  Equation  (19.64)  is  needed.  This  is  obtained  using  a  Cramk-Nicholson  finite 
difference  integration  scheme  of  the  partial  differential  equation  (19.64).  To  do  so,  the  domain 
of  integration  is  made  time  independent  using  the  variable  change, 

r 

Wr 

The  integraition  region  becomes  for  all  times  [1;  siaf] ,  with  Rin/(f)  =  u(0^m/*  With  a,  a  known 
at  a  given  time  step  through  the  solution  of  Equation  19.63,  Equation  19.64  becomes: 
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Similarly,  Equation  (19.63)  becomes: 
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19.8.2.  InitW  and  Boundary  Conditiona  The  initial  conditiona  considered  are  as 
follows.  For  the  bubble, 

(19.70)  <*(®)  ®  ® 

For  the  line  nortex,  the  «iurtion  at  t  =  0.  is  that  of  a  Rankine  vortex  as  describ«l  in  SecUon 
(1.1.14),  with 


(19.71) 
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In  addition,  the  foUowing  boundary  condition,  similar  to  Equation  (19.38),  is  imposed  at 
the  bubble  interface: 

/a<,\^  o-  .  an  diir(a) 

(19.72)  ^(a)  =  P*+Pr-V7j  dr  ’ 

where  p  is  the  dynamic  viscosity,  and  the  gas  compression  law  is  given  by: 
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In  addition,  the  ftdlowing  ‘at-infinily'  condition  is  imposed  on  the  pntssure  at  the  dist«.ce, 
Rinf  • 
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Fig.  19.21.  Dynamics  of  the  interaction  hetxoeen  a  cylindrical  bubble  and  a  line  vortex.  T  = 
0.5  rn^fs,  Pgo  —SxlQ^Pa,  ioo=l-3xlO®Pa.  a)  Bubble  radius,  value  of  mAYimiim  azimuthal 

velocity  and  position  of  Re  max.  b)  Bubble  radius  versus  time  with  and  without  viscous 
interaction. 


19.8.3.  Some  PreUminary  Results  Figures  19.21a  and  19.215  iUustrate  both  the  bubble 

/  vortex  flow  field  interaction  and  a  case  where  there  is  a  need  to  include  this  full  interaction 
in  the  dynamics.  In  these  two  figures,  the  bubble  has  an  initial  radius  of  1mm,  while  the 
^scous  core  of  the  vortex  has  an  initial  radius  of  1cm.  The  initial  circulation  in  the  vortex 
is  0.5  mVs,  and  the  initial  pressure  in  the  bubble  is  5xlO®Pa,  while  the  ambient  pressure 
IS  l.SxlO^Po.  Therefore,  the  bubble  starts  its  dynamics  by  collapsing.  Figure  19.21o  shows 
simultaneously  three  characteristic  quantities  of  the  problem  versus  time.  The  first  quantity 
is  the  bubble  radius  versus  time,  while  the  other  two  quantities  are  the  radial  position,  Rsmax, 
of  the  maximum  azimuthal  velocity,  uemaxy  and  the  value  of  this  velocity.  In  the  previous 
sections,  these  two  last  quantities  remained  constant  with  time.  A  very  important  first  result 
very  clearly  shown  in  Figure  19.21a  is  that  both  the  position  of  and  the  value  of 
both  directly  depend  on  the  variation  of  a{t).  The  viscous  core  (of  radius  Rsmax)  is  seen  to 
decrease  with  the  bubble  radius  during  bubble  collapse,  and  to  increase  with  the  bubble  radius 
during  bubble  growth.  This  tendency  of  the  viscous  core  to  get  displaced  with  the  bubble 
wall,  corresponds  to  intuition,  but  is  proven  numerically  to  our  knowledge  for  the  first  timA 
here  and  in  Desgrees  du  Lou  et  al.^  1993. 

Viscous  effects  appear  more  prominently  when  following  the  bubble  dynamics  over  more 
than  a  single  period  of  oscillation.  Both  maximum  values  of  Rsmax  sn<l  usau  are  seen  to 
decrease  with  time.  Through  conservation  of  momentum,  the  azimuthal  velodty  follows  an 
tradency  opposite  to  the  core  size.  As  the  bubble  wall  moves  inward  the  viscous  core 
simtdtaneously  increasmg  the  tangential  velocity  to  a  maximum  when  the  bubble  reaches 
maximum  size.  As  the  bubble  grows  again,  the  core  expands  and  the  tangential  velocity 
deceWates  to  a  mimmum  at  the  maximum  bubble  radius.  When  the  fluid  particles  are  pulled 
in  towards  the  vortex  axis  they  accelerate  tangentially.  This  is  similar  to  the  phenomenon  of 
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Fig.  19.22.  Dynamics  of  the  interaction  betaeen  a  cylindrical  hnUMe  and  a  tine  vortex. 
Paxia  =7X10* Pa.  a)  Influence  of  the  initial  bubble  pressure,  P$ot  on  bubble  radius  and  posi¬ 
tion  of  Rsmax-  Rc/no  —  i.  b)Influence  of  Re/a^  on  the  bubble  radius  and  position  of  Remax- 
Pgo  =/.5xlO*Pa. 


vortex  stretching  . 

Figure  19.216  shows  the  importance  of  the  inclusion  of  full  viscous  flow  /  bubble  interaction 
in  the  dynamics.  One  graph  in  the  figure  considers  the  case  where  the  underlying  flow  field  is 
forced  to  remain  that  of  a  Rankine  vortex.  In  that  case,  as  apparent  in  the  figure,  the  bubble 
oscillations  are  repeatable  with  time,  and  no  viscous  decay  of  the  amplitude  of  the  oscillations 
arc  visible.  To  the  contrary  when  the  underlying  flow  is  modified  through  viscous  diffusion 
and  interaction  with  the  bubble,  the  bubble  radius  oscillations  decays  very  much  after  the 
first  collapM,  and  the  flow  field  characteristics  are  modified  as  described  in  Figure  19.21a. 

Figures  19.22a  and  19.216  show,  respectively,  the  influence  on  the  dynamics  of  the  initial 
gas  pressure  inside  the  bubble,  and  the  ratio  of  initial  core  radius  to  initial  bubble  radius, 
iZe/ a,.  For  an  initial  pressure  on  the  vortex  axis  of  7x  10*Pa,  Figure  19.22a  shows  the  dynamics 
of  the  bubble  and  the  viscous  core  size  when  the  initial  pressure  in  the  bubble  decreases  from 
5x10* Pa  to  1.5x10* Pa.  For  P^  s  5xlO*Pa  the  bubble  collapse  is  very  weak,  and  the  core 
radius  is  seen  to  follow  the  bubble  wall  oscillations.  For  all  three  other  larger  values  of  P^ 
starting  from  Pf«  =4xlO*Pa  the  bubble  collapse  is  strong  enough  to  entrain  a  full  collapse 
of  the  viscous  core  which  practically  disappears  (maximum  azimuthal  velocity  at  the  bubble 
wall)  during  the  later  phases  of  the  bubble  collapse.  This  is  followed  by  a  much  stronger 
rebound  of  the  viscous  core  than  the  bubble  rebound. 

Figure  19.226  shows  a  behavior  similar  to  the  previous  figure  when  the  ratio,  Rc/<tp, 
increases.  Here  agmn  a  strong  core  collapse  and  rebound  is  observed  when  the  initial  distance 
between  the  bubble  wall  and  the  core  radius  is  decreased. 
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trend  is  to  address  the  problems  by  a  two-pronged  effort  involving  numerical  and  experimental 
simulations.  This  is  made  possible  by  the  development  of  advanced  high  speed  computers 
which  render  direct  numerical  simulations  possible  in  reasonable  amounts  of  time.  The  studies 
presented  above  addressed  various  aspects  of  the  problem,  namely  bubble  capture  by  the 
vortex  and  bubble  dynamics  in  the  vortex  flow  Held.  Very  much  lacking  and  presently  a 
subject  of  aurtive  work  at  our  research  center  is  the  influence  of  the  bubble’s  presence  on 
the  vortex  behavior.  It  is  hoped  that  a  matching  between  a  viscous  solver,  at  least  in  the 
vortex  viscous  core  region,  and  a  bubble  dynamics  solver  such  as  2DynaFS  or  SDynaFS 
would  enable  one  to  describe  with  some  acceptable  accuracy  the  full  interaction  between  the 
bubbles  and  the  vortex  flow  field.  This  is  of  great  importance  since  it  would  enable  the  user 
to  understand  the  mechanics  involved  thus  enabling  one  to  manipulate  the  phenomena  for 
technological  advantage  such  as  is  bubble  drag  reduction  or  cavitation  inception  delay. 
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Cavitation  in  a  liquid  is  known  for  its  deleterious 
effects,  namely  erosion,  noise  and  loss  of  perfor¬ 
mance.  In  a  mechanical  heart  valve,  stresses  generat¬ 
ed  by  cavitation  could  lead  to  catastrophic  failure. 
These  deleterious  effects  are  directly  connected  to  the 
dynamics  of  pre-existing  microscopic  nuclei  in  the 
liquid  medium.  To  highlight  this,  a  selective  review 
of  the  dynamics  of  the  bubbles  at  the  microscopic  lev¬ 
els  is  considered  here;  the  various  aspects  of  the  prob¬ 


Cavitation  and  bubble  dynamics  have  been  the  sub¬ 
ject  of  extensive  research  since  the  early  works  of 
Besant  (1)  and  Lord  Rayleigh  (2).  The  phenomenon  has 
been  studied  mostly  for  hydrodynamic  applications, 
where  its  presence  is  associated  with  deleterious 
effects;  i.e.  performance  deterioration,  material  ero¬ 
sion,  and  noise  generation.  More  recently,  cavitation 
has  been  studied  for  useful  purposes  including  sound 
generation,  cutting,  drilling,  cleaning,  enhancement  of 
mixing  and  chemical  reactions,  emulsification,  etc.  (3- 
8). 

This  article  studies  the  damaging  effects  of  cavitation 
on  implants  such  as  mechanical  heart  valves,  and  its 
negative  effects  on  biological  cells  and  tissue  in  vivo.  In 
both  these  cases  stresses  generated  by  cavitation  lead  to 
undesirable  effects;  in  a  mechanical  heart  valve,  failure 
of  the  valve  could  result  from  the  development  of 
cracks,  while  cells  could  be  damaged  or  induced  to  col¬ 
lect  around  bubbles. 

This  presentation  does  not  intend  to  be  a  complete 
and  inclusive  review  of  ^e  phenomenon  of  cavitation. 
Instead  it  will  consider  some  aspects  of  the  subject  rel¬ 
evant  to  cavitation  erosion  from  a  microscopic  point  of 
view  of  the  bubble  dynanucs.  Our  aim  is  to  give  an 
overview  of  the  problem  areas  where  significant 
knowledge  has  b^n  accumulated  and  to  discuss 
important  aspects  of  the  dynamics  which  either  have 
not  yet  been  addressed  properly  or  are  the  subject  of 
on-going  intensive  research. 
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lem  are  highlighted  and  briefly  addressed;  new  areas 
of  research  in  non-sphetiod  and  bubble  cloud 
dynamics  are  then  considered.  The  importance  of  the 
inclusion  of  these  coliective  and  non-uniform  flow 
effects  in  the  dynamics  of  bubbles  in  a  realistic  cavi- 
tating  flow  field  is  also  elucidated. 
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Cavitation  inception 
Background 

I>espite  a  large  number  of  investigations  and  publi¬ 
cations  on  the  subject  -  including  several  weU  docu¬ 
mented  books  and  review  articles  (6-9)  -  the  funda¬ 
mentals  of  cavitation  remain  relatively  poorly 
understood.  In  order  to  achieve  a  cavitation-free  design 
of  a  submerged  body  (such  as  a  valve,  propeller,  etc), 
or  to  simulate  cavitation  and  test  a  modd  scale  in  a  lab¬ 
oratory  environment,  it  is  necessary  to  establish  criteria 
for  cavitation  inception,  and  to  define  scaling  parame¬ 
ters  between  model  and  full  scale.  From  talking  to  engi¬ 
neers  and  practitioners  of  fields  where  cavitation  is  a 
problem,  the  most  conunonly  used  definition  of  cavita¬ 
tion  is  based  on  an  over-simplification  that  serves  the 
purpose  in  most  engineering  cases  but  could  lead  to 
erroneous  condusions  if  used  to  explain  or  model  new 
problems  areas.  This  traditional  engineering  definition 
is  that  a  liquid  (low  experiences  cavitation  if  the  local 
pressure  drops  below  the  liquid  vapor  pressure,  p^. 

Definition  of  the  cavitation  number 

A  dimensional  analysis  of  the  flow  around  an  obsta- 
de  (e.g.  foil  or  a  valve)  of  streamwise  and  transverse 
charaderistic  length  scales,  L  and  W,  shows  that  the 
pressure,  P/^,  at  any  point  M,  can  be  written  as  a  func¬ 
tion,  y,  of  the  following  variables: 

Pm  =  ^  fP»,a,L,lV,p,V^),  (1) 

where  a  is  the  inddence  angle  of  the  flow  relative  to  the 
obstacle,  and  are  the  characteristic  pressure  and 


©  Copyright  by  ICR  Publishers  1994 


J  Heart  Valve  Ois 
Vol.  3.  Suppl.  1 


Cavitation  at  microscale  S  103 
G.  L.  Chahine 


Figure  1:  Curves  ofbuMe  static  equilihriuiu. 

velocity  of  the  flow,  respectively,  and  p  and  p  are  the 
liquid  density  and  kinematic  viscosity,  respectively. 
Based  on  the  above  engineering  definition  of  cavita¬ 
tion,  from  a  cavitation  inception  standpoint,  any  pres¬ 
sure,  Pi^,  in  the  liquid  flow  is  important  only  in  terms  of 
the  pressure  difference,  Pf^  -  p^,  since  the  liquid  cavi¬ 
tates  when  Pf^  =  p^,.  In  this  case.  Equation  (1)  becomes 
at  the  inception  of  cavitation: 


V2PVJ"^(“'L  '  p  )' 


or  a= -JQ.  {2) 


is  the  Reynolds  number,  ^  is  a  geometric  character¬ 
istic  (shape  parameter)  of  the  obstacle,  and  o  is  the 
"cavitation  number"  defined  as: 


Po^-Pv 

VzpVj 


(3) 


Scaling  various  cavitation  experiments  or  a  model  con¬ 
figuration  to  a  full  scale  configuration  is  obtained  by 
conserving  o. 


Presence  of  cavitation  nuclei 
The  above  definition  of  cavitation  inception  is  only 
true  in  static  conditions  when  the  liquid  is  in  contact 
with  its  vapor  through  the  presence  of  a  large  free  sur¬ 
face.  For  the  more  common  condition  of  a  liquid  in  a 


flow,  or  in  a  biological  application,  liquid  vaporization 
can  only  occur  through  the  presence  of  "micro  free  sur¬ 
faces"  or  microbubbles,  also  called  "cavitation  nuclei". 
Indeed,  a  pure  liquid  free  of  nuclei  can  sustain  very 
large  tensions,  measured  in  hundreds  of  atmospheres, 
before  a  cavity  can  be  generated  through  separation  of 
the  liquid  molecules.  Therefore,  any  fundamental 
analysis  of  cavitation  inception  has  to  start  from  the 
observation  that  any  real  liquid  contains  nuclei  which 
when  subjected  to  variations  in  the  local  an>bient  pres¬ 
sure  will  respond  dynamically  by  oscillating  and  even¬ 
tually  growing  explosively  (i.e.  cavitate).  A  more  pre¬ 
cise  definition  is  presented  in  the  next  section. 

Cavitation  inception  appears  under  several  forms, 
the  most  recognized  being  (14): 

(a)  Explosive  growth  of  individual  bubbles, 

(b)  Sudden  appearance  of  transient  cavities  or  "flashes" 
on  boundaries, 

(c)  Sudden  appearance  of  attached  partial  cavities,  or 
sheet  cavities, 

(d)  Explosive  growth  of  bubble  clouds,  behind  attached 
cavities  or  a  vibrating  surface. 

(e)  Sudden  appearance  of  rotating  filaments,  or  vortex 
cavitation. 

Upon  further  analysis,  all  these  h)i  ins  can  lx;  relateil 
to  the  explosive  growth  of  pre-existing  nuclei  in  the  liq¬ 
uid  when  subjected  to  pressure  drops  generated  by  var¬ 
ious  forms  of  local  pressure  disturbances.  These  are 
either  acoustically  imposed  pressure  variations  (ultra¬ 
sound  applications),  uniform  pressure  drops  due  to 
local  liquid  accelerations,  or  strongly  non-uniform  pres¬ 
sure  fields  due  to  streamwise  or  transverse  large  vorti¬ 
cal  structures.  The  presence  of  nuclei  or  weak  spots  in 
the  liquid  is  therefore  essential  for  cavitation  inception 
to  occur  when  the  local  pressure  in  the  liquid  drops 
below  si>me  critical  value,  p^^  which  is  addressed  next. 


Bubble  static  equilibrium 
The  first  level  of  sophistication  for  the  definition  of  a 
cavitation  inception  criterion  is  based  on  the  concept  of 
static  equilibrium  of  a  bubble  in  a  liquid.  The  criterion 
predominantly  used  is  based  on  a  spherical  bubble 
model,  even  though  it  applies  only  to  a  limited  number 
of  the  cavitation  forms  listed  above.  In  this  model,  the 
bubble  is  assumed  to  contain  non  condensable  gas  of 
partial  pressure,  P  ,  and  vapor  of  the  liquid  of  partial 
pressure,  (6-9).  Inerefore,  at  any  point  M  on  the  bub¬ 
ble  surface,  the  balance  betv.’een  the  internal  pressure, 
the  liquid  pressure,  and  surface  tension  can  be  written: 


(4) 


where  is  the  pressure  in  the  liquid,  y  is  the  surface 
tension  parameter,  and  is  the  bubble  radius. 
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Figure  2:  Influence  of  viscoelastic  properties  on  spherical  bubble  dynamics.  A,  and  Xj  correspond  to  Newtonian  fluid,  a)  Bubble  oscil¬ 
lations  case;  =  2.  W  Bubble  collapse  case;  =  10^.  Reprint^  from  (10). 


If  the  liquid  ambient  pressure  changes  very  slowly, 
the  bubble  radius  will  change  accordingly  to  adapt  to 
the  new  value.  This  is  accompanied  by  a  modification  of 
the  pressure  inside  the  bubble.  The  vaporization  of  the 
liquid  at  the  bubble-liquid  interface  occurs  very  fast  rel¬ 
ative  to  the  time  scale  of  the  bubble  dynamics,  so  that  the 
liquid  and  the  vapor  can  be  consider^  in  equilibrium  at 
every  instant,  and  the  partial  pressure  of  the  vapor  in  the 
bubble  is  always  constant.  On  the  other  hand,  gas  diffu¬ 
sion  occurs  over  a  much  longer  time  Scale,  so  that  the 
amount  of  gas  inside  the  buttle  remains  constant.  This 
results  in  a  gas  partial  pressure  which  varies  with  the 
bubble  volume.  Since  wc  are  interested  in  a  quasi-steady 
equilibrium,  is  considered  to  follow  an  isothermal 
compression  law,  and  is  related  to  the  reference  value, 
V  and  to  the  new  bubble  radius  R,  through; 

The  dynamic  equation  at  the  bubble  wall  becomes: 

=  (6) 


where  the  notation,  P^^R),  is  meant  to  associate  the  liq¬ 
uid  pressure,  P^,  to  the  bubble  radius,  R. 

An  understanding  of  the  bubble  stable  equilibrium 
can  be  obtained  by  considering  the  curve,  Pi(R).  As 
illustrated  in  Figure  1,  this  curve  has  a  minimum  below 
which  there  is  no  equilibrium  bubble  radius.  Ordy  the 
left  side  branch  of  the  curve  corresponds  to  a  stable 
equilibrium. 

If  the  pressure  in  the  flow  field  drops  below  the  min¬ 
imum  of  the  curve,  or  critical  pressure,  p^,  an  explosive 
bubble  growth  (cavitation)  is  provoked.  This  provides 
an  improved  definition  for  cavitation  inception  which 
depends  on  the  size  of  the  nuclei.  The  "critical  pres¬ 
sure"  is  obtained  by  solving  for  the  minimum  of  P^fR), 
using  Equation  (6)  and  can  be  expressed  as: 

4y 

where  y  is  the  surface  tension  parameter,  and  is  the 
"critical  radius"  given  by: 


For  a  given  ambient  pressure,  P^  any  bubble  larger 
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Figure  3:  Emission  of  a  shock  wave  during  bubble  collapse  and 
rebound.  Reprinted  from  (13). 


than  will  cavitate.  This  definition  is  much  more  accu¬ 
rate  than  the  engineering  definition,  but  lacks  consid¬ 
eration  of  any  dynamic  or  non-spherical  effects,  which 
can  be  predominant  in  some  situations. 

This  new  definition  of  cavitation  inception  high¬ 
lights  the  fact  that  a  correct  scaling  of  the  cavitation 
phenomenon  has  to  account  not  only  for  the  conserva¬ 
tion  of  the  parameters  shown  in  Equation  (2),  but  also 
for  the  nuclei  size  distribution  between  the  model  and 
the  full  scale. 


Spherical  bubble  dynamics 

Newtonian  incompressible  model  - 
Rayleigh-Plesset  equation 
The  most  commonly  used  bubble  dynamics  model  is 
based  on  the  assumption  of  a  spherical  bubble  in  an 
Compressible  liquid.  In  this  case,  the  radial  velocity  of 
Re  liquid,  u^  at  a  distance,  r,  from  the  bubble  center,  is 
directly  related  to  the  bubble  wall  velocity  through  the 
continuity,  or  mass  conservation  equation: 


Figure  4:  Gas  pressure  inside  the  bubble  as  a  function  of  time 
for  a  bubble  subjected  to  a  sudden  pressure  drop.  Comparison 
between  an  incompressible  medium  case  (c=linfinih/l)  and  a 
compressible  medium. 

where  the  constant  k  is  between  1.0  (isothermal)  and 
Cp/Cy  (adiabatic),  and  and  V  are  the  reference  and 
instantaneous  values  of  the  bubble  volume  respectively. 

The  pressure  balance  at  the  bubble  interface  then 
becomes: 


ur  =  R(t) 


(9) 


P,(M)  =  P„  +  Pg„ 


(12) 


where  R(t)  is  the  bubble  radius  at  time  t,  and  R(t)  is  the 
bubble  wall  velocity.  This  equation  accounts  for  the 
kinematic  condition  at  the  bubble  wail  -  i.e.  the  veloci¬ 
ty  of  the  bubble  wall  is  identical  to  the  liquid  velocity  at 
this  wall.  This  obviously  neglects  any  flow  (mass  trans¬ 
fer)  across  the  bubble  interface.  A  second  boundary 
condition  at  the  bubble  wall,  which  is  dynamic, 
expresses  the  balance  of  the  normal  stresses  at  the  wall. 
For  a  Newtonian  fluid  it  can  be  written: 


Pl(R)  +  4p 


(10) 


where  P{^(R)  is  the  pressure  in  the  liquid  at  the  bubble 
wall,  Pj  the  pressure  inside  the  bubble,  y  the  surface  ten¬ 
sion,  and  p  the  kinematic  viscosity.  As  above,  the  bub¬ 
ble  contains  vapor  of  the  liquid  at  the  constant  partial 
pressure,  p^  and  non-condensable  gas  at  the  partial 
pressure,  P  ,  which  is  related  to  the  reference  value  P„ 
through: 


(11) 


A  number  of  effects  such  as  gas  diffusion  or  heat  trans¬ 
fer  have  been  neglected  in  the  above  equation,  and  are 
usually  unimportant  in  the  case  of  a  growing  and  col¬ 
lapsing  bubble  in  a  cold  liquid.  Fur  an  oscillating  bub¬ 
ble,  however,  rectified  diffusion  can  be  very  important. 

If  we  replace  Equation  (9)  in  the  liquid  momentum 
equation,  integrate  that  equation  between  the  radius  of 
the  bubble  and  infinity  where  the  imposed  pressure  is 
P«(t),  and  account  for  Equation  (11),  we  obtain  the  well 
known  Rayleigh-Plesset  (RP)  Equation  (2,9)  where  dots 
denote  time  derivatives: 


P 


P,-PJt) 


2r 

R 

(13) 


This  differential  equation  describes  the  bubble  radius 
versus  time  when  the  time  variations  of  P^  are  known. 
Integration  of  this  equation  enables  one  to  obtain  con¬ 
ditions  for  bubble  oscillations,  or  rapid  bubble  growth 
and  collapse.  In  addition,  this  equation  provides  the 
necessary  input  to  compute  the  pressure  generated 
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during  bubble  coll<3psc.  'f'boso  pressures  cair  be  very 
large.  They  decrease  with  an  increase  in  the  amount  of 
initial  gas  in  the  bubble.  They  will  be  considered  as  ref¬ 
erence  v  alues  in  comparison  with  other  models  in  the 
following  sections. 

Viscoelastic  liquid:  modified  Rl’  equation 

When  the  liquid  in  which  cavitation  occurs  does  not 
have  Newtonian  properties,  the  abov^e  RP  dynamics 
equation  must  be  moilifii-il  to  account  fora  non-linear 
stress-strain  relationship.  Tins  is  tlK'  case  U>r  instance  in 
blood  flow,  or  in  hydrodynamics  when  polymer  addi¬ 
tives  are  used  to  reduce  drag.  The  question  is  then  to 
evaluate  to  what  extent  accounting  for  the  fluid's  non- 
Newtonian  behavior  is  important  from  the  cavitation 
view  point.  In  previous  studies  (10-12),  we  considered 
theoretically  (10),  anci  experimentally  the  behavior  of 
spherical  and  non-spherical  (11,12)  bubbles  in  a  vis¬ 
coelastic  fluid  medium.  The  equation  of  state  of  the 
fluid  was  taken  to  be  a  general  3-parameter  Oldroyd 
model  such  that  the  stress-strain  relationship  (CJ  and  e 
are  the  stress  and  strain  tensors)  is  given  by: 


where  the  last  two  terms  have  replaced  the  more  con¬ 
ventional  viscous  terms,  and  in  the  stress  balance  equa¬ 
tion  at  the  bubble  inlerfaci',  wliii  h  beiomes: 

(R  \  2y 

U6) 

Finally,  for  an  incompressible  isolated  bubble  the 
differential  equation  describing  the  bubble  radius  ver¬ 
sus  time  becomes; 


p  h?R  + 


+  '  -PJt) 

Pc 


R^{u)R{a) 

^  I  -I 

R\a)  -  R\n 


R\u) 

R\l) 


(17) 


Figure  2  shows  a  comparison  betwceii  the  oscillation 
and  collapse  of  a  spherical  bubble  in  a  viscoelastic  liq¬ 
uid  and  water.  Negligible  effects  are  seen  for  a  strong 
bubble  collapse  unless  for  very  large  unrealistic  values 
of  A.,  =  T^pa^/64p^  and  ~  Viscoelastic 

effects  appear  less  negligible  for  weaker  bubble  oscilla¬ 
tions,  and  when  several  bubble  periods  are  considered 
(10).  Experimental  results  relative  to  the  visccvelastic 
effects  are  presentee!  below. 


"  dt 


114) 


where  T^„  and  p  arc  cliaracteristic  relaxation  times 
and  the  dynamic  viscosity  of  the  non-Newtonian  fluid. 
For  a  spherical  bubble  this  fluid  behavior  shows  up  in 
both  the  momentum  equation; 


Influence  of  liquid  compressibility 

Even  though  generally  neglected  in  bubble  dynam¬ 
ics  studies,  compressibility  of  the  liquid  medium  can 
become  important  when  the  speed  of  the  bubble  wall 
during  collapse  or  rebound  approaches  the  sound 
speed  in  the  liquid.  This  is  illustrated  in  Figure  3,  where 
shock  waves  are  emitted  at  bubble  collapse  (13).  In 
order  to  model  the  liquid  compressibility,  an  equation 
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i'i^urc  7:  Motion  of  the  rc-enterin;^  jet  ^khni  in  the  t‘resenee  of 
a  moving  and  rigid  solid  ivall.  htfluence  of  the  addition  of  a 
polymer  solution.  Reprinted  from  (12). 

of  state  of  the  liquid  is  introduced.  For  instance,  for 
water  the  following  Tait  equation  (6-8)  is  used: 


t-t./AV. 

+  B  V  p„  / 


in  which  B  and  n  are  constants  depending  upon  the  liq¬ 
uid,  with  values  of  3000  atmospheres  and  7.25,  respec¬ 
tively,  for  water.  The  model  that  has  been  shown  to  be 
the  most  precise,  was  proposed  by  Gilmore  (15),  and  is 
based  on  the  Kirkwood-Bethe  (16)  hypothesis.  This 
^^ypothesis  states  that  the  disturbance  of  any  fluid 
iPproperty  propagates  along  an  outgoing  characteristic 
of  velocity  of  propagation  of  ii  +  c,  the  sum  of  the  local 
velocity  of  the  fluid  and  the  sound  speed.  In  this  case 
the  equation  of  motion  of  the  bubble  wall  can  be  writ¬ 
ten: 

/  R\  R  illl  /  R\ 

where  c  is  the  sound  speed  at  the  bubble  wall.  H  is  the 
difference  between  the  enthalpy  at  the  bubble  wall  and 
at  infinity,  and  with  an  isentropic  liquid  compression 
assumption  is  defined  as: 


mp)  = 


The  pressure  in  the  liquid  is  then  given  by  the  fol¬ 
lowing  equation  at  a  given  location  r: 


]n/(n- 


1n/(n~\) 

-  B.  (21) 


Figure  8:  High  speed  photography  observation  of  bubble 
dynamics  between  two  solid  walls. 

The  velocity  of  the  fluid  along  the  characteristic  surface 
is  given  by: 


J,.  [ 


(r  +  u) 


with  y  -  (h  -  trl2)/ r.  Using  as  the  initial  condition  the 
velocity  and  radius  of  the  bubble  wall,  the  above  equa¬ 
tion  can  be  used  to  compute  the  velocity  along  the  char¬ 
acteristic.  Equation  (20)  then  gives  the  corresponding 
pressures. 

The  former  expressions  reduce  to  the  incompressible 
ones  as  the  quantity  R/c  drops  below  0.2.  In  general  a 
slightly  compressible  model  can  be  used  to  replace  the 
Rayleigh-Plesset  equation  with  the  Keller-Herring 
Lt|iiati(>n  (B): 


1  /  k  R  d 

=  -  ( 1  +  -  + 
p  '  c  c  dt 


where: 
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t  =  1.321  2!  121  2.421 
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Figure  9:  Numerical  simulation  using  SDynaFS  of  bubble 
dynamics  befivccn  two  solid  malls. 


Figure  10:  Motion  of  the  re-entering  jet  point  in  the  presence 
of  two  solid  loalls  or  free  surface.  Influence  of  the  addition  of  a 
/Hilymer  solution.  Reprinted  from  (12). 


Figure  4  compares  the  pressures  in  the  bubble  when 
compressibility  is  taken  into  account  and  when  it  is  not 
for  a  particular  case  of  a  spherical  bubble  collapse.  Both 
an  increase  in  the  bubble  period  and  a  decrease  in  the 
maximum  bubble  pressure  can  be  observed  when  a 
finite  sound  speed  in  the  water  is  considered. 

Non-spherical  bubble  dynamics 

Introduction 

In  most  practical  applications  where  cavitation  occurs, 
bubbles  are  seldom  isolated  or  spherical.  This  is  the  case, 
for  instance,  in  biological  applications  when  blood  flows  in 
and  out  of  the  heart  through  a  heart  valve.  During  closure 
of  the  valve,  flow  separation  and  increasixl  velocities  can 
induce  bubble  nuclei  explosive  growth  followed  in  the 
higher  pressure  regions  by  bubble  collapse.  Fortunately, 
with  the  recent  advent  of  modem  computational,  experi¬ 
mental,  and  analytical  techniques,  the  often-neglected 
bubble  flow  and  bubble  boundary  interaction  and  defor¬ 
mation  effects  can  be  addressed.  To  do  so,  we  developed  a 
numerical  method  which  accounts  for  strong  bubble/bub¬ 
ble  and  bubble/ flow  interactions.  This  method  has  been 
used  to  date  to  study  interaction  between  bubbles,  bubbles 
and  nearby  rigid  or  deformable/movable  boundaries,  and 
bubble  behavior  in  non-uniform  flows  when  the  underly¬ 
ing  flow  is  viscous.  Two  particular  shear  flow  cases  of  rel¬ 
evance  to  cavitation  in  separated  flows  are  briefly  consid¬ 
ered  here;  a  boundary  layer  flow  near  a  flat  wall  and  the 
flow  field  of  a  line  vortex. 

Shear  and  boundary  interactions  arc  probably 
important  for  flow  around  heart  valves.  In  both  cases 
significant  modifications  of  the  bubble  dynamics  are 
associated  with  the  presence  of  the  shear  and  its  com¬ 
bined  effects  with  nearby  boundaries. 


Bubble  dynamics  model: 
numerical  boundary  element  method 

For  cavitation  bubbles,  large  but  subsonic  bubble 
wall  velocities  are  involved  and,  as  a  result,  viscous 
and  compressible  effects  in  the  liquid  can  be  neglected. 
This  results  in  a  flow  due  to  bubble  dynamics  that  is 
potential  (velocity  potential,  ((ij,),  and  which  satisfies  the 
Laplace  equation: 


V\  =  0  (25) 

Boundary  conditions  are  such  that  at  all  moving  or 
fixed  surfaces  in  the  flow  field  an  identity  between 
fluid  velocities  normal  to  the  boundary  and  the  normal 
velocity  of  the  boundary  itself  is  to  be  satisfied.  The 
bubble  is  assumed  to  contain  non-condensable  gas  as 
well  as  vapor  of  the  surrounding  liquid,  as  above. 

The  three-dimensional  Boundary  Element  Method 
developed  ODynaFS,  with  an  axisymmetric  version 
2DynaFS  (17-19))  uses  Green's  equation  to  determine  a 
solution  to  the  Laplace  equation.  If  the  velocity  poten¬ 
tial,  (|)y  and  its  normal  derivatives  are  known  on  the 
fluid  boundaries  (points  M),  and  <|)^  satisfies  the 
Laplace  equation,  then  <|)|,  can  be  determined  at  any 
point  P  in  the  fluid  domain  using: 


1 

dll  IMP  I 


(26) 


an  =  n  is  the  solid  angle  under  which  P  sees  the  fluid. 
The  advantage  of  this  integral  representation  is  that  it 
effectively  reduces  by  one  the  dimension  of  the  prob¬ 
lem.  If  P  is  selected  to  be  on  the  boundary  of  the  fluid 
domain,  then  a  closed  system  of  equations  is  obtained 
and  used  at  each  time  step  to  solve  for  values  of 
(or  <!»(,),  assuming  that  all  values  of  <|)j  (or  &|»|,/m)  are 
known  at  the  preceding  time  step. 

To  solve  Equation  (26)  numerically,  the  initially 
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Figure  1 1:  Influence  of  the  presence  of  a  linear  shear  velocity 
on  the  collapse  of  a  bubble  near  a  soliil  xihiII.  normal¬ 

ized  with  the  Rayleigh  velocity  VAP/p. 

spherical  bubble  is  discretized  into  a  geodesic  shape 
with  flat,  triangular  panels.  To  evaluate  the  integrals  in 
Equation  (26)  over  any  particular  panel,  linear  varia¬ 
tions  of  the  potential  and  its  normal  derivative  over  the 
panel  are  assumed. 

With  the  problem  initialized  and  the  velocity  poten¬ 
tial  known  over  the  surface  of  the  bubble,  an  updated 
value  of  5^f,/8n  can  be  obtained  by  performing  the  inte¬ 
grations  expressed  above  and  solving  the  correspond¬ 
ing  matrix  equation.  The  unsteady  Bernoulli  equation 
can  then  be  used  to  solve  for  D(t>(,/Df,  the  total  material 

kirivative  of  6^  while  following  a  particular  nude  dur- 
g  its  motion.  Using  an  appropriate  time  step,  all  val¬ 
ues  of  on  the  bubble  surface  and  all  node  positions 
can  be  updated.  This  time-stepping  procedure  is 
repeated  throughout  the  bubble  oscillation  period, 
resulting  in  a  shape  history  of  the  bubbles.  The  details 
of  the  numerics  are  described  in  a  report  by  Chahine  et 
al.  (17). 


Presence  of  a  basic  flow 

To  study  bubble  dynamics  in  a  non-uniform  flow 
field,  the  following  model  was  used.  Denoting  the 
velocity  of  the  non-uniform  "basic  flow"  as  and  the 
resulting  velocity  field  in  the  presence  of  oscillating 
bubbles  as  V^,  we  defined  the  "bubble  flow"  velocity 
and  pressure  variables,  Vj,  and  Pj^  as: 

Vb  =  V,-V^  P,  =  P,-Po.  (27) 

By  noticing  that,  for  cavitating  flows,  this  "bubble 
flow"  field  can  Ik>  considered  to  Ik*  a  )^)lenlial  nuKlel, 
we  were  able  to  use  a  method  similar  to  the  one 
described  in  the  previous  section  to  study  the  dynam¬ 
ics.  We  then  obtained  the  following  modified  Bernoul¬ 
li  e«.]uation  (18,19,23): 

(28) 


J 


e>  0.047  P  =  2.608,  W  =  6.7*106 


Figure  12:  Comparison  of  the  pressures  at  the  cloud  center  pre¬ 
dicted  by  3DymFS  and  the  asymptotic  analysis  code,  e  = 
^max/'o  ~  0  042.  Pressures  are  nomuilized  by  maximum  value 
for  isolated  bubble.  Reprinted  from  (24). 


For  cavitation  in  a  line  vortex.  Equation  (28)  becomes 
(18): 


5{  2 


IV,. 


P 


=  constant  along  a  radial  direction.  (29) 

In  the  case  of  a  flat  wall  boundary  layer  flow  such 
that  all  velocity  vectors  are  parallel  to  the  wall  (unit 
direction,  e^),  and  depend  only  on  the  distance,  z,  to  the 
wall,  =  /ifz).e^.  Equation  (28)  becomes  (19): 


ivj2+v„ 

Sf  2 


=  constant  along  the  y  direction.  (30) 

These  two  expressions  were  used  in  conjunction  with 
the  numerical  model  described  above  to  conduct  the 
simulations  shown  below. 


Interaction  with  a  nearby  deformable  structure 
To  study  bubble  interaction  with  deformable  struc¬ 
tures,  the  above  described  BEM  codes  were  coupled  to 
existing  solid  incvlianiis/slrucliiral  dynamics  ixKles, 
Nike3D  and  Nike2D,  develo^K'd  by  Lawrence  Liver¬ 
more  National  Laboratories.  These  codes  have  the  abil¬ 
ity  to  include  complex  material  and  structure  proper¬ 
ties.  The  coupling  between  the  two  sets  of  codes  is 
achieved  through  the  dynamic  condition  at  the  bound¬ 
aries  of  the  deformable  boundary.  At  these  boundaries, 
the  pressure  from  the  liquid  obtained  through  solution 
of  the  BEM  liquid  problem  is  used  as  the  input  or  dri¬ 
ving  force  for  the  structural  model.  The  resulting 
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Figure  73;  Gnnvth  and  collafise  of  five  bubbles  having  the  same 
initial  size  and  internal  pressure.  Influence  of  the  initial  bubble 
geometry  distribution  on  dynamics,  e  =  0.474,  Pg„/Pg^t,  = 
283.  Reprinted  from  (23). 

motion  of  the  structure  is  then  fed  back  into  the  BEM 
code  to  calculate  the  fluid  motion  at  each  time  step,  as 
described  above.  The  velocity  and  position  of  each 
node  are  transferred  to  the  fluid  model.  This  coupling 
results  in  a  fully  intei'aefive  calculation  (26). 

Illustrative  numerical  results  and  experimental 
observations:  spark-generated  bubbles 
In  all  the  experiments  reported  here  vapor  bubbles 
(with  some  non-condensable  gas)  were  generated  in 
water  by  discharging  a  capacitor  across  a  pair  of  plat¬ 
inum  or  tungsten  electrodes  for  a  very  brief  period  of 
time.  The  generators  used  were  capable  of  capacitor 
charge  up  to  10  kV.  Such  a  system  has  been  widely 
used  by  various  authors  for  bubble  dynamics  studies, 
and  the  validity  of  the  analogy  between  the  collapse  of 
the  bubbles  it  produces  and  cavitation  bubbles  has 
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Figure  14:  Simulation  of  the  dynamic  interactions  between  a 
cloud  of  21  bubbles  using  SDynaFS  on  a  Cray.  Two  planes  of 
symmetry  are  used;  each  bubble  has  102  nodes  and  200  panels, 
a)  Growth,  b)  Collapse. 


been  established  (7).  The  electrodes  were  mounted  in  a 
large  vessel  which  was  hermetically  sealed  and  con¬ 
nected  to  a  vacuum  pump.  Lowering  the  ambient  pres¬ 
sure  was  used  for  degasing  and,  when  desired,  for 
increasing  the  bubble  size,  thus  slowing  down  the  phe¬ 
nomena  observed.  This  enabled  the  use  of  a  moderate 
framing  rate  high-speed  camera,  a  HYCAM,  whose 
maximum  capability  was  10,000  frames  per  second. 


Behavior  near  a  solid  wall 
The  physical  mechanisms  by  which  bubble  collapse 
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,  near  a  solid  wall  causes  material  erosion  have  been 
I  the  subject  of  controversy  for  a  long  time.  Indeed,  a 
j  shock  wave  can  be  generated  at  bubble  collapse  (Fig. 
j  2).  In  addition,  bubble  collapse  near  a  solid  surface 
proceeds  with  the  formation  of  a  damaging  microjet. 
Ehiring  its  implosion  the  bubble  first  elongates  per¬ 
pendicular  to  the  wall,  then  the  side  away  from  it  flat¬ 
tens  and  a  re-entering  region  is  formed  initiating  a 
microjet  which  can  pierce  the  bubble  and  hit  the  wall. 
Figure  5  shows  a  numerical  simulation  of  this  collapse 
using  2DynaFS.  Very  beautiful  pictures  of  the  phe¬ 
nomenon  were  taken  by  Lauterborn  (20)  who  gener¬ 
ated  the  bubbles  using  a  laser.  Figure  6  presents  some 
of  our  high  speed  photographs  using  the  spark  gener¬ 
ated  bubbles  (21). 

Influence  of  fluid  properties  on  the  bubble  behavior 
Drag-reducing  polymers  are  known  to  greatly 
reduce  the  cavitation  inception  index  for  several  types 

fof  flows.  The  onset  of  cavitation  is  also  delayed  in 
acoustic  cavitation  in  a  stagnant  fluid  (16).  In  addition, 
cavitation  erosion  has  been  reported  to  be  greatly  mod¬ 
ified  (in  both  directions)  with  additives.  Experimental 


(1)  and  theoretical  (2,21)  studies  on  a  spherical  bubble 
growth  and  collapse  have  shown  no  significant  differ¬ 
ences  between  a  Newtonian  and  a  viscoelastic  fluid. 
This  conclusion  was  supported  by  our  high-speed  pho¬ 
tographic  observations  of  spark-generated  bubbles  in 
an  unbounded  fluid  (4). 

However,  these  observations  showed  that  a  Polyox 
WSR  301  solution  has  a  noticeable  influence  on  non- 
spherical  bubble  dynamics  near  solid  walls,  compared 
to  a  liquid  having  the  same  viscosity  (water  +  glycerin). 
The  effect  of  the  presence  of  the  additives  is  to  bring  the 
bubble  behavior  closer  to  that  of  a  spherical  cavity.  In 
order  to  ct)mpare  bubble  behavior  in  water  and  in  a  vis¬ 
coelastic  liquid,  dilutei.1  ^x>lymer  solutions  of  l’t>lyox 
were  used  in  the  set  up  described  above.  In  ihe  first 
series  of  tests  (11),  a  cylindrical  aluminium  specimen, 
used  to  record  the  damage  due  to  the  implosion,  was 
fitted  under  the  electrodes  in  a  hole  drilled  in  a  Plexi¬ 
glas  plate.  It  was  observed  later,  while  analyzing  the 
motion  pictures,  that  this  specimen,  not  being  tight 
enough  in  the  hole,  was  Iwing  slightly  sucked  up 
towards  the  bubble  during  its  growth  and  then 
returned  after  the  implosion. 
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Figure  16:  Comparison  of  calculated  bubble  collapse  contours 
using  2DynaFS  and  Nikc2D.  Top  to  bottom:  fixed,  rigidly 
moving,  and  deforming  structure.  Reprinted  from  (26). 


This  was  in  fact  fortunate  since  it  allowed  the  study 
of  the  influence  of  wall  motion  on  the  bubble  dynam¬ 
ics.  In  that  case  the  curves  R^/Rcmax  “  P‘g' 

ure  7  also  for  definitions),  where  is  the  period  of 
oscillation  of  the  spherical  bubble  obtained  in  the  same 
conditions  show  that  the  period  of  oscillation  of  the 
bubble  decreases  when  e  =  Rcm„x^h>  increases.  This 
behavior,  comparable  to  that  near  a  free  surface,  is  the 
opposite  of  what  happens  near  a  fixed  solid  wall. 

The  experiment  was  then  repeated  with  a  fixed  wall. 
The  lengthening  effect  on  the  bubble  life  was  verified 
and  increased  with  e  (Fig.  7).  In  both  cases  described 
above,  the  bubble  was  violently  attracted  towards  the 
wall  during  its  successive  collapses  and  rebounds. 

In  the  presence  of  polymer  additives  the  following 
observations  were  made.  In  the  vicinity  of  the  moving 
solid  wall,  for  the  same  e,  the  addition  of  a  250  ppm  of 
Polyox  delayed  the  creation  of  the  microjet  thus 
increasing  the  bubble  lifetime  and  moving  the  curves 
=  f(t)  toward  the  spherical  case  curve.  Near  a  fixed 
solid  wall  the  apparently  opposite  effect  (shortening  of 
the  period  of  oscillation)  in  the  presence  of  polymers 
was  also  seen  to  reduce  the  differences  between  the 
considered  case  (given  e)  and  the  spherical  case  (11,12). 
This  seems  to  indicate  a  stabilizing  effect  on  bubble 
departure  from  sphericity  due  to  the  presence  of  the 
viscoelastic  fluid.  However,  as  shown  in  Figure  10,  the 
opposite  effect  was  observed  in  the  presence  of  a  free 
surface  (12). 


Figure  1 7:  Collapse  of  spark-generated  bubbles  beloio  a  plate, 
a)  Rigid  0.475  in.  Plexiglas  plate,  b)  Flexible  0.125  in.  nylon 
plate. 


Behavior  between  two  solid  walls 

The  collapse  of  bubbles  between  two  solid  walls  is 
interesting  from  the  practical  view  point  of  cavitation 
in  confined  areas.  The  large  deformations  involved  are 
also  of  interest  from  the  fundamental  dynamics  point 
of  view.  When  e  <  1,  a  bubble  at  equal  distance  from  the 
walls  first  elongates  parallel  to  the  walls  (direction  of 
most  freedom)  during  its  growth,  then  perpendicular¬ 
ly  when  the  implosion  starts.  Later  the  bubble  con¬ 
stricts  in  the  medium  plane  of  symmetry  and  splits  in 
two  parts.  This  is  observed  experimentally  in  Figure  8 
and  simulated  numerically  in  Figure  9  using  the  code 
3DynaFS.  Later  on  each  of  the  two  bubbles  formed  col¬ 
lapses  with  the  formation  of  a  microjet  directed  to  the 
closer  wall.  When  E  >  1,  the  bubble  behaves  as  a  cylin¬ 
drical  cavity  until  the  final  stages  of  collapse  where  it 
constricts  and  splits  in  two  parts  (7,9). 

Quantitatively  the  presence  of  the  two  walls  aug¬ 
ments  the  bubble  lifetime  significantly.  This  lengthen¬ 
ing  effect  increases  dramatically  with  e  (Figure  10). 
When  E  is  approximately  equal  to  0.7  the  period 
increases  by  50%  (compart  to  only  7%  in  the  presence 
of  a  single  wall)  and  when  e  is  approximately  equal  to 
2  it  is  doubled. 

In  the  presence  of  polymer  additives  a  shortening  of 
the  period  of  oscillation  tends,  as  for  the  single  wall,  to 
reduce  the  differences  between  the  considered  case  and 
the  spherical  case. 

Bubble  collapse  near  a  flat  wall  in  a  shear  flow 

While  most  numerical  simulations  and  experimental 
observations  of  fundamental  bubble  dynamics  have 
been  made  in  a  quiescent  liquid  near  an  infinite  wall,  it 
is  obvious  that  cavitating  bubbles  most  often  occur  in  a 


)  Heart  Valve  Dis 
Vol.  3.  Suppl.  1 


Cavitation  at  microscale  S  113 
G.  L.  Chahine 


G  ’ 

G  ’ 

Os 

o> 

Go 

Go 

Go 

GO 

Oo 

Oo 

OO 

Oo 

o» 

o- 

Figure  18:  Simulation  of  the  growth  and  collapse  of  a  bubble 
near  a  glcljule.  Bubble  and  globule  shapes  versus  time.  Indices 
1  and  2  are  for  bubble  and  globule  respectively,  a)  = 
^^max2'  Oj  =  ^2  ~  0-77  N/m,  =  1.25,  IC2  =  10.  b)  ~ 
R^x2'  °i  =  0-77  N/m,  Oj  =  10^  N/m,  =  1.25,  fcj  =  10-  c) 
^maxi  ~  Oj  =  Oj  =  0.77  N^/s,  k^  =  1.25,  IC2  =  10. 


flow  with  a  slip  velocity  between  the  bubble  and  the 
liquid.  These  effects  can  be  simulated  numerically 
using  SDynaFS.  Figure  11  illustrates  the  results  of  bub¬ 
ble  behavior  near  a  flat  plate  in  the  presence  of  a  shear 
flow.  The  shear  flow  is  such  that  =  0  at  the  wall  and 
grows  linearly  away  from  it  to  attain  at  the  loca¬ 
tion  of  the  bubble  center.  The  figure  shows  interesting 
results  for  bubble  behavior  during  bubble  growth  and 
collapse. 

For  an  increasing  ratio,  t  =  between  the 

shear  flow  velocity  and  the  characteristic  bubble  col¬ 
lapse  velocity,  the  bubble  deforms  and  elongates  more 
and  more  during  its  growth.  For  small  values  of  x,  the 
re-entering  jet  is  deviated  from  the  perpendicular  to  the 
plate  with  increasing  values  of  x.  For  larger  values  of  x, 
the  re-entering  jet  formation  is  totally  modified  and  the 
bubble  tends  to  cut  itself  into  a  toroidal  bubble.  With 
increasing  values  of  x,  an  interesting  lifting  effect  is 
observed,  and  the  bubble  centroid  is  seen  to  move  fur¬ 
ther  and  further  away  from  the  wall.  This  results  from 
an  interaction  between  the  shear  flow  and  the  rotation 
imparted  to  the  bubble. 

Interaction  between  multiple  bubbles 

In  a  cavitating  flow  field  bubbles  are  seldom  isolated, 
so  there  is  a  need  for  simulation  tools  for  multibubble 
interactions.  The  first  model  we  developed  was  based 
on  matched  asymptotic  expansions  (22).  This  model 
explained  the  fact  that  collective  bubble  dynamics  can 
generate  pressures  much  higher  than  expected  from  the 


simple  addition  of  single  bubble  effects.  This  explains 
the  very  high  erosion  rates  observed  when  cloud  cavi¬ 
tation  occurs.  However,  this  model  diverged  when  the 
number  of  bubbles  increased  or  when  the  bubble  spac¬ 
ing  decreased.  Using  the  BEM  method,  these  limitations 
can  be  removed  and  more  realistic  and  accurate  results 
obtained.  Figure  12  compares  the  results  obtained  with 
TUynaFS  with  those  using  an  asymptotic  approach 
(22,24).  Note  that  the  asymptotic  approach  is  already  an 
improvement  over  most  previous  studies,  which  totally 
neglected  the  interactions.  The  bubble  cloud  is  subject¬ 
ed  to  a  sudden  pressure  drop,  and  cloud  configurations 
of  1, 2, 4  and  8  bubbles  are  considered. 

For  the  2-bubble  case  the  bubble  centers  are  separat¬ 
ed  by  a  distance  Iq,  and  the  initial  gas  pressure  in  each 
bubble  is  such  that  the  bubble  would  achieve  a  maxi¬ 
mum  radius  =  0.()471jj  if  isolated.  The  four- 

bubble  configuration  considers  similar  bubbles  cen¬ 
tered  on  the  comers  of  a  square  with  sides  of 
dimension  /q.  Finally,  the  eight  bubbles  are  located  on 
the  comers  of  a  cube  of  side  Iq.  The  figure  presents  the 
variatioirs  with  time  of  the  pressure  measured  at  the 
"cloud  center"  normalized  by  that  obtained  with  an 
isolated  bubble.  As  expected,  the  asymptotic  approach 
gives  a  very  good  approximation  for  a  small  number  of 
bubbles,  N.  However,  the  pressures  predicted  by  the 
asymptotic  analysis  are  seen  to  become  much  higher 
than  the  more  accurate  3D  results  for  an  increasing 
value  of  N.  Similar  results  are  observed  when  the  cloud 
void  fraction  or  the  ratio,  en  =  increases  (24).  This 
result  qualifies  earlier  conclusions  about  extremely 
large  pressures  generated  by  a  bubble  cloud  collapse. 

Figure  13  illustrates  another  important  effect  due  to 
asymmetries  in  a  bubble  cloud  configuration.  It  consid¬ 
ers  an  asymmetric  five  bubble  configuration.  All  bub¬ 
bles  have  the  same  initial  radius  and  internal  pressure, 
and  are  initially  spherical  and  located  in  the  same 
plane.  The  most  visible  effect  is  that  observed  on  the 
center  bubble;  its  growth  is  initially  similar  to  that  of 
the  other  bubbles,  but  it  ends  up  being  the  least 
deformed.  Later  on,  as  the  collapse  proceeds  with  the 
development  of  a  re-entrant  jet  directed  towards  the 
central  bubble,  this  bubble  appears  to  be  shielded  by 
the  rest  of  the  cloud.  Its  period  is  at  least  double  that  of 
the  other  bubbles.  Very  similar  effects  are  seen  when 
the  number  of  bubbles  is  increasc'd.  Figure  14  shows  a 
21 -bubble  configuration,  where  again  growth  occurs 
without  too  much  interference  between  the  bubbles. 
However,  collapse  proceeds  from  the  outer  bubble 
shells  towards  the  inside,  indicating  a  cloud  period  of 
oscillation  much  larger  than  that  of  individual  bubbles, 
as  predicted  by  cloud  cavitation  models  (8). 

Bubble  dynamics  on  the  axis  of  a  vortex 

Let  us  now  consider  the  case  where  the  bubble  is 
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placed  at  the  axis  of  a  vortex  line  at  f  =  0  and  starts  to 
grow  due  to  the  excess  between  the  internal  pressure 
and  the  local  ambient  pressure.  During  the  growth 
phase  the  bubble  elongates  along  the  vortex  axis,  then 
starts  its  collapse  from  a  significantly  elongated  shape 
(25).  As  shown  in  Figure  15a,  this  elongation  is  not  the 
key  parameter  to  the  siibstHpient  bubble  Ix'havittr.  If  the 
n)tation  veliK’ity  is  negleeletl,  the  collapse  would  pn»- 
ceed  as  for  elongated  bubbles  with  two  opposing  jets 
formed  at  the  bubble  points  along  the  axis  (Fig.  14). 
However,  the  opposite  effect  with  a  radial  jet  forming  is 
in  general  obtained  when  the  rotation  in  the  vortex  flow 
is  included.  The  bottom  of  Figure  14a  illustrates  this  for 
particular  values  of  the  vortex  circulation,  F,  and  the 
normalized  viscous  core  radius,  =  Rc/^max- 

In  Figure  15b,  the  initial  pressures  inside  the  bubbles 
are  taken  to  be  larger  than  the  pressure  on  the  vortex 
axis,  and  the  bubbles  are  left  free  to  adapt  to  this  pres¬ 
sure  difference.  For  a  given  value  of  the  circulation 
(normalized  parameter,  (equ  301),  the  bubble  behavior 
strongly  depends  on  the  ratio  of  the  core  radius  to 
^max-  cases  where  is  larger  than  R^,  it 

appears  that  the  bubble  tends  to  adapt  to  the  vortex 
tube  of  radius  R^.  This  could  lead  to  various  bubble 
shapes,  as  shown  in  Figure  15b,  ending  up  with  a  very 
elongated  bubble  with  a  wavy  surface  for  large  values 
of  Rmax/'^c-  figure  shows  bubble  contours  at  vari¬ 
ous  times  during  growth  and  collapse  for  various  val¬ 
ues  of  the  core  radius,  R^.,  and  the  ratio  of  the  initial 
bubble  and  ambient  pressures.  Also  shown  are  selected 
3D  shapes  of  the  bubbles  at  various  times  which  have 
the  advantage  of  being  much  more  descriptive. 

It  is  apparent  from  these  figures  that  during  the  ini¬ 
tial  phase  of  bubble  growth,  radial  velcKities  are  large 
enough  to  overcome  centrifugal  forces  and  the  bubble 
first  grows  almost  spherically.  Later  on,  the  bubble 
shape  starts  to  depart  frpm  the  spherical  and  adapts  to 
the  pressure  field.  The  bubble  then  elongates  along  the 
axis  of  rotation.  Once  the  bubble  has  exceeded  its  equi¬ 
librium  volume,  bubble  surface  portions  away  from  the 
axis  -  high  pressure  areas  -  start  to  collapse,  or  to  return 
rapidly  towards  the  vortex  axis. 

On  the  other  hand,  points  near  the  vortex  axis  do  not 
experience  rising  pressures  during  their  motion,  and 
are  not  forced  back  toward?  their  initial  position,  thus 
continuing  to  elongate  alor.^  ^he  axis.  As  a  result,  a  con¬ 
striction  appears  in  the  mid-section  of  the  bubble.  The 
bubble  can  then  separate  into  two  or  more  tear-shaped 
bubbles.  It  is  conjectured  that  this  splitting  of  the  bub¬ 
bles  is  a  main  contributor  to  cavitation  inception  noise 
which  can  be  used  as  a  means  of  detecting  cavitation. 

Bubble  collapse  near  deformable  bodies 

This  section  illustrates  the  importance  of  accounting 
for  the  motion  and  deformation  of  a  nearby  body  in  the 


study  of  bubble  dynamics.  This  has  been  illustrated 
indirectly  in  the  above  experiments,  where  the  motion 
of  an  impacted  sample  significantly  modified  the  histo¬ 
ry  of  the  jet  point.  Figure  16  shows  the  behavior  of  a 
large  bubble  near  a  spherical  structure.  Three  charac¬ 
teristic  interaction  cases  are  considered  (26).  In  the  first 
case  Ihc  sphere  is  rigid  and  does  not  move  or  deform. 
In  lhal  case,  as  for  a  bubble  collapsing  near  an  infinite 
wall,  the  bubble  collapse  proceeds  with  the  formation 
of  a  re-entering  jet  perpendicular  to  the  sphere.  In  the 
second  case,  the  sphere  is  allowed  to  move  rigidly  in 
response  to  the  bubble  pressure  field.  A  very  signifi¬ 
cant  modification  of  the  bubble  behavior  is  observed, 
leading  to  a  constriction  of  the  bubble  top  prior  to  the 
formation  of  the  re-entering  jet.  Finally,  in  the  third 
case,  a  full  coupling  between  the  structure  motion  and 
deformation  and  the  bubble  behavior  is  considered 
using  the  coupled  2DynaFS  and  Nike2D  codes.  In  that 
case,  a  bubble  behavior  between  the  above  two  cases  is 
observed.  A  re-entering  jet  is  still  formed,  but  it  is 
wider  and  slower  than  that  achieved  in  the  presence  of 
a  rigid  sphere.  However,  the  pressure  felt  by  the 
deforming  structure  is  larger  (26). 

Figures  17a  and  17b  compare  the  experimental  obser¬ 
vations  of  large  spark-generated  bubble  behavior  near  a 
solid  and  a  flexible  plate.  In  both  cases,  a  relatively  large 
bubble  is  generated  through  a  reduced  ambient  pres¬ 
sure  in  the  bubble  chamber,  and  the  bubbles  are  spark¬ 
generated  below  horizontal  plates.  In  Figure  17a,  the 
plate  is  made  of  thick  Plexiglas  (0.475  inch),  while  in 
Figure  17b,  the  plate  is  made  of  thin  (0.125  in)  pliable 
plastic.  The  bubbles  are  generated  under  identical  con¬ 
ditions  and  would  have  the  same  radius  if  in  an  infinite 
medium.  The  difference  in  the  behavior  of  the  two  bub¬ 
bles  is,  however,  very  obvious.  Two  important  charac¬ 
teristics  of  the  rigid  wall  case  are  the  formation  of  a  bub¬ 
ble  re-entering  jet  directly  towards  the  plate,  and  the 
reflection  of  an  expansion  wave  at  the  plate  wall  which 
creates  a  secondary  bubble  from  minute  air  bubbles 
trapped  under  the  plate  (Fig.  17a). 

In  the  flexible  wall  case  shown  in  Figure  17b,  the  re¬ 
entering  jet  is  practically  eliminated,  and  the  bubble 
collapses  almost  spherically  without  moving  towards 
the  plate.  Due  to  some  asymmetry  in  the  plate  position 
relative  to  the  bubble,  a  small  motion  sideways  and 
away  from  the  plate  is  observed.  The  formation  and 
growth  of  a  bubble  layer  near  the  solid  plate  is  replaced 
in  the  flexible  plate  case  with  a  very  fine  sheet  of  tiny 
bubbles  which  move  away  from  the  plate.  This  again 
illustrates  the  importance  of  nearby  wall  motion  and 
deformation  on  bubble  dynamics. 

Bubble  collapse  near  simulated  cells 

The  last  example  presented  in  this  communication 
concerns  the  behavior  of  a  bubble  near  simulated  blood 
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cells.  Undesirable  effects  of  cavitation  using  ultrasound 
have  been  reported  in  the  literature  (8).  The  negative 
effects  of  cavitating  bubbles  on  nearby  cells  are 
explained  by  the  impact  of  re-entering  jets  on  the  cells 
and  by  the  generation  of  large  stresses  on  the  cell.  With¬ 
out  tiying  to  simulate  accurately  the  cell  globule,  we 
have  considered  the  interaction  of  a  growing  and  col¬ 
lapsing  bubble  and  a  nearby  spherical  globule  with  a 
very  high  surface  tension  and/or  a  very  low  compress¬ 
ibility  content.  The  bubble  behavior  near  such  a  simu¬ 
lated  cell  is  seen  to  depend  on  the  size  ratio  between  the 
bubble  and  the  globule. 

In  most  cases,  as  in  Figures  18a  and  b,  the  cell  acts  as 
a  nearby  free  surface  and  tends  to  repel  the  re-entering 
jet  formed  during  the  bubble  collapse.  This  jet  moves 
away  from  the  globule.  However,  it  appears  that  the 
globule  is  seen  subjected  to  very  high  stresses  leading 
to  a  sharp  intrusion  of  the  fluid  in  the  globule  and  a 
potential  rupture  of  the  globule  interface.  Figure  18c 
shows  a  second  configuration  where  the  globule  is 
much  larger  than  the  bubble,  in  which  case  the  globule 
is  stretched  in  a  different  fashion. 


Conclusions 

We  have  reviewed  various  aspects  of  cavitation  incep¬ 
tion  and  highlighted  the  potential  for  error  in  scaling  if 
the  proper  definition  is  not  used.  For  instance,  the  con¬ 
cept  of  nuclei  distribution  in  the  cavitating  medium, 
often  not  addressed,  can  be  a  source  of  serious  scaling 
problems.  A  few  models  for  bubble  growth  and  col¬ 
lapse  were  then  presented,  including  the  effects  of  a 
non-Newtonian  fluid  which  are  of  relevance  to  biolog¬ 
ical  applications.  The  importance  of  non-spherical  bub¬ 
ble  dynamics  was  then  addressed  as  this  is  very  com¬ 
mon  in  any  conditions  where  cavitation  erosion  occurs. 
The  influence  of  relative  liquid  bubble  flow,  multibub¬ 
ble  interactions  and  the  presence  of  non-uniform  flow 
fields  were  then  briefly  considered.  Finally,  the  impor¬ 
tance  of  the  inclusion  of  the  motion  and  deformation  of 
the  nearby  boundaries  or  cells  was  highlighted. 

While  this  communication  addressed  a  host  of  prob¬ 
lems,  showing  some  particular  solutions,  it  was  not 
able  to  give  definite  general  conclusions.  It  did,  how¬ 
ever,  highlight  the  fact  that  the  study  of  cavitation  is 
much  more  complex  than  usually  thought.  Simplified, 
commonly  used  models  (spherical  and  axisymmetric) 
can  lead  to  simplified  answers.  However,  these  results 
are  only  good  in  very  limited  conditions,  and  risk 
results  that  can  be  in  error  by  orders  of  magnitudes. 
Fortunately,  with  recent  advances  in  computational 
techniques  and  computers,  detailed  simulations  of  par¬ 
ticular  conditions  are  becoming  mcr^'  and  more  within 
reach. 
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Discussion  >• 

Swanson: 

This  photography  is  to  be  commended.  One  of  the 
things  that  I  woiild  like  to  point  out  specifically  is  that 
in  the  very  last  series  there  were  a  number  of  rebounds 
for  those  bubbles.  As  the  bubbles  collapse,  the  generat¬ 
ed  jet  does  all  those  damages.  These  are  the  prettiest 
pichires  I  have  seen  in  a  long  time. 
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Chahine: 

Thank  you. 

Israelachvili: 

How  do  you  know  that  the  damage  is  not  caused  by 
the  spark?  1  would  like  to  show  some  pictures  given  to 
me  by  Professor  Ellis  before  he  died.  These  pictures 
show  that  the  shock  waves  at  the  inception  are  as 
strong  as  they  are  when  they  collapse. 

Chahine: 

The  subject  of  what  generates  the  erosion,  the  shock 
or  the  re-entering  jet,  is  very  old  as  we  saw  from  Pro¬ 
fessor  Ellis'  picture.  I  think  that  it  is  a  combination  of 
both  effects  and  depending  upon  the  bubble  distance 
from  the  wall  and  what  configuration  is  used  it  is  one 
rather  than  the  other.  For  example,  in  an  underwater 
explosion  it  would  be  much  more  the  shock.  However, 
we  have  been  working  on  instances  where  it  is  the  jet 
that  is  much  more  erosive  than  the  shock. 

Regnault: 

Maybe  you  can  clear  up  a  few  concerns  or  questions 
I  have  about  cavitation.  You  defined  cavitation  as  the 
expansion  of  nuclei  bubbles  and  the  recollapse  of  those 
as  opposed  to  the  generation  of  vapor  without  a  nuclei. 
Is  that  correct? 

Chahine: 

I  have  no  doubt  in  my  mind  that  it  is  practically 
impossible  to  generate  vapor  out  of  no  nuclei.  1  think 
maybe  95%  of  the  cavitation  community  would  agree. 

Regnaulb 

In  the  case  of  cavitation  in  the  body  where  we  would 
have  a  large  amount  of  dissolved  gases,  would  you  say 
that  the  drawing  out  of  dissolved  gases  from  the  blood¬ 
stream  then  the  recollapse  of  these  bubbles  would  be 
the  source  for  cavitation  bubbles? 

Chahine: 

No,  I  think  there  is  a  confusion  between  dissolved 
gases  and  gases  that  are  in  suspension  as  nuclei.  In  the 
flrst  set,  the  molecules  of  the  gas  are  mixed  with  the 
molecules  of  the  water.  The  characteristic  time  for  these 
dissolved  gases  to  go  into  the  nuclei  is  very  long.  That 
is  not  what  I  am  talking  about.  I  am  talking  about  actu¬ 
al  microscopic  bubbles  that  are  already  present  in  the 
liquid,  very  different  from  the  dissolved  gases  in  the 
bloodstream. 
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Our  study  consisted  in  analysing  the  interaction  between  a  bubble  and  a  vortex 
flow.  Therefore,  we  tried  to  use  more  physically  realistic  vortex  models,  and  we 
highlighted  the  effects  of  a  fully  viscous  interaction. 


Statement  nr  wnrk! 


Theory:  The  theoretical  pan  aims  at  showing  the  effects  of  the  interaction  on 
bubble  behaviour  and  on  the  vortex  flow  behaviour. 

A  first  i^iproach  examine  the  2D  axisymmetric  interaction,  considering  that 
the  fluid  is  perfect 

In  a  more  general  chapter,  we  take  a  fully  viscous  interaction  into  account 
Results:  Two  vortex  models  lead  to  realistic  evolutions  of  the  bubble  and  of 
the  vortex  flow,  with  the  influence  of  an  axial  velocity. 

A  ID  model  shows,  for  the  first  time,  that  the  interacdon  seems  to  be  non 

linear. 

Synthesis  and  conduskm:  We  propose  a  matching  of  the  two  solutions  for  an 
axisymmetric  and  finite  bubble,  which  would  lead  to  understand  the  non  linear  viscous 
interaction,  taking  the  axial  flow  of  die  vortex  into  account 
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NOMENCLATURE 


a  bubble  radius. 

Oo  initial  bubble  radius. 

A  Rankine’s  core  radius. 

C  Burgers  constant, 
c  local  curvature  on  the  bubble  surface. 

^  Lagrangian  or  material  deriv^ive. 
dt  time  step. 
g  gravity  field. 
j  number  of  the  time  step. 
k  polytropic  constant  for  PV^  ^constant. 

P  pressure  field. 

Pu  initial  partial  gas  pressure  in  the  bubble. 

Pi  pressure  in  the  liquid. 

Pt  pressure  at  0,  the  stagnation  point  of  the  initial  Burgers  vortex. 
Pv  partial  vapor  pressure. 

Poo  pressure  at  infinity. 

Rt  Reynolds  number 
s  variable:  s  =  rfa. 

T  stress  tensor. 
t  time. 

U  velocity  field:  U  *  Ur~e  r  +  +  Ug'T , 

V  bubble  volume. 

Vo  initial  bubble  volume. 

We  Weber  number 
S  Burgers  core  radius. 

So  initial  Burgers  core  radius, 
r  circulation  of  the  fluid. 

/I  dynamic  viscosity  coefficient. 

1/  cinematic  viscosity  coefficient. 

9  velocity  potential 
p  fluid  density. 

O'  surface  tension. 
uf  vorticity. 
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INTRODUCTION 


The  presence  and  dynamics  of  bubbles  in  a  flow  field  can  have  significant 
effects  of  relevance  to  engineering  applications  of  great  importance.  These  ef¬ 
fects  include  erosion,  noise  generation,  damping  of  acoustic  signals,  degradation 
of  performances.  This  has  instigated  a  great  interest  in  the  study  of  the  problem, 
especially  in  high  vorticity  regions.  These  regions  can  be  found  at  the  tip  of  pro¬ 
pellers’  blades  or  in  swirl  chambers  for  example.  The  presence  of  cavities  in  such  a 
tip  vortex  can  have  significant  effects  on  the  behavior  of  the  flow  and  on  its  char¬ 
acteristics,  in  relation  to  transportation  and  exchanges  of  energy.  These  effects 
cannot  be  understood  without  adressing  complicated,  but  nonetheless  fundamen¬ 
tal  phenomena  associated  with  the  interactions  and  the  motion  of  the  bubble.  The 
complexity  of  the  general  physiad  and  mathematical  problem  can  be  approached 
by  making  assumptions,  which  simplify  the  problem.  Then,  once  the  problem  has 
been  posed,  we  solve  it  by  using  computational  methods.  In  the  first  approach, 
we  consider  a  bubble  in  a  vortex,  taking  an  axial  velocity  into  account,  where  the 
vorticity  is  due  to  the  initial  flow.  Thus  the  interaction  is  linearized,  considering 
the  addition  of  the  flow  generated  by  the  bubble  with  the  initial  “basic  flow”.  In 
a  parallel  approach,  a  fully  viscous  interaction  between  the  bubble  and  the  flow 
is  considered.  The  viscous  solv<a'  is  one-dimensional  as  we  look  at  an  infinitely 
long  cavity  such  as  one  can  find  on  the  axis  of  a  tip-vortex  behind  a  propeller. 
In  the  third  part  we  try  to  propose  a  solution  to  the  matching  of  the  two  meth¬ 
ods,  so  that  the  interaction  between  the  vortex  flow  and  the  bubble  may  be  fully 
understood. 
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1.  Generalities. 

1.1.  Cavitation.Bubblc  dynamics. 

The  variations  of  the  pressure  field  in  a  fiuid  CMitaining  nuclei  (cavitation  germs) 
may  produce  large  cavities  of  gas  and  liquid  viqwr,  in  other  words  bubbles. 

The  dynanucs  of  these  bubbles  in  respect  to  the  flow  around  them  is  a  complex 
problem  which  has  been  solved  in  different  cases. 

The  cavity,  submitted  to  forcer  ‘  -y  also  be  deformed,  rebound  or  collapse; 
in  accordance  to  the  ambiant  med. 

1.2.  Vorticity.  Vortex  models 

The  whole  of  this  study  is  axisymmetric.  Figure  1  shows  the  referential  we  are 
using. 

A  newtonian  fluid  in  motion  can  rotate  about  its^  To  measure  this  effect, 
we  use  a  vector  quantity  named  vorticity:  defined  by 

=  V  X  Cf , 

which  physically  coresponds  to  the  angular  velocity  of  two  line  segments  ir  the 
fluid  mutually  normal  to  n.  (See  figure) 

Figiire  (2)  is  an  intuitive  iUustratimi  of  vorticity.  The  cross  represents  two  Unes 
of  fluid  particles.  At  time  step  one  the  cross  has  ri^t  angles.  It  is  then  conveeted 
in  the  fluid.  At  time  step  two  the  cross  has  changed  it  angles.  We  have  observed 
the  rate  of  change  the  angle  between  these  two  segments.  This  angular  velocity 
corresponds  to  vortidty. 

1.2.1.  The  vorticity  equation. 

The  momentum  equation,  written  in  an  inertial  frame  of  reference  is: 


DU 

Dt 


^  +  (U.VU) 


(1.1) 
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Repladi^  (U.V)U  by  V  ((U.U) /2)  -  U  x  a, , 
aod  taking  the  curl  of  equation  (3.25)  leads  to: 


~  =  -w(VU)  +  (Vu;)U-h^Vp  X  VP-lvp  X  (VT)  +  x  (VT)  +  V  x  g  . 

If  we  consider  the  flow  of  a  Newtonian  fluid  of  constant  density  and 
viscosity,  with  only  potential  body  forces,  the  vorticity  equation  becomes 

^*u;(VU)  +  vV*u;.  (1.2) 

This  equation  has  the  form  of  a  convection-diffusion  equation,  like  a  thermal 
diffusion  equation,  and  characterizes  the  diffusion  of  vorticity  due  to  the 
action  of  viscosity. 

A  fluid  vortex  is  a  region  of  concentrated  vortidty  and  a  vortex  line  is  a  line 
everywhere  tangeant  to  the  local  vorticity  vector. 

Different  models  of  vortex  flows  have  been  given  through  the  years.  We  will 
describe  two  of  them  here. 

1.2.2.  Rankine  vortex. 

This  is  probably  one  of  the  most  basic  axisymmetric  vortex  flows.  It  consists  in  a 
rotating  core  of  very  viscous  fluid  and  an  outer  region  where  the  fluid  is  assumed 
to  be  perfect  . 

Mathematically,  the  expression  of  the  velocity  components  amounts  to: 


U.  s  0 
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1.2.3.  Burgm  vortex. 

BURGERS  (1948)  solved  equation  (3.26),  demonstrating  the  vortidty  enhance* 
ment  by  stretching.  A  vortex  in  an  incompressible,  Newtonian,  body  force  free 
fluid  must  satisfy  the  vortidty  equation. 

If  the  vortex  is  axisymmetric,  aligned  with  the  z-direction,  and  placed  in  a 
uniaxial  straining  field  along  its  lagth,  then  U,  »  2Cx  ,  where  C  is  the  Burgers 
constant. 

The  continuity  equation  dictates  the  presence  of  a  radial  influx  fluid: 

Ur  =  -Cr 

and  equation  (3.26)  has  the  following  solution: 

U,  »  2Cz, 

Ur  =  -Cr, 

f/#  =  ^  -  exp  >(*•«  (3)) 

and  u,.  » 

where  ^  exp(-Ct). 

S  may  be  defined  to  be  the  vortex  core  radius  at  any  time  t,  and  6,  the 
initial  vortex  core  radius. 

Figure  (4)  describes  the  evolution  of  S  in  time  versus  C. 

At  t  ae  0,  and  for  C  s  0,  we  find  the  formulation  used  by  some  researchers: 

Ur  =  Ur  ^0, 

One  should  note  however,  that  this  particular  expression  (at  tsO)  cannot  be 
considered  to  hold  at  all  times  since  (1.3)  taken  to  be  true  at  all  times  does  not 
satisfy  the  general  equation  (3.25). 
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1.2.4.  Diffusion  of  vorticity  in  a  viscous  fluid. 

The  code  described  in  chapter  3  (see  figure  (5))enable8  us  to  observe  the  effect 
of  viscosity  on  a  Rankine  vortex  flow.  We  insert  a  cylinder  of  constant  radius 
in  the  vortex  .  According  to  the  transport  of  momentum  prindple,  the  vorticity 
spreads  out  and  diffuses  in  the  medium.  Another  illustration  of  viscosity  would  be 
Couette’s  experiment:  he  takes  one  cylinder  which  he  inserts  into  a  larger  wbollow 
cylinder.  He  then  pours  fluid  in  between  these  cylinders  and  has  the  inside  one 
start  spinning.  Through  viscosity  the  second  one  also  starts  spinning  around  a 
little  while  later. 

1.2.5.  Viscous  interaction  between  bubbles  and  flows. 

The  understanding  of  the  interaction  phenomena  remains  up  to  now  one-sided. 
The  effects  of  the  flow  on  the  bubble  has  been  instigated  in  several  of  studies. 
Recent  studies  have  shown  that  in  a  re^on  of  high  vorticities  the  bubble  is  accd- 
erated  to  the  axis  of  the  vortex.  On  its  way  the  variations  of  ambient  pressure 
deforms  it  and  once  on  the  axis  the  bubble  can  split  into  elongated  bubbles.  The 
effects  of  the  bubble  on  the  flow  are  yet  to  be  fully  understood.  Phenomenas 
related  to  viscosity  should  enable  us  to  find  leads  to  consistent  explanations.  In 
the  following  chapters  we  will  deal  with  both  sides  of  the  interaction  theoretically 
and  numerically,  restricting  the  study  to  cases  where  the  bubble  is  on  the  axis. 


2.  2D-analysis  of  Burgers  vortex. 

2.1.  Vortex  without  bubble. 

2.1.1.  Discussion. 

This  model  is  only  valid  near  the  axis  of  the  vortex,  since  Ur  and  U,  increase  lin¬ 
early  with  r  and  z.  Unlike  Rankine's  vortex,  it  does  not  present  any  discontinuity, 
and  is  physically  more  realistic,  according  to  experimental  studies. 

•  For  C  >  0.  if  do  is  less  than  yJvIC,  6  will  increase  in  time,  viscous  diffusion 
being  predominant. 

On  the  other  hand,  if  do  is  greater  than  yJvJC  (the  asymptotic  value  of  d), 
it  will  decrease  in  time,  ((/((r  s  0)  will  then  increase  in  time,  which  occurs 
with  vortex  stretching  and  compression. 
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•  If  (7  <  0.  S  increases  whithout  bound. 

2.1.2.  Calculation  of  tha  pressure  distribution. 

Replacing  U,  and  Ur  in  the  Navier-Stokes  equation  by  their  Burgers  vortex  ex* 
pressions  leads  to: 


=  -;,CV  +  ^, 

(2.1) 

(2.2) 

and,  because  of  the  axisymmetry. 

A 

(2.3) 

•  Equation  (2.2)  implies  that  P(r,z,t)  *  — 2pC***  +  F{r,t) . 

•  To  solve  equation  (2.1),  we  set  X  =  r/2^,  and  A  =  (r/2*')*  p/8f*. 


pUtfr  becomes 

So  we  integrate: 

/  .  -ix-’«p(-X>)  -  i&(-X») 

and 

J  s  -|x-’exp(-2X»)  -  ^.(-2;if’) 

(integration  by  parts,  and  change  of  variable  u  s  X^) 
where  Ei  is  the  Exponential  integral: 


8 


We  set  B  as  2AS,  sad  we  get 

p(r,  z,  0  -  -2pC^Px^  -ih  +  li  -  S  «q>(-2Jf’) 

+B  (Ei(~X^)  -  B.(-2^*))  +  G(z,  t) . 

•  For  the  boundary  conditions,  a  TAYLOR’s  series  expansion  indicates  that 
the  point  0(r=0,zsi0)  is  a  stagnation  point,  where  the  prenure  is  P,. 

Thus  we  Anally  have 

/>(r,  z,  0  =  /*.  -  2/»C»z»  -  2pCPS^X^  -  ^ 

(exp(-A'»)  -  1  exp(-2Jr’))  (2.4) 

+B(Eii~X^)-Ei{-2X^)) 

where  B  =  and  X  =  . 

4tS  26 

(see  figures  (6),(7),(8)) 

2.2.  Bubble  in  a  Burgers  vortex. 

2.2.1.  Navier  Stokes  equations. 

Let’s  consider  the  case  of  a  bubble  growing  and  collapsing  in  a  known  flow  field. 
Let  the  iss.lated  Burgers  vortex  constitute  this  basic  flow,  U»,  Po\  it  satisfies  the 
Navier  Stokes  equation: 


^  +  U,.VU,  =  -ivB,  +  .  (2.5) 

at  p 

In  presence  of  an  oscillating  bubble,  the  resulting  vetedty  field,  given  by  U, 
also  satisfies  the  Navier  Stokes  equation: 


^  +  U.VU  s  -i V/>  +  vV^V  .  (2.6) 

at  p 

Both  Uo  and  U  also  satisfy  the  continuity  equation: 
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V.\Jo  =  V.U  =  0  . 

Since  we  are  interested  in  the  modification  of  the  basic  fiow  by  the  pret¬ 
ence  of  the  bubble,  it  is  convenient  to  define  the  ‘‘bubble  fiow**  velocity  and 
pressure  variables,  U»  and  as  follows: 


U>  =  U-U,,  A  =  P-P.  . 
If  we  assume  that  the  “bubble  flow**  is  potential. 


where  is  the  reduced  or  bubble  potential. 
Because  of  continuity,  ft  satisfies  Laplace’s  equation: 


(2.7) 


V*ft  *  0 . 


We  now  substract  equation  (2.5)  &om  equation  (2.6),  taking  equation  (2.7) 
into  account,  and  we  obt^ 


^+i|U.|’+U,.U.  +  ^ 


Ut  X  (V  X  U„) 


(2.8) 


The  assumption  of  potential  “bubble  flow**  implies  that,  as  the  basic  flow 
interacts  with  the  bubble  dynamics,  and  is  modified  by  it, 

the  bubble  cannot  generate  any  new  vorticity.  An  attempt  to  remove 
this  constraint  is  undertaken  in  chapter  3. 

Equation  (2.8)  is  now  to  be  integrated  at  any  point  within  the  liquid,  to  obtain 
an  equation  similar  to  the  classical  unsteady  Bernoulli  equation. 

The  component  of  Ua  in  the  et  direction  must  be  zero,  because  the  contri¬ 
bution  in  this  direction  of  the  velocity  field  can  only  come  from  the  axisymetric 
basic  flow;  so  we  get 
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M/Na 


^  +  2Cz^^  +  —  =  Constant  in  any  direction. 

(ft  2  or  ox  p 

Very  far  from  the  bubble,  the  pressure  tends  towards  the  basic  pressure,  so 
the  constant  is  zero. 

At  the  bubble  zurface:  the  pressure  in  the  liquid  balances  with  the  surface 
tension  and  the  pressure  in  the  bubble,  so  we  know  there  the  “bubble  pressure”: 


A  =  -  P,  =  P,  +  -  ca  -  P,  , 

and  so 


2.2.2.  Non'dimensionalization. 

We  normalize  all  variables  as  follow:  lengths  are  non*diinensionalized  by 
the  maximum  radius  the  bubble  would  achieve  if  isolated  in  the  absence  of  flow, 
and  pressures  by  P«  the  initial  pressure  at  the  stagnation  point  (rsQ). 

According  to  the  Rayleigh-Plesset  equation,  the  program  estimates  a  value  of 
/Zbmuii  considering  the  case  of  a  single  bubble  in  an  infinite  fltiid. 

Thus,  the  time  scale  is  normalized  by  its  characteristic  time,  the  Rayleigh  time 
whose  value  is  _ 


This  leads  to  a  new  non-dimensionalized  form  of  equation  (2.9)  used  in  the 
axisymmetric  Fortran  code: 
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where 


7,  =  1  -  ^  +  A  (exp  (-r)  -  }  «p  (-2X’)) 


In  all  the  following,  we  now  consider  each  variable  as  non-dimensionalized. 
2.2.3.  The  Boundary  Element  Method. 

This  method  was  developed  by  DYNAFLOW  in  the  code  2DynaFs  that  we  had  to 
modify.  This  program  considers  closed  surfaces  such  as  bubbles  in  an  infinite 
domain  of  fluid.  We  had  to  adapt  it  to  tzdce  a  “basic  flow”  interacting  with  a 
bubble  into  account.  We  now  sum  up  the  main  steps  tc  implement  the  method 
for  an  axisymmetric  problem. 

In  order  to  calculate  the  time  evolution  of  the  bubble  surface,  the  axisymetric 
Boundary  Elements  Method  is  used,  which  reduces  the  dimension  of  the  problem 
by  one.  This  method  is  based  on  Green’s  identity,  which  provides  anywhere 
in  the  fluid,  if  this  potential  or  its  normal  derivatives  are  known  on  the  bubble 
surface. 


Implementation.  Considering  the  fact  that  $6  satisfies  Laplace’s  equation,  and 
defining  the  bubble  boundary  by  5,  we  can  write  the  following  expression  for  the 
potential  at  any  point  x  in  the  Held 

«»(x)  =  l^[9,{y)V,G{x,y)-G{x,y)VMy)].nydS  ,  (2.11) 

where  y  is  the  variable  of  integration  of  the  bubble  surface  and  G  is  the  Green’s 
function  for  the  Laplace  operator,  explidtly  ^ven  by 


(7{*,y)  = 


1  1 
4x  |x  -  y|  ■ 


As  we  consider  an  axisymmetric  problem,  the  only  function  which  can  depend 
on  0  is  the  mathematical  Green’s  function  (all  physical  quantities  are  independent 
of  the  angular  coordinate).  Let  us  define  the  trace  of  the  bubble  surface  in  a 


meridional  plan  by  C.  We  select  this  plan  to  be  s  0  in  our  cylindrical  system 
of  coordinates.  Let  the  coordinate  of  the  point  x  in  the  plan  ^  s  0  be  (Jt,  0,  Z), 
and  the  coordinates  of  the  variable  of  integration  be  (r,  fi,  z).  As  the  normal  to 
the  bubble  surface  has  no  components  along  the  angular  coordinate,  the  int^al 
equation  (2.11)  becomes: 


w  z) = X  ['♦•  ^  x”  ‘‘H  r  'H 

Thus  the  integration  over  the  angular  variable  is  reduced  to  the  integral 


Replacing  the  Green’s  function  by  its  expression,  and  using  the  substitutions 
A  =  (ii  +  r)*  +  (Z  -  z)»,  m  =  X  =  co8(^), 

we  get 


where 


/  = 


-1  dx 

K(m)  =  ^  /  j  ” 

4x70  ^(l-Tnx»)(l- 


«)(!-**) 


is  the  complete  elliptic  integral  of  the  first  kind. 

The  equation  for  the  potential  can  then  be  cast  in  the  form 


2x«»  (Ji,  Z)  =  --]^  (r**(r,  z)A(r,  z,  R,  Z]dS  +  x,  R,  Z)j  dS 

(2.12) 

where  j(r,z,r,Z)  =  K(m)l-/A  ,  and  h{r,z,R,Z)  =  nrdgjdr  +  rttdg/dz  , 
n,  =s  dz/dS  ,  and  n,  =  —dr/dS 

To  solve  equation  (2.12)  ,  we  discretize  the  geometry  of  the  contour  of  the 
bubble  into  N  panels.  We  assume  that  the  potential  is  distributed  linearly  over 
each  panel,  while  d^^/dn  is  assumed  to  be  constant  over  each  panel.  Equation 
(2.12)  then  becomes  a  set  of  N  equations  of  index  i  of  the  t]rpe: 
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which  can  be  rewritten  as 

E  -  E  .  (2->5) 

where  Aij  and  Bij  are  the  discrete  equivalent  of  the  integrals  given  in  equation 

(2.12). 

So  we  perform  the  integration  over  each  pand,  using  a  Gaussian  quadrature, 
and  sum  up  the  contributions  to  complete  the  integration  over  the  entire  contour 
of  the  bubble  surface. 

Time  stepping  To  advance  the  points  on  the  bubble  surface,  we  assume  that 
they  move  with  the  fluid  at  velocity  VOj  +  U„.  The  normal  “bubble  velocity" 
(^)  is  known  firom  the  solution  of  the  integral  equations,  while  the  tangen* 
dal  “bubble  velocity”  is  obtained  by  diflerendation  of  tt(e)  (c  is  the  arc  length 
parameter  along  C).  The  nodes  Ni  are  then  advanced  according  to 

on;  =  ON.  +  (V*»  +  Uo)di . 

To  advance  the  potential,  we  need  ,  which  is  given  by  equation  (2.10). 

The  time  step  dt  is  determined  as 


dt  = 


1+0.5V2 


where  V„  is  the  maximum  velodty  obtained  at  time  t.  That  ensures  that  smaller 
time  steps  are  chosen  when  rapid  changes  in  the  potential  occur,  while  larger  one 
are  chosen  for  less  r^id  changes. 

Results 

The  results  related  to  this  study  are  in  chapter  4.1  to  4.2. 


3.  Problem  formulation 

Results  of  2DynFs  with  a  Burgers  Vortex  (see  ch^ter  4.1),  have  shown  that  the 
bubble  in  a  vwtex  flow  can  be  elongated  in  such  a  way  that  the  ratio  ol  the 
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bubble’s  radius  over  its  length  can  be  very  large.  In  that  case  if  we  are  near  the 
bubble  and  far  from  its  endi,  we  may  assume  that  it  is  infinitely  long. 

This  element  allows  us  to  use  an  axisymmetric  model  of  an  ebngated  bubble 
in  a  fully  viscous  flow. 

To  solve  the  interaction  between  the  bubble  motion  and  the  flow  into  account, 
without  msking  any  assumptions  on  the  flow  bdng  potential  or  not,  a  starting 
point  can  be  the  Navier  Stokes  equations  applied  to  the  model.  Once  determined, 
the  equations  will  have  to  be  solved  numerically. 

3.1.  Model  definition 

Figure  (8)  shows  the  model  we  are  studying.  The  bubble  is  infinitely  long.  It  is 
located  on  the  axis  of  a  Rankine  vortex  flow.  The  fluid  is  viscous.  Cylindrical 
coordinates  are  used  for  all  variables.  The  symmetry  of  the  figure  shows  that  as 
long  as  the  axial  flow  is  considered  to  be  constant  the  problem  we  are  dealing  with 
is  one-dimensional  and  located  from  the  bubble  wall  out  along  the  r-axis. 

3.2.  General  equations 

To  study  the  problem  we  start  from  the  Navier-Stokes’  Equations,  so  we  can 
fully  determine  the  interaction  between  the  bubble  and  the  flow.  Cylindrical 
coordinates  used  due  to  the  geometry  of  the  problem. 

The  Navier-Stokes  equation  are  written: 

VC^  =  0, 

DU  Vp  VT  . 

where  T  ts  the  stress  tensor.  In  cylindrical  coordinates  they  can  be  written: 

divU  =  0  ~  (rpiir)  +  ~  (pu#)  +  ^  (p«*)  =  0.  (3.1 ) 

du,  .  dUr  .  Ufdttr  «#*  .  dUr 

at  dr  *  r  at  ~  r  dr  “ 

. 

pdr  dr 
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d*ttr 


2  dP 


2  dtt«  d^Ur 
69'^  dr* 


)■ 


(3.2) 


dxti  ,  8u$  ,  Utdu$  ,  tIrW#  ,  &u» 

dt  dr  r  d9  r  ‘‘‘“'d** 


prd9 


-I 


d*u» 


dff* 


du.  du.  U0du. 

dt  dr  r  d9 


2  dUr 

3  d9 


^Uf\ 

dx^)' 


(3.3) 


idp  ,  Id 

^  pdz  '^rdr 


r±iu.) 


«*u,  , 

+  9?'  +  ‘' 


S.S.  Geometrical  considerations 

The  bubble  is  infinitely  long  and  axisynunetric,  so  all  variables  are  independent 
of  9  and  x  : 


dur 

a7 


=  0, 


dz 


sO. 


dUr  _  -  dvt 
d9  ^  '  d9 


0. 


S.4.  Axisymetric  formulation 

The  axial  flow  is  assumed  constant  along  the  r-axis.  This  slug  axial  flow  has  no 
consequences  on  the  bubble  dynamics.  It  corresponds  to  an  axial  translation  of 
the  referential. 

So  we  assume: 


tt,  s  0. 

The  general  equations  become  (3.1),  (3.3),  (3.2),  (3.3)  and  (3.4) 


15/  N  n 


dUr  ,  dUr 

ft  ” 


r 


— 1^ 
p  dr 


^4 
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(3.5) 

(3.6) 


en/N3 


f 


(3.7) 


dut  ,  dut  ,  UrUt  d 

sT +  '5 


Id,  . 


The  radius  of  the  bubble  is  a  (t) ;  and  its  time  derivative  versus  time  d  (t)  also 
represents  the  radial  velocity  of  the  bubble  wall.  We  can  integrate  Equation  (3.5) 
over  [a  (<) ,  r]  and  write 


which  leads  to 


(3.8) 


ru,  =  a  (t)  d  (<) .  (3.9) 

This  continuity  equation  gives  us  a  straight  forward  connection  between  the  flow 
and  the  bubble  behaviour. 

By  replacing  the  radial  vebdty  in  (3.6)  (3.7)  by  the  expression  given  in  (3.9) 
and  knowing  that 


d  (aa\  1  .2  0 

d  /aa\  aa 

dr\T)‘ 

the  Navier-stokes  equations  now  become: 

r  r  r*'  '  r  p  dr 

(3.10) 

du$  a  .  dut  a  .  u$  d  \\  d .  .1 

(3.11) 

We  end  up  with  a  set  of  coupled  equations  that  describes  the  whole  region  of  our 
particular  vortex  flow,  in  the  presence  of  an  interacting  bubble. 
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3.5.  Initial  condition*  and  boundary  conditions 
3.5.1.  Initial  conditions 

Bubble  dynamics  under  water  ate  contrtdled  by  the  difference  between  the  pretture 
inside  the  bubble  and  the  ambient  pressure.  The  initial  conditions  are  sinq>ly 
stated  as  a  prescribed  initial  bobble  sise  and  internal  pressure  and  the  value  of 
the  ambient  pressure. 

The  initial  radius  of  the  bubble  is 

«(0)  «  a*,  (3.12) 

and  its  initial  rate  of  growth 

a  (0)  »  0.  (3.13) 

The  initial  vortex  flow  in  which  the  bubble  is  located  is  based  on  the  axisym- 
metry  of  the  problem  and  the  fact  that  we  are  interested  in  viscous  vortex  flows. 
The  radial  component  must  be  zero  due  to  the  continuity  equation  (3.9)  and  initial 
conditions  (3.13) 


(«r(r))^  »  0. 


The  Ranldne  flow  described  in  chapter  (1)  can  be  used  as  an  initial  condition. 


3.5.2.  boundary  conditions 

The  cavity  contains  non  condensible  gas  of  partial  pressure  which  follows  a 

^  j  and  liquid  vapor  of  partial  pressure  p,,  which  bal¬ 
ance  the  external  stresses  on  the  bubble  surface  and  the  pressures  due  to  the 
surface  tension  a  through  the  equation: 


with 


.  dttr{a)  .  ad 

if-g; - 


and  the  pressure  at  the  infinity  remains  constant  and  equal  to  the  ambient  pressure 


PoB  *  const. 
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S.5.S.  Non><lim«iicioii«lisatioii 

The  problem  will  be  non'dimensionAlued  in  order  to  keq>  the  perameten  o(  the 
same  order. 

The  scale  chosen  for  the  length  is  the  initial  bubble  radius,  a*. 

Density  is  normalized  by  p  and  the  pressure  is  non  dimensionaliaed  by  the 
ambient  pressure  p^ 

The  different  «»les  for  velocity,  time  and  accderation  am  given  by: 


velocity:  U 


time:  Tr  o* 


where  T,  is  the  Rayleigh  time  for  a  bubble  in  a  fluid  in  the  absence  of  gravity. 

accderaticm:  A  ^ 

P«# 

The  normalized  equations  are  written,  where  the  bars  denote  nondimensional 
variables. 


(3.14) 

(3.15) 

dm  ^  z-dfn  i  ®rid._' 

* 

(3.16) 

where  Re  the  Reynolds  numb«:  is  defined  as: 

The  nondimensionalized  boundary  condition  <»  the  bubble  surface  is: 

vi/  "  wa  ”  JUa 

(3.17) 

where 
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and  We  it  the  Weber  number: 


k:- 


fib 


c 

S.5.4.  Dineussion  on  tho  integration  boundnriee.  Change  of  variablea. 

The  problem  will  be  solved  once  the  equations  have  been  integrated.  The  choice 
of  the  region  over  which  we  integrate  the  equatbns  is  relevant  in  this  case  because 
one  of  the  boundaries  •  the  bubble  surface  -  is  in  motion. 

The  initial  intq;ration  region  is 

(o(t);+oo]. 

If  we  make  the  change  of  variable 

“wr 

the  integration  region  becomes  fw  all  timM 

(l;+oo). 

We  may  also  encounter  problems  on  the  left  boundary:  -f  oo. 

The  terms  in  ^  of  equations  (3.15)  and  (3.16)  once  integrated  out  to  infinity 
will  diverge  like  ln(r) . 

To  avoid  this  problem  we  limit  the  integration  region  to  a  maximum  distance, 
the  domain  then  becomes: 


with 
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In  our  case  we  will  assume  that  hr  distances  larger  than  s^m  frosn  the  W  ble 
the  flow  is  once  again  potential.  This  means  that  the  region  we  are  now  studying  is 
separated  into  two  domains:  the  viscous  regi<m  on  one  side,  a  potential  extending 
to  infinity  on  the  border  of  which  the  pressure  is: 

or 


TC*— )  =  I  -  • 

where  the  circulation  F  is  expressed  non  dimensionaOy 


r 


Use  of  the  variable  s  has  implicaticms  on  the  time  and  space  derivatives.  For 
a  point  P  in  the  transf<Mrmed  domain  |1;  s»..]  time  variations  of  all  the  quantities 
are  in  fact  made  in  the  real  domain  while  following  a  particle  moving  at  the  speed 
3  (t)  Therefore  time  changes  of  quantities  (such  as  u«)  can  be  written: 

_  &U0  d>  ,  diti  _  s  ^  do#  ,  dut 

In  addition  expressions  of  derivatives  relative  to  s  can  be  obtained  as  follows: 


ds  d»  . 


duj  iftz?  yu#  _  I 

df  a  ds'  o’  ds*  ’ 


1  /yg#  igB? 

o*  V  ds’  S  as  "  sV  ’ 


Equations  (3.14),  (3.15),  and  (3.16)  become 


(3.19) 


«a  s  «3  Zda 


^  1  1  1  /a>n?  1«I15  1I?\  . 

i®  ds  ‘*■53®  d»  5>a  ' “  ilea*  V de  “e*j’ 


By  isolating  ^  in  equation  (3.20)  it  becomes: 


£5-  ±71^  -LtT^  4.±1/'^4.^£5  E)  (ion 

Dt  "i^  de  “  ea^  as  "  e»a®^'^  ilea*  ^  ds*  ■‘‘ e  a-  ”  e*J 

Equation  (3.21)  shows  us  that  if  we  know  a,  a  we  have  a  partial  differential 
equation  for  u«  that  we  can  solve  numerically  as  a  function  of  s. 

Equation  (3.19)  can  then  be  solved  to  provide  the  bubble  dynamics  and  the 
pressure  field  along  the  axis. 

Elongated  bubble  dynamics. 

Equation  (3.19)  can  be  expressed  as  a  differential  equation  of  the  form 

a*  ilife(o,a,t), 

where  Rk  is  a  function. 

By  integrating  this  equation  along  (1;  s».,)  one  can  obtain  the  bubble  radius 
evolution  in  time. 

We  integrate  (3.19)  from  the  bubble’s  surface  to  Smu- 


(i  i’ +i)  N.)ir-|(3)’  -  if"  T* 


and  by  isolating  a  the  equation  beconMs: 


-1  +-J— (a)»  +  -j—  r  ^ds 

a  ^aln(s»«)^  M  2s*Ji  ^Z]n{sui^)Ji  s 

_ I _ 

aln(SaMs)  Ji  ds 
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But  we  ilao  heve 


because  the  pressure  at  that  boundary  is  that  of  a  potential  vortex  flow: 


[2irBwJ  ’ 


and  (3.17)  gives  us  information  on  the  pressure  at  the  bubble  surface 

-  Hi) --Kw) -i>:+i5;(i)”  -  - 15. 

SO  the  equation  is  finally  written: 

iis  -1 i - (3)2  [ - L-  +  i]  + - i - Q 

71  ^aln(s«„)'  ^  t  ^  2j  3ln(s«u) 


aln(s^)  [  \2irZs^J  ^  \z/  WtS  iieaj  ’ 

with 

J\  s 

Equation  (3.22)  can  easily  be  solved  numerically  as  described  below. 


(3.23) 


Second  set  of  information:  Pressure  field  along  the  s-axis. 

By  integrating  (3.17)  over  we  will  obtain  the  pressure  at  any  point  of 

the  s-axis: 

The  integration  gives  us: 

i  i’  ML.  +  *  MIL.  -  i(i)*  [-5i]L  -  i  jC  T* 

but  we  also  have 


SM/Na 


so  the  expression  becomes 

(i  3-  +  i)  N.)i:^  -  i(3)»  -  i  /I  T*^ 

and  the  pressure  field  along  the  s>axis  is  finally  described  by 

P  (a)  =  1-  -  (5;;fc)  -  3*  N«)]L.  “  ®  ®  P»(«)1L. 

+( ^ 

So  the  final  set  of  equations  we  possess  to  solve  our  problem  is: 


DSi 

W 


s.dm  1  ^dfi;  1  .  11  .  igg» 

~~i  ds  ”s3  ds  ReZ^\ds^  ds  ”  s*/ 


H  Zlln(s,»,) 


7ln(Sau) 


***'[ 

»W  -  *  -  (idt;)’-®’  M»)1U  -»3ttaWlL- 

Each  of  those  equations  are  adapted  to  numerical  solutions. 


3  In^SgiMx) 


f— 

\2x3Sa 
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(3.24) 

,  (3.25) 

(3.26) 

(3.27) 


sn/Na 


S.6.  Method  of  solution 
S.6.1.  Discretisation 

The  gridding  of  the  s-axis  is  a  basic  linear  discretization  using  a  omstant  grid-step, 
ds. 


s,-  a  1  -Htds  ;  t  a  i,n 

The  parameters  are  discretized  in  time  or  space  and  both  if  required  .  The  time 
and  space  stepping  is  given  by: 

with 


and 


with 


A  a  12;  or  fTani  dt  bdng  the  time  step 


a  a  n  or  3  or  ii 

3.6.2.  Numerical  tools  available 

Ek|uation  (3.25)  is  a  partial  differential  equation  of  one  form  of  a  combined  advection- 
diffusion  equation: 


The  numerical  method  used  to  solve  this  type  of  equation  is  typically  a  Crank- 
Nicholson’s  method.  It  can  be  expressed  by: 


VDfA  dt 


|(f{lisi)  +  f(s«-)). 


(3.28) 
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In  our  case  at  time  step  j,  F  is  the  function: 


J_-r-  J _ 1_\  1  1  d^X 

337®^  RaTq^J  ds  iieaj*  a?* ' 


Both  left  and  right  hand  sides  of  equation  (3.28)  are  centered  at  time  step 
(j  —  ^)  so  the  method  is  second  order  accurate  in  time. 

The  character  of  this  scheme  is  semi-implicit.  The  right  hand  side  of  equation 
(3.28)  has  terms  of  tixne  step  j  and  of  time  step  j  —  1. 

To  calculate  the  spatial  derivatives  we  use  centered  differences  which  can  be 
written:. 

(dUiV  -ml, 

V  ds  j .  2ds 

V  ds^  J.  ~  ds^ 

By  repladng  the  discretized  expression  of  the  derivatives  in  the  developed  form 
of  (3.28)  we  obtain  a  set  of  simultanous  linear  equations  that  fortunatly  forms  a 
tridiagonal  system. 

By  grouping  the  terms  according  to  their  tinoe  step  in  (3.28)  we  get: 


i  *  l,2...n  —  1 

(the  values  of  the  variables  at  tinw-step  j  are  placed  on  the  left  and  those  of 
time-step  j  on  the  right  hand  side  of  the  equation) 

In  a  matrix  form  this  can  be  written 


/  j(l)  A(l)  0  0  0  W  «j,  \  y,(l)  A,(l)  0  0  0  \ 

/(2)  ff(2)  li(2)  0  0  A(2)  5i(2)  h{2)  0  0 

0...0  .  =  o...o 

0  0  .  .  .0  0  0  .  .  .0 

,0  0  0  /(n)  gin)  /  V  /  V  0  0  0  fin)  gi{n)  , 

The  only  unknowns  here  are  (t<«)^i^ .  The  right  hand  ride  only  contains  in¬ 
formation  from  the  previous  time-step  (j  —  1)  and  the  matrix  on  the  left  hand 
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side  needs  information  on  the  bubble  dynamics  at  time  step  (j) .  This  will  have  a 
consequence  in  the  logical  order  needed  to  solve  our  problon. 

To  solve  this  matrix  equation  we  use  an  algorithm  given  for  tridiagonal  matrix 
equations. 

Equation  (3.26)  as  an  ordinary  differential  equation. 

ii* /lib  (a,a,t) , 

with 


Rk  (a.i.t)  =  --  a*  + 


1 


?[ln(SaMs) 


(a)’ 


3ln(Sg|U() 


Q 


1 

3ln(SnMs) 


i\“  1 
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’  Rat 

can  be  reduced  to  the  study  of  a  set  of  first  order  differential  equations 


hello 

The  numerical  solution  chosen  to  solve  this  set  of  equation  is  the  most  used 
fourth  order  Runge>Kutta  method.  At  each  time  step  the  derivative  is  eval¬ 
uated  four  times:  the  initial  point,  twice  at  trial  mid-poinnts  and  at  a  trial  end 
point.  These  derivatives  then  give  us  the  final  value  of  the  function 
The  4'*  order  Runge  Kutta  scheme  is  the  following: 


fc,  =  dtRJfc'(t  +  A,6,  +  ^), 

=  +  f  6,  +  4), 

with  ki,k2,  kz,  k^  corresponding  to  the  four  evaluations  of  the  derivatives  we  obtain 


^i+i  =  ij+i  y 


/NS 
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In  our  case  we  will  also  have  to  evaluate  (3.23)  at  each  time-step.  A  basic 
trapezoidal  method  was  used: 


^(>1  2 


3.7.  Algorithm  of  solution 

By  contrast  with  equation  (3.25)  in  which  the  semi  implicit  method  used  impUe 
that  we  need  information  on  the  bubble  dynamics  of  the  current  time  step  to 
determine  the  unknown  ,  equation  (3.26)  only  needs  the  initial  conditions 
of  the  bubble  dynamics  and  the  initial  flow.  Thus  (3.26)  will  be  delt  with  before 
(3.25). 

At  this  point  a  flow  chart  is  needed  to  show  the  algorithm  isee  figure(9) 

3.8.  Description  of  the  code 

The  program  solves  the  Navier  Stokes  Equations  for  an  infinitely  etongated  bubble 
in  a  viscous  vortex.  The  input  allows  the  user  to  spedfy  the  following  parameters: 


Ac 

«o’ 

r 


and 

Pt, 

Pttit 

The  Reynolds  number  and  the  Weber  number  are  automatically  calculated  in 
the  program. 

3.8.1.  Convergence  study 

Numerical  methods  need  a  test  on  the  convergence.  This  is  to  chedc  stability  and 
convergence  due  to  accumulating  errors.  The  scheme  iq>plied  here  is  to  reduce 
the  time  step  and  grid  size  simultanously,  keeping  a  constant  ratio  between  them. 
Figure  (10)  illustrates  the  scheme.  Elach  curve  is  related  to  a  diflerent  timestep 
and  grid  size.  As  the  latter  decrease  the  curves  converge  to  a  snoooth  curve. 
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Between  dtsO.002  end  0.001  the  difference  in  the  curvet  wat  undetectable.  For 
running  the  tries  that  are  studied  in  capter  4  we  chose  0.001  as  a  time  step  and 
0.01  as  a  grid  sise. 

5.8.2.  Varying  time  steps  and  grid  size  in  time. 

The  runs  that  we  made  showed  that  in  some  conditions  a  too  sudden  bubble 
collapse  could  stop  the  code  firom  running  due  to  large  erTms.In  other  cases  when 
the  bubble  wall  velocity  is  at  very  low  the  time  step  could  then  have  been  increased 
to  speed  up  the  execution.  A  variable  time  step  sdieme  still  has  to  be  in^lemented 
on  the  code.  It  would  shrink  the  time  step  in  cases  of  hi^  rates  of  growth  and 
keep  the  ratio  between  the  time  step  and  the  grid  size  constant. 

5.8.3.  Case  of  the  axial  flow. 

The  study  has  been  neglecting  the  axial  flow.  We  could  observe  the  Navier-Stokes 
equations  now  with  the  axial  flow: 


dUr  ,  n  Stt8  ,  - 


DUr  ^  dtt,  U#*  .  dUr  -1  dp  .  d 

Dt  ^  r  ”  p  dr'^^dr 


Id.  . 


d*ttr 

dz> 


Duf 

"ST 


du#  .  UrU#  .  dw#  d  fl  d  ,  J  .  d*TI« 

+ “'IF  +  —  +  “-ar  =  "s:  +  S? 


,  du,  UrU«  du,  -1  dp  ,  1  d  r  d  .  ' 

■dT  +  “'sF  +  —  +  “’17  =  T5F  'F*:  [’’sH 

and  the  continuity  equation 


d*u, 

dz2 


divU  =  0  ~  (rpur)  +  ^  (pu,)  *  0 

The  assumptions  on  axisymetry  remw  valid  but  the  problem  has  gained  one 
dimension  in  its  geometry. 


/« 
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4.  Results  analysis. 


This  chapter  sums  up  the  results  obtained  ftom  the  two  methods  develloped  in 
the  two  previous  ch^ters.  The  shortage  of  time  has  a  considerable  inq>act  on  the 
range  of  parameters  we  were  able  to  study.  This  needs  to  be  taken  into  account 
when  reading  any  conclusions  concerning  the  results. 

4.1.  3D  bubble  in  Burgers  flow. 

For  each  run,  the  value  of  the  initial  radius  of  the  bubble  was  equal  to  10~’ m, 
the  value  of  the  initial  core  radius  was  5  *  10'^,  and  the  initial  pressure  inside  the 
bubble  was  5  •  10*  Pa,  while  our  reference  pressure,  was  10*  Pa. 

The  first  set  of  trials  that  we  conducted  aimed  at  detennining  the  infuence 
of  C,  the  Burgers  constant,  on  the  flow,  and  as  a  result  on  the  evolution  of  the 
bubble,  while  the  vorticity  diffusion  is  only  due  to  the  evolution  of  f  in  time. 

We  may  define  by  T  the  'Hop  point”  of  the  bubble,  moving  on  the  s>axis,  for 
z  positive  H  the  bubble  is  centerad  on  0.  B  is  the  ‘bottom  point”  of  the  bubble, 
moving  on  the  z^ams  as  well,  where  z  is  negative  if  the  bubble  is  centered.  Let  I 
be  the  ‘side  point”,  moving  on  the  r>axis  during  the  evolution  of  the  bubble,  (see 
figure(ll)). 

4.1.1.  Strong  basic  velocities. 

Let  us  consider  the  case  where  C  is  positive  (this  is  the  most  physical  case). 
According  to  the  formulation  of  the  vortex  core  radius,  the  variation  at  S  in  time 
should  lead  to  two  physical  cases:  dther  the  bubble  is  within  the  viscous  core 
(a(t)  <  f(0)i  or  the  bubble  radius  is  greater  than  the  vortex  cote  radius.  If  C  is 
strong  enough,  we  can  observe  the  variation  of  f  in  time.  But  in  this  case,  we  also 
notice  that  Ur  and  U,  cannot  be  n^ected.  Thus  if  (7  is  of  the  order  of  magnitude 
of  1,  a  bubble  in  the  vortex  is  submitted  to  these  velocities,  and  is  very  quickly 
stretched  to  become  an  elongated  cylinder  along  the  z-axis.  The  ratio  ^  can 
even  reach  10*  before  the  bubble  divides  into  two  elongated  bubbles,  whi<^  then 
move  along  the  z*direction. 

The  more  C  increases,  the  quicker  the  bubble  is  stretched  and  subdivides,  and 
S  has  no  time  to  change  (we  cannot  observe  any  vorticity  diffuskm),  and  so  has 
no  influence  on  the  deformations  of  the  bubble,  because  of  the  collapsing  speed, 
which  depends  more  on  Ur  and  U,  than  on  Ug. 
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So  the  refulting  vdodty  tad  preaiure  fidd  are  moatly  due  to  the  baaic  flow, 
which  ia  hardly  modified  by  the  ‘bubble  potential”.  It  means  we  cannot  define 
any  region  of  interaction  dominated  by  the  bubble  dynamics.  A  large  number  oi 
trials  showed  this  was  still  true  while  C  >  10~’. 

4.1.2.  Strong  interaction  of  the  bubble  with  a  low  velocity  field. 

This  case  deals  with  trials  performed  with  a  small  Burgers  constant.  The  previous 
subsection  leads  to  run  the  code  with  lower  Burgers  vdodties,  when  C  is  less  than 
10**. 

If  the  initid  pressure  inside  the  bubble  is  greater  than  the  pressure  in  the 
liquid  near  its  boundary,  the  bubble  has  time  to  grow,  and  we  tl^  can  define  a 
sone  where  it  has  a  ted  influence  on  the  basic  flow,  in  terms  of  pressure  and  of 
velocities. 

Bubble  on  the  axis.  When  the  bubble  is  centered  on  the  axis  and  in  the  initid 
conditions  shown  figure(12),  it  first  grows  up  to  twice  its  initid  vdume,  and  then 
collapses  (see  figures  13).  During  the  seccmd  growth,  we  can  observe  an  dongation, 
but  only  such  as  the  ratio  OT/OI  reaches  2. 

We  must  notice  the  presence  of  a  stagnation  point,  where  the  "bubble  vebdty” 
cancels  the  basic  velocity.  It  means  there  is  a  stagnation  ring  around  the  bubble. 
G,  the  stagnation  point  in  the  plane  0  s  0,  is  moving 

•  on  the  r-axis  when  the  bubble  grows  (figure  (14)), 

•  on  the  bubble  surface  when  the  distance  of  the  side  point  ficom  the  origin 
is  decreasing  while  the  distance  of  the  top  point  from  the  origin  increases 
(figure  (15)), 

•  and  on  the  s*axis  during  the  collapse  (figure  (16)). 

The  andysis  of  the  resulting  pressure  distribution  leads  to  consido'aticms  about 
the  location  of  the  highest  pressure  points:  during  the  first  period  of  the  bubble,  we 
notice,  around  the  bubble,  the  presence  of  a  high  pressure  ring,  whose  intersection 
with  the  plane  s  0  is  the  point  H  (see  figure  (17)).  The  distance  between  H 
and  the  surface  of  the  bubble  varies  in  the  same  way  as  the  distance  between 
the  bubble  surface  and  the  stagnation  point.  This  evdution  first  shows  a  short 
unsteady  period  right  after  the  begining  of  the  growth,  after  which  H  oscillates 
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atound  &  medium  poeition  in  an  almoet  steady  ptessuie  distributkm,  until  the 
pressure  in  the  bubble  reaches  its  peak.  It  occurs  at  time  4  on  the  drawing  ,  and 
the  highest  pressure  pc^t  in  the  liquid  is  then  at  the  bubble  sur&ce. 

Tbe  explanation  comes  from  the  oratinuity  at  the  bubble  surface,  where  the 
pressure  in  the  bubble,  and  the  surface  tenskm  balance  the  pressure  in  the  liquid. 
This  implies  that  the  pressure  in  the  liquid  near  the  bubble  must  follow  the  pres* 
sure  inside  the  bubble.  The  growth  of  the  bubble,  due  to  a  low  pressure  zone  near 
the  boundary  implies  that  the  highest  pressure  p<^t  is  near  tbe  bubble  at  the 
begining,  and  then  moves,  because  the  pressure  in  the  bubble  decreases.  At  the 
end  of  the  collapse,  the  pressure  increases  in  all  the  liquid,  because  of  the  peak  in 
the  bubble. 

Thus  point  H  characterizes  the  bound  between  the  "bubble”  ot  the  bask  flow 
predominance:  beyond  H,  the  resulting  flow  may  be  considered  as  following  a 
displaced  Burgers  distribution  still  depending  on  the  interaction;  within  H,  the 
bubble  flow  is  predominant. 

Bubble  moving  on  the  s-axiz.  Figure(18)  illustrates  the  evolution  the 
caracteristic  points  in  this  case.  With  the  same  initial  conditions  as  the  previous 
case,  except  for  the  location  of  the  bubble,  which  is  now  initiaUy  off-centered  on 
the  r-axis  at  Zo  >  0.  During  the  growth  ot  the  bubble,  the  r  coordinate  of  the 
stagnation  point  follows  the  center  of  the  bubble  (figure(19)),  moving  on  tbe  x- 
axis.  As  the  high  pressure  point  is  far  from  the  bubble,  it  does  not  present  any 
particular  evolution  due  to  the  non  symmetrical  evolution  of  the  bubble.  Figure 
(20,  21,  22)  describe  the  velocity  field  evolution  in  time.  (ts4,5,6,7). 

4.I.S.  Intermediate  interaction  and  stretching. 

The  case  of  C  =  10~^  is  an  intermediate  case  where  the  bubble  is  quickly  stretched 
along  the  z-direction  (figure  (23)),  while  the  side  point  oscillates  as  in  the  previous 
case.  Tbe  bubble  has  time  to  grow  and  to  collapse  during  its  ebngation.  As  the 
distance  of  the  top  and  the  bottom  points  from  tbe  origin  always  increase  in  time, 
the  stagnation  point  remains  on  the  r-axis,  moving  between  the  bubble  surface 
and  its  maximum  value  (figure  (24)  to  (27)). 

The  highest  pressure  point  remains  close  to  the  ekngated  bubble;  it  means 
that  the  Burgers  pressure  distribution,  as  the  velocity  field,  is  modified  only  near 
the  axis  at  the  bubble  surface,  where  it  is  influenced  by  the  bubble  dynamics. 
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4.2.  A  mor«  rcaSstic  vortex. 

As  the  2D*axisyininetric  oo<le  mas  with  eny  beak  flow,  it  beooioes  mote  interertiiig 
to  deal  with  a  physically  more  realistic  modd  of  the  vortex.  That  is  whet  we  did, 
amsidering  the  results  obtained  with  &  Navier  Stokes  sohrer  (FIDAP)  using  as 
boundary  conditions  a  Rankine  Vmtex  and  a  uniibnn  axial  vdkxdty  at  x  at  0,  and 
allowing  the  vortex  to  decay  with  distance  x  inermsing,  sent  to  Dynaf  low  by  the 
UABORATOIRE  D’HYDRODYNAMIQUE  DE  L’ECOLE  NAVALE”.  Figures 
(28)  to  (33)  describe  the  results  in  ahsenoe  of  a  bubble.  This  flow  is  used  as  a 
basic  flow.  We  modified  the  axisymmetric  code  so  it  could  read  in  the  Fidap 
output  file  each  time  the  axisymmetric  code  needed  the  basic  flow.  Since  Fidap 
uses  a  predefined  fixed  grid,  as  the  bubble  is  in  motion,  the  basic  flow  at  each 
node  was  calculated  by  linear  interpolation. 

In  this  case,  the  results  show  that  the  bubble  has  mote  complicated  defcmna> 
tions  than  in  a  flasiical  Rankine  <«  Burgers  case.  These  deformations  are  charac¬ 
teristic  of  a  bubble  nsoving  with  a  lower  speed  than  the  fluid.  The  oonaeqiuenoe  is 
a  reentrant  jet  moving  downstream  in  the  direction  of  the  s-axis  when  the  bubble 
ooUapses.  Figures  (34)  and  (35)  show  the  evolution  of  the  three  characteristic 
points  of  the  bubble,  and  its  deformation  in  time. 

4.3.  ID  viscous  solver. 

Our  interest  lies  in  the  interaction  between  the  bubUe  and  the  flow.  Tberefore 
we  will  analyse  data  related  to  the  bubble  motion: 

•bubble  radius  and  velodty, 

•bubble  collapse  period  and  amplitude, 
and  rdated  to  the  flow: 

-flow  fidd, 

•magnitude  ai  the  maximum  tangential  vdodty  and  of  the  velocity. 

•motion  d  the  core  radius. 

4.3.1.  Physical  parameters. 

The  physical  parameters  modified  for  each  run  of  the  code  are 


The  ratio  of  the  initial  ooce  radius  and  the  initial  bubble  radius  relates  infor¬ 
mation  on  the  influence  d  the  sine  of  the  viscous  con  on  the  bubble. 

The  circulation  ratio  gives  us  the  effect  of  the  swirl’s  strength  on  the  bubUe 
dynamics. 

The  ratio  between  initial  §u  pressure  in  the  bubble  and  the  initial  pressure 
on  the  axis  determines  its  reaction  to  the  ambient  medium. 


4.3.2.  Evidence  of  the  interaction. 


To  show  some  evidence  of  the  interaction  between  the  bubble  and  the  viscous 
vortex  we  considered  two  cases:  one  where  we  forced  the  flow  not  to  interact  and 
another  where  the  flow  was  interacting.  Figure  (36)  illustrates  the  diffTerences  in 
the  bubble  dynamics  anf  figure  (37)  shows  how  the  flow  is  modified  by  the  bubble. 

Analysis  of  the  interaetiv  bubble.  In  figures  (36)  and  (37)  the  initial 
pressure  inside  the  bubble  is  lower  than  the  outside  pressure,  therefore  the  bubble 
starts  by  collapsing.  As  the  bubble  wall  moves  inward  the  viscous  core  shrinks, 
simultanously  enhancing  the  tangential  velocity  to  a  maximnm  when  the  bubUe 
rebounds.  As  the  bubble  grows  again  the  core  expands  and  the  tangential  veloc¬ 
ity  decelerates  to  a  minimum  before  the  bubble  collapses  a  second  time.  When 
the  fluid  particles  are  pulled  towards  in  towards  the  vortex  axis  th^  accelerate 
tangentially.  This  is  similar  to  the  phenomenco  of  vortex  stretching .  As  the  core 
is  compressed  the  stream  d  vortex  lines  is  also  compiesed  so  the  vortidties  are 
stretched  and  the  swirl  around  the  bubble  becomes  stronger. 

The  fact  that  the  core  moves  is  a  relation  between  the  diffusion  through  vis¬ 
cosity  and  the  bubble  motion.  It  has  been  observed  that  in  physics  transfers 
of  matter,  energy  and  momentum  always  tend  to  bring  the  material  towards  an 
equilibrium.  In  our  case  the  bubble  is  growing  inside  the  fluid;  the  velodty  bdng 
non-uniform  along  the  r-axis,  tangentid  cmnponents  of  the  local  stress  appear  in 
the  fluid.  The  layers  of  fluid  around  the  bubble  have  different  tangential  vdodties 


This  derivative  is  related  to  the  shear  through  the  expression: 


where  ffi  is  the  stress  tensor. 
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The  growth  of  the  bubble  edds  &  radial  velocity  to  the  layers  ct  fluid,  so  they 
move  back,  which  eq>laiiu  why  the  core  is  aq>andiog.  But  as  the  distacce  between 
one  fluid  particle  and  the  axis  of  the  swiri  increases  its  tangential  velodty  dn^. 
This  is  dtie  to  conservation  of  the  total  momentum  in  the  fluid. 

On  a  larger  time  scale  visoonty  also  has  an  effect  on  the  fidd.  This  effect  is 
illustrated  by  a  omutant  decrease  <d  the  peaks  of  u«mm  time  and  can  be  related 
to  the  diffusion  effect  quoted  in  eh^ter  1. 

Thus  a  viscous  interaction  is  taking  place  between  the  bubble  and  the  flow. 
Now  we  need  to  determine  a  criteria  on  the  different  physical  parameters  that 
tells  us  in  which  conditions  the  viscous  interaction  is  most  likely  to  be  relevant. 

4.S.S.  Parameter  analysis 

This  set  of  results  allows  us  to  find  out  which  parameters  we  should  vary  to  bring 
out  the  key  dements  on  the  viscous  interaction  between  the  bubble  and  the  flow. 

a.  Circulation 

By  changing  the  circulation  oi  the  vortex,  we  simultanoudy  change  the  initial 
tangential  velocity  in  the  fluid  and  the  pressure  on  the  axis.  In  this  case  when 
analysing  the  results  we  would  need  to  find  out  which  of  the  parameters  F  or 
are  acting  most  in  the  bdiaviour  of  the  interacting  bobble. 

Figure  (38)  illustrates  the  drop  of  the  initial  pressure  on  the  axis  due  to  an 
increasing  circulation.  The  bubble  experiences  growth  in  one  case  (F  «  0.6)  and 
coll^Mes  in  the  other  (F  s  0.1). 

Figure  (39)  shows  the  interaction  of  the  bubbles  with  the  vortex  is  shown  as 
we  plotted  the  size  of  the  viscous  core  and  the  bubble  radius  on  the  same  graphic. 
We  can  observe  (see  figur  (39))  thd  the  viscous  cote  practically  vanishes  at  bubble 
collapse. 

Figure  (40)  shows  that  the  absdute  pressure  at  collapse  (curve  1)  reaches  7 
atnoospberes. 

The  tangential  velodty  is  modified  at  each  collapse  as  we  explained  in  4.3.2. 
When  the  bubble  grows  firom  its  initial  value  the  effect  on  the  magnitude  of  u#  is 
less  apparent  (see  figure(41)). 

b.  Changing  ^  by  modifying  Ac. 

The  modification  of  the  cme  radius  influences  the  initial  pressure  on  the  axis. 
The  two  cases  in  Figure(42)  and  Figure(43)  show  a  bubble  collapsing  and  a  bubble 
growing  from  thdr  initial  positions  and  the  motion  of  the  viscous  core  with  the 
bubble.  A  growing  bubble  generates  a  pressure  drc^  around  it  (see  figure(44)). 
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This  pKsture  drop  seems  to  increue  the  sise  the  cott  end  deaeases  the  mag¬ 
nitude  of  the  tangential  velocity.  A  collapeing  bubble  sees  a  pressure  increase 
around  it,  which  ocnnpteBses  the  viscous  core  and  increases  the  bubUe  velocity. 

It  is  still  too  early  to  make  conclusions  on  the  interaction  laws  oi  a  bubble  and 
a  viscous  vortex.  These  first  results  have  shown  that  the  physical  parameters  we 
can  modify  to  find  an  interaction  criteria  are: 


(by  changing  a.  only). 

The  caracteristics  that  seem  most  relevant  to  our  study  are:  the  bubble  radius 
vs.  time  and  the  ratio  of  the  core  size  over  the  bubble  ra^us  vs.  time. 

These  two  caracteristics  give  os  information  mi  bubble  behaviour  and  simul- 
tanously  of  the  efiiect  it  has  mi  the  viscous  fiow. 

c.  Varsring  parameten  /h. 

The  case  of  a  very  strong  collapse  for  m  |10~’  on  figure(45)  has  a  relevant 

influence  on  the  size  of  the  viscous  core  (figure(46)).  At  the  rebound  (ts2.1)  the 
cMe  size  increases  as  much  as  8.5  times  the  initial  buble  radios  and  stops  growing 
as  the  bubble  motion  decderates.  Fm  less  sudden  collapses  s  0.4^  the  cere 
interacts  with  the  bubble  in  the  same  way  as  in  jneviously  ^wn  couiapses.  In 
the  case  of  an  initial  gas  pressure  inside  the  bubble  close  to  that  on  the  axis  ,  the 
small  variations  of  bubble  radius  in  time  (figure(47))have  hardly  any  influence  on 
the  core.  Let  p^  be  three  times  that  of  the  pressure  on  the  axis.  The  bubble 
then  grows  and  collapses  at  a  givMi  period  (figure(48)),  the  core  behaves  like  the 
bubble:  it  grows  and  decreases  with  time. 

A  first  conclusion  would  be  that  the  influence  of  the  bubble  on  the  viscous 
core  is  diminished  as  nears  1. 

d.  Varying  parameter:^  where  a«  u  b^g  modified. 

Looking  at  the  ratio  of  the  core  radius  and  the  bubble  radius  can  teach  us  how 
the  interaction  between  the  bubble  and  the  core  is  modified  when  one  size  is  small 
compared  to  the  other. 

In  this  study,  we  do  not  investigate  initial  bubble  sizes  larger  than  core  sizes. 

Figures  (49)  and  (50)  show  the  ev(dution  of  the  interaction  when  the  ratio  ^ 
is  halfed.  The  period  of  rebounds  the  bubble  is  decreasing;  It  seems  that  the 
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closer  the  high  Ugentisl  vdodties  are  to  the  bubble(u4y„  oorresponds  to  the  core 
boundary)  t^  coU^ise  nd  the  rebmind  td  the  babble  occur. 

The  amplitude  <k  the  core  axe  variations  increases  with  the  ratio  In  figures 
(51)  and  (52),  as  the  ratio  ^  decreases  the  period  of  rebounds  still  decreases,  but 
by  measuring  the  amplitude  of  the  bubble  motion,  we  observe  that  between  a»  « 
1mm  and  a,  «  7mm,  the  trend  in  the  amplitude  variations  has  changed.  Figure 
(53)  shows  this  non  linear  phenomena. We  see  that  the  bubble  radius  minima  vs. 
time  is  increasing  and  then  decreasing. 

The  <mly  conclusion  we  can  make  at  this  point  of  the  experiments  is  that  the 
interaction  between  the  bubble  and  the  viscous  vMtex  flow  around  it  seems  to  be 
non*linear. 


5.  Synthesis 

In  the  two  previous  chapters  we  studied  the  interaction  between  a  bubble  and  a 
viscous  vortex  flow  from  two  points  of  view:  one  makes  the  assumption  that  a 
basic  flow  around  the  babble  is  modified  linearly  by  a  flow  created  by  the  bubble 
through  the  equation: 


and  the  second  uses  a  viscous  solver. 

5.1.  Matching  the  solutions. 

In  order  to  match  these  two  solutions:  a  viscous  solver  should  be  coupled  to  the 
code  2DynaFs.We  would  need  to  extend  the  viscous  solver  to  the  case  where  the 
axial  flow  is  taken  fully  into  account.  Then  the  bubble  studied  would  both  be 
axisymmetric  and  finite. 

2D3maFs  showed  that  the  babble  on  the  vortex  axis  elongated  before  splitting 
up.  The  infinitely  elongated  bubble  viscous  solver  enables  us  to  illustrate  the  vis¬ 
cous  interaction  with  the  vortex  in  a  region  far  firmn  the  ends  of  that  same  bubble. 
The  stretching  of  vortidty  and  the  motion  of  the  core  radius  related  to  the  bubble 
d]mamics  only  occurs  in  particular  domains  of  the  physical  parameters.  Outside 
these  areas  we  can  always  implement  2DynaFs  without  the  viscous  solver.  In  the 
regions  where  viscous  interactmn  is  strong,  we  would  need  a  2D  (Axisymmetric) 
viscous  solver.  So  the  cases  where  the  bubble  generates  a  potential  flow  in  absence 
of  shear  flow  could  then  be  complemented  by  adding  the  effects  of  viscosity. 
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CONCLUSION 


Significant  resulU  have  been  obtained  in  thie  parallel  study  of  bobble  and  flow 
interaction.  On  one  side  the  influence  of  C  (Burger’s  vertex),  and  mostly  u, 
on  the  bubble  motion,  interesting  results  concerning  FIDAP’s  vortex  flow  and  its 
interaction  with  the  bubble  were  obtained.  On  the  other  side  the  effects  of  viscous 
interaction  on  bubble  behaviour  and  vortex  flow  behaviour  were  highlighted  for 
the  first  time. 

The  general  problem  of  bubble  and  flow  interaction,  especially  the  viscous 
interaction  point  of  view  which  still  needs  to  be  develloped  in  2D  or  even  3D, 
remains  a  domain  not  yet  fully  understood.  Step  by  step  and  from  various  direc¬ 
tions  we  get  closer  to  the  resolution  of  the  problem.  In  our  case  we  decided  to  take 
one  approach  from  the  point  of  view  of  the  flow  by  studying  bubble  motion  with 
new  vortex  models  containing  axial  flows  and  which  were  more  realistic  physically. 
The  other  ^proach  tried  to  take  bearings  from  the  point  of  view  of  the  bubble 
and  of  the  flow  simultanously  in  a  rio^le  ID  model  of  fully  viscous  interactions. 

Further  studies,  experimental  as  well  as  numerical,  should  enable  the  under¬ 
standing  of  bubble  and  flow  interaction  in  a  near  future. 
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Abstract 

This  study  computes  the  deformations  of  the  free  surface  of  a  liquid 
when  a  sphere  is  oscillating  below  the  surface.  The  code  2DyuaFS  was 
adapted  to  this  problem  and,  after  determining  some  fundamental  param* 
eters,  we  proved  that  the  surface  tension  effect  can  often  be  neglected.  We 
primarily  studied  the  importance  of  gravity  and  showed  its  effect  on  the 
amplitude  of  the  resulting  waves.  The  sphere  frequency  also  seems  to  de¬ 
termine  the  amplitude.  A  brief  experimental  study  was  conducted  which 
verified  the  conditions  we  had  choosen  and  confirmed  some  of  the  numerical 
computations.  A  video  recording  of  the  observations  is  available. 


Contents 


1  Introduction .  3 

1.1  Nomenclature .  3 

2  Hydrodj-namic  problem .  4 

2.1  Ek^uations .  4 

2.2  Boundary  and  initial  conditions .  5 

3  Mathematical  resolution .  6 

3.1  Laplace  equation .  6 

3.2  Non-dimensionalization .  9 

3.3  Bernoulli  equation  .  10 

3.4  Implementation .  11 

3.5  Gridding .  12 

3.6  Computational  power .  12 

3.7  Data  analysis .  13 

4  Results  and  Interpretations .  14 

4.1  Reference  run .  14 

4.1.1  Panel- Width .  14 

4.1.2  Free  Surface  Width .  14 

4.1.3  Initial  depth  of  the  sphere .  15 

4.1.4  Sphere  frequency .  16 

4.1.5  Amplitude .  16 

4.2  Importance  of  the  surface  tension .  17 

4.3  Importance  of  the  gravity .  18 

4.4  Experiments .  19 

5  Conclusions .  20 

6  Appendix  A .  21 

7  Appendix  B .  21 


1.  Introduction 


Waves  are  often  studied  in  hydrodynamic  circles  because  they  carry  energy.  This 
energy  can  be  due  to  the  wind:  the  study  of  swell  and  waves  breaking  on  shore 
helps  to  determine  a  way  to  avoid  shore  erosion.  The  study  in  this  report  is  mo¬ 
tivated  by  wave-resistance:  when  a  submerged  body  moves  below  a  Free  Surface, 
it  generates  waves  which  extract  energy  from  the  body  motion.  We  will  here  only 
study  the  deformations  of  the  free  surface  when  a  sphere  is  osdllating  below  this 
free  surface. 

We  conducted  experiments  in  the  laboratory  DYNAFLOW  in  order  to  validate 
some  of  the  computed  resvilts.  Observations  arc  available  on  a  NTSC  video  tape. 


1.1.  Nomenclature 
FS:  Free  Surface 
velocity  potential 
mathematical  function 
V:  gradient  operator 
z:  Horizontal  position 
y:  Vertical  position 
R:  radius  of  the  sphere 
Amp'  amplitude  of  the 
sphere  motion 
u:  frequency  of  the 
sphere  motion  (^) 

T:  period  (  = 

V^:  Laplacian  operator 
Fr:  Froude  number 
partial  derivative 
Amplitude',  computed 
amplitude  of  node  A 
s:  curvilinear  abscissa 
All  figures  are  located  in 


ht:  time  step 
f:  absolute  time 
p:  density  of  the  fluid 
Pi:  pressure  in  the  fluid 
P*;  atmospheric  pressure 
Vn'  normid  speed 
Vt'.  tangential  speed 
g:  gravity  acceleration 
(O,  ~x^  y^):  reference  frame 
<r:  surface  tension 
Curv’  curvature  of  the  FS 
Spi  delta-function 
=0  except  at  p:  =1 
Web:  Weber  number 
total  derivative 
Average  pos:  time  averaged 
ordinate  the  node  A 
Nftp:  number  of  half  periods 
Appendix  A. 


deptho-  initial  depth  of  sphere 
1^:  vertical  deformation  of  FS 
■f?:  normal  vector 
V^:  velocity  of  the  sphere 
fl:  domain  of  the  study 
5  :  boundary  of  fl 
c(p)  :  solid  angle  at  p 
p:  point  where  the  influence 
of  every  panel  is  computed 
q:  moving  point  on  a  panel 
FT:  final  tinoe 
7(p):  discrete  function  of  p 
fluid  layer  on  the  sphere 
tFSf:  non-dimensionalized  var 
niP5:  number  of  pands  on  FS 
Frequency:  frequency  of 
the  FS  waves 
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2.  Hydrodynamic  problem 

2.1.  Equations 

The  conservation  of  the  mass  in  the  liquid  of  density  p  leads  to  the  continuity 
equation  for  a  flow  with  velocity  V : 

^  +  div{pV)  =  0 

We  assume  that  the  fluid  is  invisdd,  incompressible  and  irrotaticmal.  Then  it 
satisfies  the  following  equations: 


div(V)  =  0  , 

V^)  =  *0^ , 

Thanks  to  these  conditions,  the  flow  is  a  potential  flow: 

V  =  grak{9)  , 

where  $  is  the  velocity  potential.  We  can  then  write  the  Laplace  equation  : 

=  0  inside  the  fluid  domain  H.  (2.1) 

The  motion  of  the  sphere  is  forced  and  the  location  of  its  surface  isprescribed 
by  the  relation  : 

x{9)  =  R  ’  cos(tf)  9  e  [-f ;  +f  ]  /2.2) 

y(z, t)  —  R'  sin(arcc<w( |))  +  •  8in(ci;.t) 

The  velocity  potential  $  also  has  to  satisfy  the  Bernoulli  equation  : 

1  1 

-  2  •  ^  ‘  y  =  Constant  (2.3) 
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2.2.  Boundary  and  initial  conditions 

The  pressure  balance  on  the  free  surface  can  be  written: 

P,-P^  =  -aC^  (2.4) 

On  the  Free  Surface,  the  normal  potential  variation  detennines  the  motion  of 
the  FS  : 


_  drj 
dn  dt 

On  the  sphere,  the  potential  gradient  normal  to  the  sphere  surface  is  set  equal 
to  the  normal  velocity  of  the  sphere  surface  : 


n*  where  ly  =s  y  -  Deptho 


(2.5) 


(2.6) 

The  initial  conditions  are  the  following: 

FREE  SURFACE : 


SPHERE : 


9^0 


y  =  y/1  -  Amp 

S  =  o  (a*o) 


of 


This  last  condition  determines  the  functional  form  for  the  speed  of  the  sphere: 
sine  instead  of  cosine,  in  order  to  avoid  any  discontinuity  in  the  sphere  speed. 

The  radiation  condition  consists  in  forcing  both  the  abscissa  and  ordinate  of 
the  node  Inf  (Fig.3.5.B)  not  to  change.  We  also  impose  a  minimum  layer  of  liquid 
on  the  sphere  in  order  to  allow  the  abscissa  of  the  node  A  not  to  change.  The 
value  of  this  layer  is  choosen  equal  to  5%  of  the  sphere  radius. 
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3.  Mathematical  resolution 

3.1.  Laplace  equation 
We  use  the  Green’s  identity: 

to  modify  the  L&place  equation  by  introducing  a  regular  function  ^  that  is 
in  our  domain  il  (except  at  a  finite  number  of  points): 

0  =  ///nV’*-«.d«  =  -///oV$V'Pdft  +  //5g.»d5 

We  can  apply  the  Green’s  identity  on  the  first  term  on  the  right  hand  side: 

///„  .  dn  =  -///o*  •  •  dfl  +  •  g  •  d5 

And  then  obtain  : 

5  5  0 

A  convenient  function  is  : 

'*(P.  9)  =  i  Ip  -  *  ^(xp  -  *,)*  +  -  y,)» 

Where  p  is  the  point  where  the  influence  of  every  panel  is  computed,  q  is  a 
moving  point  on  the  panels. 

The  Laplacian  of  ♦  is  then  quite  simple  :  V*®(p,g)  =  — 7(p)  •  Sp 

6p  is  the  delta  function:  =  1  at  point  p,  =  0  anywhere  else. 

7(p)  depends  on  p  :=  4x  i/  p  €  fl 

=  2x  t/  p  €  5  {regular  point) 

=  c(p)  =  solid  angle  if  p  £  S  {angular  point) 

And  the  expression  of  the  third  term  in  equation  (3.1)  is  : 

•  V’*  •  (in  = -70>)  •  *0.) 

n 

TTte  final  equation  is  : 

jj^.*dS-  fj  (3.2) 

5  5 
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At  this  step,  all  the  equations  are  true  for  both  the  axisymmetric  and  the  3D 
problems.  We  now  consider  the  axisymmetric  problem.  We  can  observe  that  we 
have  reduced  the  dimension  from  3  to  2.  The  next  step  consists  in  discretizing  the 
boundaries  of  the  free  surface  and  the  sphere  into  panels  whose  size  is  disctissed 
in  4.1.1. 

The  power  of  the  Boundary  Element  method  consists  in  its  ability  to  solve 
these  integrals  once  we  know  either  $  or  ^  on  the  boundaries  (there  can  be  a 
mixing  of  the  two  of  them).  For  more  complete  explanations,  the  reader  noaiy  refer 
to  A.A.  BECKER  ’The  ^undary  Element  Method  in  Engineering:  a  complete 
course’. 

We  grid  the  boundaries  and  then  fill  the  matrix  of  influence  of  every  panel  on 
each  node.  The  matrix  equation  system  obtained  is  : 

[X]-  ^  +(k]  [*1  +  1Z!  =  o 

As  we  know  ^  for  some  boundaries  and  ^  for  the  others,  we  can  arrange  this 
system  to  represent  it  in  this  way  : 
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The  matrix  A  is  fully  populated  with  non-zero  coefficients.  This  would  have 
made  too  long  and  imprecise  any  iterative  solution  method.  The  Gaussian  elimi¬ 
nation  has  been  chosen  because  of  its  robustness  and  absence  of  iteration. 

We  then  obtain  : 


d^xjdnx 

fli  •  #1  -b  Cl 

d^ifdrii 

♦.+1 

=  [Ar^  • 

Bi  •  -1-  Ci 

Bi+x  *  5^1+1 /^i+l  +  Ci^x 

_  Bn  '  d^nfdUn  +  C* 

At  this  step,  both  $  and  ^  are  determined  at  each  node  and  interpolated  on 
each  panel.  We  can  now  implement  these  results  in  the  equations. 
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3.2.  Non-dimensionalization 


The  original  code,  2DynaFS,  had  all  its  subroutines  made  to  solve  non  dimensional 
equations  (and  therefore  needed  non-dimensional  variables).  As  we  will  show 
below,  two  characteristic  numbers  appear  in  the  non-dimensionalization  of  the 
Bernoulli  equation. 

The  characteristical  scales  are  : 

R  =  riuiius  of  the  sphere  (L) 

T  —  ^  period  of  sphere  motion  (T) 
p  =  density  of  the  fluid  (M.L~^) 

The  other  parameters  are  non  dimensionalized  according  to  their  units  : 
«(L’T-')  V(L-») 

(3.2)  becomes  : 

//s  S  •  ♦  ■ -'•s  - //s  ♦  ■  a  ■  <f5  -  70.)  •  *0.)  =  0 

-  i(p)  ■  ¥’(p) = » 

=  0  (3.3) 

s  s 

(2.2)  is  immediately  expressed  : 


1{9)  —  —  cos(^)  9  €  [“X’i  +X'] 
p(x, t)  =  VI +  (^)  •  5m(w •  0 

(2.5)  becomes  : 

«  B 

7  Ht  ~  tT 

|5  =  ^  ff  r=Rs^+Tf  on  the  free  surface) 

(2.6)  becomes  : 


(3.4) 


(3.5) 


{if  .  fi)  V?  •  if  =  (f  •  fi) 

n  =  V  tph’  ft  on  the  sphere  surface 


(3.6) 


9 


3.3.  Bernoulli  equation 

Far  from  the  axis  of  the  sphere  motion,  4  is  constant,  the  velocity  is  0,  Z  =  deptho, 
the  pressure  is  P..  (2.3)  can  be  written  : 


^-^-iK  +  V?)  +  ,Z  =  0-^-0  +  s-dcptl^ 

^  +  i  •  (V?  +  V?)  -  J  •  (y  - 

If  we  insert  (2.4)  : 


We  finally  obtain  : 


Pi  ^  Pa  — 

1)  =  Y  —  deptho 


dt 


2  p 


Units  of  additional  parameters  :  <r  {M.T~^)  Cum  (i”^) 


'  (^n+^l)  -  g  •  R-lf  -  ^  •  pCurv 

f=i(VL+Vj)-IV.,-^ 


urv 


■(■?) 


Pr=lg^\  Web 

Here  .Pr  is  the  ^roude  number  and  Web  is  the  Weber  number. 


■  (;s) 


(3.7) 
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3.4.  Implementation 

With  on  each  panel, a  subroutine  computes  the  velocities  of  the  nodes: 

RRi  =  (^-  'n  'y  -  RT  ■  TT.-?)  =  ^  +  (^<+i  - 

>S  V^r.+,  =  -  i2i2,) .  ds 

^  •  S'  j.  V'z.vn  =  i?Z.  +  (/2Z.+I  -  iZZ.)  •  ds 

The  indices  t  refers  to  the  spatial  gridding.  All  these  results  will  now  only  have 
the  extension  nets. 

The  code  determines  the  time  step:  ht  =  .  Here  is  an 

input  parameter,  equal  to  10~^  for  all  the  runs  ;  Kn  is  the  highest  velocity  com¬ 
puted  at  the  nodes.  This  is  made  to  keep  the  velocities  in  a  limited  range  to  avoid 
both  unnecessary  long  runs  and  error  in  the  time  stepping.  The  displacements  of 
the  nodes  are  as  followed: 


^new  —  ^prev  "4*  »  '  (l^^new  "4*  ^^prev)  '  ht 

Vnew  ~  jpreii  "f"  j  '  {V -Tneto  "I"  1'^'2’prev)  *  ht 

and  we  can  determine  the  positions  of  the  panels.  A  subroutine  gets  the  curvature 
of  the  free  surface. 

The  code  can  then  compute  ^  thanks  to  the  non-dimensional  Bernoulli  equa¬ 
tion  : 

With  the  previous  values  of  $,  we  can  then  obtain  the  new  value  of  the  po¬ 
tential 


*  -'S  j,—  \  hi 

Vnew  —  Vprev  j'«t 

^  y  (71  new  (71  prev  f 

The  code  averages  the  variations  of  the  velocities  and  the  potential  normal 
derivatives.  This  is  made  to  minimize  error  accumulation. 

The  code  realizes  a  regridding  if  necessary,  implements  the  absolute  time  with 
the  time  step  and  then  use  the  new  values  of  $  and  ^  to  redo  the  same  work. 
The  code  ends  when  the  time  exceeds  am  imposed  limit  :  FT. 


3.5.  Gridding 

The  Boundary  Element  Method  consists  in  computing  integrals  of  the  influence 
of  panels  on  each  node.  The  gridding  is  important  to  obtain  valid  results. 

In  this  code,  the  distribution  of  the  nodes  on  the  sphere  is  uniform  (fig.  3.5.B). 
The  length  of  the  panels  is  constant  and  equal  to  0.1416  *  R.  This  length  was 
choosen  because  of  the  curvature  of  a  sphere:  10  panels  on  half  a  perimeter  make 
the  gridding  of  the  sphere  precise  enough. 

The  free  surface  is  regularly  gridded  from  the  node  we  assume  to  be  at  infinity 
to  the  ajcis  (fig.  3.5.A)  but  the  distance  between  the  nodes  may  change  in  time. 
The  code  calculates,  at  f:»ch  time  step,  the  position  of  each  node.  It  then  inter¬ 
polates  the  positions  of  liie  points  between  the  nodes.  The  code  can  then  regrid 
the  free  surface  in  order  to  concentrate  the  panels  in  the  fast  moving  zones.  This 
option  is  important  when  the  amplitude  of  the  free  surface  becomes  large. 

The  node  we  assume  to  have  the  highest  displacement  is  the  node  above  the 
top  of  the  sphere.  This  node,  number  nseg  -f  1  is  called  node  A. 

3.6.  Computational  power 

The  codes  were  ran  on  three  computers: 

Computer.  Capacity. 

MIPS  RISComputer  RS  2030  12  million  instructions  per  second 

MIPS  RISComputer  RC  3240  20  million  instructions  per  second 

Silicon  Graphics  IRIS  Indigo  85  million  instructions  per  second 
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3.7.  Data  analysis 

The  code  generates  two  data  hies:  POLES  which  contuns  the  ordinate  of  nodes 
A,  B  and  C  (Fig.  3.5.B)  every  10  time  steps;  and  2DCONTC  which  contains  the 
coordinates  of  every  nodes  -  sphere  and  free  surface  -  every  100  time  steps. 

We  only  focus  on  the  node  A  because  we  estimate  that  the  history  of  its 
ordinate  has  the  largest  variations.  The  second  reason  consists  in  that  the  abscissa 
of  only  two  points  cannot  vary:  node  A  and  node  Inf.  As  the  node  Inf  is  supposed 
not  to  move,  we  follow  the  node  A. 

We  wrote  a  small  fortran  code,  spectral.f  (Appendix  B),  to  analyze  the  POLES 
data.  A  subroutine  calculates  the  Fourier  transformation  of  the  ordinate  of  node 
A.  As  the  time  step  may  vary,  this  transformation  read  the  current  time  step 
in  POLES.  The  evolution  of  node  B  (the  top  of  the  sphere  Fig.  3.5.B)  is  also 
analyzed  as  a  reference.  A  subroutine  determines  the  maxima  of  the  transform 
and  arranges  them  in  decreasing  order. 

The  frequency  that  has  the  largest  weight  will  be  refered  as  the  first  frequency^ 
the  frequency  that  has  the  second  largest  weight  will  be  refered  as  the  second 
frequency. 

Another  subroutine  computes  the  time  average  of  the  ordinate  of  node  A,  the 
result  is  Average  pos.  The  code  then  determines  the  amplitude  of  all  the  half 
periods  of  A  and  then  divides  their  sum  by  the  number  of  amplitudes  computed; 
the  result  is  Amplitude. 

Average  =  77  W  ’ 

AmplUade  = 

These  computations  are  explained  on  the  figure  3.7.A  in  Appendix  A. 

The  second  file  2DCONTC  is  used  to  obtain  graphic  representation  of  the 
evolution  of  the  free  surface.  We  wrote  a  fortran  code,  smart.!  (Appendix  B), 
to  represent  the  evolution  of  the  free  surface  in  time,  using  a  convenient  format: 
abscissa  =  abscissa  —  ^  •  Time 
ordinate  =  ordinate  —  ^  •  Time 

These  Bgures  are  shown  in  3.7.B  in  the  Appendix  A. 
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4.  Results  and  Interpretations 

4.1.  Reference  run 

4.1.1.  Panel- Width 

The  first  part  of  the  runs  consisted  in  determining  the  range  of  validity  of  the 
code.  We  first  focused  on  the  size  of  the  panels  on  the  Free  Surface.  This  was 
made  in  order  to  have  the  widest  panels  but  without  any  larger  than  |  of  the  wave 
length  of  the  generated  waves  when  the  aunplitude  was  above  |  of  the  wave  length 
of  these  waves.  The  average  size  that  we  determined  is  ^  of  the  Sphere  radius  :R. 
On  the  sphere,  the  size  of  the  panels  is  :  ~  0.3142  *  R 

Figures  3.5.B 

4.1.2.  Free  Surface  Width 

We  then  determined  the  width  of  the  Free  Surface  (fig.  3.5. A).  We  wanted  to  have 
the  smallest  free  surface  without  any  change  in  the  results  (the  indicator  was  the 
behavior  of  node  A).  It  appeared  that  this  FS*width  is  in  some  way  related  to  the 
frequency  of  the  sphere  movement  :  FS-Widthnun  =  20  for  >  4  When 
u;  =  2  ^  and  FS-Width=  40  R,  the  history  of  the  node  we  are  following  does 
not  match  the  history  of  the  same  node  when  FS-Width=  20/i  for  more  than  5 
periods.  These  both  conditions  are  valid  for  our  runs. 

The  number  of  panels  is  related  to  the  FS- Width:  as  the  panel  size  is  ^R,  the 
number  of  panels  on  the  free  surface  is  nps  =  2’FS  —  Width.  As  the  computation 
time  is  related  to  n^,  where  n  is  the  number  of  panels,  we  definitely  needed  to 
have  the  smallest  value  for  n.  We  decided  to  keep  the  sphere  pulsation  u  >  7.5  in 
order  to  be  allowed  to  have  n  =  10  +  20 ' 2  =  50  panels. 
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4.1.3.  Initial  depth  of  the  sphere 

In  the  series  I.l  (1  to  6),  the  initial  depth  is  the  only  parameter  that  changes.  The 
goal  was  to  obtain  the  largest  deformation  but  still  stay  in  a  parameter  range  in 
which  the  calculations  are  stable.  The  code  is  not  made  to  deal  with  the  sphere 
contacting  the  air.  With  an  initial  depth  below  1.5/2,  the  code  failed  to  compute 
20  periods  because  a  liquid  separation  appeared  (drop). 

The  average  position  of  the  node  A  (Fig.  4. 1.3. A)  is  equal  to  the  initial  depth 
as  long  as  the  initial  depth  is  larger  than  2.5  R.  At  smaller  initial  depths,  the 
average  position  stays  above  the  initial  depth  as  if  there  were  a  natural  layer  of 
water  on  the  sphere.  We  can  easily  check  that  this  layer  is  not  the  imposed  layer 
because  its  value  is  between  |/2  and  \R  as  the  imposed  layer  was  ^R. 

The  amplitude  increases  as  the  initial  depth  decreases,  keeping  the  vauriation 
of  the  sum  of  Average  position  and  Amplitude  small  compared  to  the  magnitude 
of  this  sum. 

We  can  now  notice  that  when  the  initial  depth  is  2.25  R,  neither  the  amplitude 
nor  the  average  position  seem  to  follow  the  general  trend.  We  might  be  in  a 
particular  case  where  the  conditions  imposed  excite  a  resonant  frequency  of  the 
system. 

A  run  was  made  with  an  initial  depth  =:  10* /2.  This  was  to  check  the  validity  of 
the  code  without  the  FS  /  SPhere  interactions.  We  can  observe  that  the  amplitude 
is  almost  null  and  the  spectral  distribution  is  then  quite  flat. 

In  all  these  runs,  the  m«n  frequency  is  always  l*sphere  frequency  (Fig.  4.1.3.B). 
Its  weight  in  the  spectrum  is  always  the  highest  one  (Fig.  4.1.3.C)  and  above  40%. 
This  means  that  with  these  conditions,  the  response  of  the  FS  is  periodic  with 
the  same  period  as  the  excitation. 

The  second  frequency,  1.15*sphere-freq  in  most  of  the  cases,  can  be  inter¬ 
preted  as  a  modulation  of  the  main  signad  by  one  of  its  harmonic  responses  whose 
frequency  is  \  of  the  main  frequency: 

y  =  (i4mp  -f  B  •  cos(^^)^  •  cos((i;.t) 
y  —  Amp  •  cos(a;  B  •  cos(^)  •  cos(u/  •  i) 
y  =  Amp  •  cos(w  •{)  +  B  •  (cos(^  -h  u;  *  f )  -I-  co8(^  —  a;  *  t)) 
y  =  Amp  •  cos(u)  -1)  +  B.  cos(*  •  w  •  t)  -f  B  •  co8(|  •  a;  •  t) 

I  -  1.15  (I  ~  .85) 
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4.1.4.  Sphere  frequency 

The  series  1.2  (8  to  13)  have  u)  as  varying  parameter.  The  ^roude  and  Weber 
numbers  are  both  varying  with  u  : 

Web  =  i  • 

As  u)  increases,  decreases  and  Web  increases.  We  can  see  that  in  the 
Bernoulli  equation  (3.7)  -  ^  =  {v\  +  T|) 

gravity  (^r)  and  surface  tension  (Web)  yield  their  importance  to  the  inertial 
effects. 

As  tj  increases,  the  average  position  increases  and  the  amplitude  decreases. 
On  ftgures  4.1.4  we  can  see  that  the  sum  of  Average  Poe  md  Amplitude  varies 
smoothly  with  ut. 

We  must  be  aware  that  in  the  meantime,  the  char2M:teristics  of  the  excitation 
have  chmged.  We  will  only  be  able  to  further  this  study  when  the  importance  of 
the  .Froude  and  Weber  numbers  will  be  better  known. 

4.1.5.  Amplitude 

The  amplitude  of  the  sphere  displacement  were  kept  equal  to  R  .  This  was  kept 
constant  in  order  to  only  focus  on  the  effect  of  the  ^roude  and  Weber  num* 
bers.  We  are  here  mainly  interested  in  large  amplitudes.  The  reader  may  refer  to 
A.Ergin  Journal  of  Ship  Research  Vol.36  1992  for  experiments  with  small  ampli¬ 
tudes. 


4w^ 
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4.2.  Importance  of  the  surface  tension 

The  effect  of  the  surface  tension  is  expressed  in  the  Bernoulli  equation  through 
the  inverse  of  the  Weber  number.  In  our  runs  we  decreasesd  the  Weber  number 
from  1394  to  I  while  maintaining  the  values  of  the  other  parameters  (gravity  and 
inertia). 

The  figures  4.2  A,  B  and  C  show  us  that  the  surface  tension  has  no  real  effect 
on  the  FS  deformation  either  for  the  amplitude  or  for  the  frequencies  or  their 
distibution. 


^Average  Pos^,  =  0.7% 

AAmplitude^,  =  0.8% 

AFrequency  1  =  0  AFrequency  2  =  0 
AWeighi  1  =  4%  AWeight  2  =  13% 

The  average  amplitude  remains  constant  as  the  Weber  number  decreases;  its 
value  smoothly  increases  as  Weber  number  is  less  than  1  (coefficient  greater  than 
l).This  case  is  reached  when  the  surface  tension  is  greater  than  100.  This  value  of 
the  coefficient  could  be  reached  when  the  radius  of  the  sphere  is  very  small  (but 
the  .Froude  number  would  then  be  very  large). 

The  high  variation  of  the  Weight  of  the  second  frequency  indicates  the  begin¬ 
ning  of  the  zone  where  the  Surface  Tension  effect  should  no  more  be  neglected. 
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4.3.  Importance  of  the  gravity 

The  effect  of  the  gravity  is  expressed  in  the  Bernoulli  equation  through  the  .^roude 
number.  VVe  noticed  in  the  previous  paragraph  that  the  surface  tension  had  no 
effect  on  the  deformations  of  the  FS,  so  the  BemouUi  equation  can  be  written  : 

gravity 

As  there  is  no  coefficient  for  the  inertia  effect,  we  can  only  increase  or  decrease 
the  importance  of  the  gravity.  In  many  studies,  the  cases  considered  have  either  a 
Tr  1  or  Tt  <1  in  order  to  either  consider  the  gravity  as  the  main  effect 
or  neglect  it  to  easily  linearize  the  Bernoulli  equation. 

As  we  have  no  intention  to  linearize  this  equation,  it  appeared  interesting  to 
study  the  particular  case  of  Tr  na  1.  The  results  can  be  observed  in  the  series 
II.l,  figures  4.3.  A,  B  and  C. 

In  these  figures,  ?!?  show  the  aborted  runs  (less  than  20  periods)  caused  by 
the  apparition  of  drops;  in  these  particular  cases  the  results  are  altered  by  too 
limited  data  analysed. 

The  average  position  (Fig.  4.3.A)  of  the  node  A  has  no  large  variations  (max¬ 
imum  5%)  except  in  the  case  ^  but  this  case  could  be  interpreted  as  the 
beginning  of  the  category  I . 

The  amplitude  seems  to  increase  with  the  .^roude  number.  We  can  expect  a 
physical  limit  to  this  amplitude  because  of  the  energy  limitation. 

Except  in  the  runs  #55  and  #51b  that  failed  to  compute  the  20  periods,  the 
sphere  frequency  always  appears  in  the  wave  frequencies  (Fig.  4.3.B)  with  the  first 
or  second  highest  weight.  The  value  of  the  harmonic  frequency  increases  from 
to  1  as  Tr  increases  from  to  50.  Then  the  value  of  this  harmonic  frequency, 
after  a  short  stay  at  1.15,  seems  to  drop  to  ^  and  then  re-increase  but  at  a 
slower  rate  than  in  the  previous  zone. 

The  fast  decay  of  the  weights  (Fig.  4.3.C)  of  both  the  first  and  second  frquen- 
cies  reduces  the  meaning  of  the  values  of  these  frequencies.  But  we  can  also 
understand  this  decay  as  a  flater  spectrum  of  the  wave  frequencies  as  the  .^roude 
number  increases.  When  the  sum  of  the  weights  of  the  two  first  frequencies  be¬ 
comes  smaller  than  40%,  this  diffusion  of  the  frequencies  is  too  important  to 
consider  any  regular  oscillations. 
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4.4.  Experiments 

The  experimental  setup  is  descibed  in  figure  1.  The  phenomena  were  recorded  on 
a  video  tape  from  3  points  of  view,  always  in  the  vertical  mid-plane  of  theside  of 
the  tank.  The  first  view  is  in  the  plane  of  the  free  surface.  The  second  one  is 
looking  down  at  the  free  surface  at  an  angle  »  30"  to  the  horizontal.  The  third 
one  is  looking  up  at  the  free  suface  at  an  angle  »  15". 

The  experiments  were  made  with  a  ping-]>ong  ball  \  inch.  The  tank  was 
square  of  width  equal  to  2  «  3  feet  and  then  free  surface,  width  =  2*12*  3/2  = 
72/2.  The  frequency  of  the  sphere  was  in  the  range  2.3Hz  to  SHz.  As  the  free 
surface  is  larger  than  60/2,  the  results  obtained  for  the  small  sphere  frequencies 
are  valid. 

The  initial  depths  (non  dimensional)  studied  are  1.8,  1.6,  1.4.  1.2.  In  the  last 
experiment,  the  sphere  gets  in  contact  with  the  air. 

The  experiments  show  that  as  the  sphere  frequency  increases,  the  amplitude 
of  the  waves  decreases.  This  verifies  the  global  trend  of  the  results  obtained  in 
the  series  1.2. 

We  also  noticed,  and  this  may  be  a  consequence  of  the  amplitude  decay,  that 
the  perturbed  zone  around  the  sphere  decreases  as  the  sphere  frequency  increases. 
This  phenomena  is  consistent  with  the  numerical  calculations  in  the  series  1.3  and 
supports  the  values  selected  for  the  free  surface  width  and  the  sphere  frequency 
range  for  the  calculations. 
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5.  Conclusions 

The  study  shows  that,  when  s  sphere  is  osdllating  below  the  free  surface  at  low 
frequencies,  the  surface  tension  can  be  neglected.  The  average  amplitude  of  the 
free  surface  waves  increases  with  the  gravity  and  a  resonance  mode  may  exist. 
The  average  amplitude  is  also  related  to  the  inverse  of  the  the  sphere  frequency 
and  the  experimental  observations  validated  this  important  phenomena  (relation 
to  the  free  surface  width  and  then  to  the  computational  time). 

The  experiments  we  conducted  support  the  choices  we  made  for  the  reference 
parameters  and  the  experimental  observations  are  consistent  with  the  trends  of 
average  amplitude  and  average  position  predicted  by  the  numerical  calculations. 
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6.  Appendix  A 

Figure  3.5.A  :  Physical  definition  of  the  free  surface 
Figure  3.5.B  ;  Gridding  definition 
Figure  1  :  Experimental  setup 
Figure  3.7.  :  Definition  of  the  data  analysis 
Figure  4.1.2  :  Comparison  40/80  panels  run  #3  &  #3b 
Figure  4.1.2  :  Comparison  40/120  panels  run  #8  k  #8b 
Figture  I :  Datas  sheet  series  I 

Figure  4.1.3.A,  Abis,  Ater  :  Deformation  versus  initial  depth 
Figure  4.1.3.B  :  Waves  frequencies  versus  initial  depth 
Figure  4.1.3.C  :  Weights  repartition  versus  inital  depth 
Figure  4. 1.4. A,  Abis  :  Deformation  versus  sphere  frequency 
Figure  4.1.4.B,  Bbis  :  Waves  frequencies  versus  sphere  frequency 
Figure  4.1.4.C  :  Weights  repartition  versus  sphere  frequency 
Figure  II  :  Datas  sheet  series  II 

Figure  4.2.A,  Abis  :  Deformation  versus  Weber  number 
Figure  4.2.B  :  Wave<  frequencies  versus  Weber  number 
Figure  4.2.C  :  Weights  repartition  versus  Weber  numbar 
Figure  4.3.A,Abi8  :  Deformation  versus  Froude  number 
Figure  4.3.  B,  Bbis  :  Waves  frequencies  versus  Froude  number 
Figure  4.3. C,  Cbis  :  Weights  repartition  versus  Froude  number 
Figure  3.7.B  :  semi  3D  visualization  :  run#3  :  reference 
Figure  3.7.B  :  semi  3D  visualization  :  run#54  :  reflecting  waves 
Figure  3.7.B  :  semi  3D  visualization  :  run#54  :  standing  waves 
Figure  3.7.B  :  semi  3D  visualization  :  run  ^3  :  reference 


7.  Appendix  B 

Fortran  code  spectral.!  :  data  analysis  (  Fourier  transformation  ) 
Fortran  code  smart.! :  semi  3D  visualization 
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Wave  frequencies  vs  Froude  ( Fig  4.3.B ) 


( ON )  Aouenbaj  j  ( ON )  Aouenbeij 


Froude 


Weights  vs  Froude 


100  150  200 

Froude 


FS  (  Time  )  :  Reference  Fig.  3.7.B  Run§3 


-200  -ISO  -100  -50  0  so  100 

Abscissa- cos(  45)*Time 


FS(Tvme):  REFLECTING  WAVES  Fig  3.7.B  Run#54 


.  3.7,B  Run§54 


125  -100  -75  -50  -25  0 

Abscissa- cos(  45)*Time 


C:/USER/YANN/SPECTRALJ 


Pagel 


Tue  Oct  26  15:25:25 1993 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 
k36 

'37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 
61 
62 

63 

64 

65 

66 

\l 

69 

70 

71 

72 


*progran  Cor  a  spactral  analysis  of  tha  output  of  PSURFS 
*YG  9/93 
• 

progriun  spactral 
implicit  nona 

raal  z, fraq,anpli,ava, CraqO 

raal  Craqs(lOO) , Craqf (100) .props (100) ,propf( 100) 
raal*8  tsonx( 16384) 

raal*8  sonx(16384) ,a(10000) ,b(10000) 
raal*8  sonx2 ( 16384 ) ,a2( 10000 ) ,b2( 10000) 
intagar  i,lc,  l.kC.ks 
intagar  jnax. ilan.col.raf 
charactar*20, filin, f ilout 


writa(*,*)'  Entar  tha  nana  of  tha  filas* 

writa(*,*)'  Input 

raad  (5, ' (A) ' ) f ilin 

writa{*,*)'  Output 

raad  (5, ' (A) ' ) filout 

*writa(*,*)'  Entar  tha  number  of  records' 
♦read  (5,*) jnax 

*writa(*,*)'  Entar  max  Craqancy' 

♦read  (5.^)ilan 


open  (unitsl, filacfilin.statuss'old' ) 

jneue»-l 

lOQcontinua 

readd,  ♦,  endslOOO) .  z 
jnaxajneuc-t-l 
goto  100 
lOOOcontinua 

write (♦,♦) jnax, '  Records' 
close (1) 

open  (unitsl, filasf ilin.statuss'old' ) 
do  isl.jnax 

readd,  ♦)tsonx(i)  ,sonx(i)  ,sonx2(i) 
enddo 
closed) 

refstsonx( jnax) +1 
ilensl.S^ref 
print^, ilen 


call  Ctrfm( jnax, tsonx, sonx, a, b, ilen) 
call  Ctrfm( jneuc, tsonx, sonx2,a2,b2, ilen) 


open  (units2,  Cilesf ilout, statuss'unlcnown' ) 
do  is2,ilen-fl 

write(2,*)real(i-l),100.^sqrt(a(i)*^2+b(i)**2), 

$  100 . ♦sqrt (a2 ( i) **2+b2 (i) **2) , real (i-1) /real (raf ) 

write(2, ♦)raal(i-l) , 0, 0, real (i-l) /real (raf) 
writa(2, ♦) 

anddo 
close (2) 


call  frequency (filout, ilen, 1, 1. ,ks, props, freqs) 
call  reorder  (props, Craqs.ks) 

call  frequency ( f i lout , i len , 2 , freqs (1 ) , kf , propf , f raqf ) 
call  reorder  (propf, f raqf ,kf) 

avasO 

do  isl,jnax~l 

ava«ave-»-aonx2  (1)  ♦  (tsonx(i+l)  -tsonx(i) ) 
anddo 
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73  avasav*/ (tsonx( jnax) -tsonx(l) ) 

74 

75  call  gatanplKCllin,  jnax.k.anpli) 

7S 

77  writa(*,*)'  Fila  :',£ilin 

78  writa(*,*) 

79  writa(*, *)kf, '  fraquancias  tor  tha  FS' 

80  do  i>l,k£ 

81  if  (propf (i) .gt.propf (l)/20. )  than 

82  writa(*, *) fraqf (i) , '  waight  a  ' ,propf (i) *100. 

83  andif 

84  anddo 

85  vrritaC*,  *) 

86  writa(*, *)ka, '  fraquancias  for  tha  sphara' 

87  do  isl.ks 

88  writa(*, *) fraqsCi) /raf , '  waight  »  ' .props (i)  *100 . 

89  anddo 

90  writa(*,*) 

91  writa (*,*)'  Avaraga  position  at  y  :',ava 

92  writa(*,*)'  Ainplitud  is  thara  s'.anpli 

93  write(*, *) 

94  writa(*,*)'  Thara  wara  about  '.k, '  psaudo-pariods ' 

95  writa(*,*) 

96  writa(*,*)'  Et  voile  ptit  gars' 

97  and 

98 

99 

100  c  ************************************************************* 

101  C  SUBROUTINE  TO  CALCULATE  COEFFICIENTS  USIN8  FOURIER  TRANSFORM 

102  C  COEFFICIENTS  FIT  EQUATION  OF  THE  FORM: 

103  CS(t)sAo/2  *  AnCOS(nwt)  *  BnSIN(nwt) 

104  C  ************************************************************* 

105  SUBROUTINE  FTRFM<JNAX,TSONX,SONX,  A.B,  ILEN) 

106  IMPLICIT  REAL*8(A-G,0-Z) 

107  DIMENSION  A(IQQOO)  ,B(10000)  .TSONX(16384)  ,SONX(16384) 

108  DIMENSION  DELT(16384)  ,HTSONX(16384) 

109  DATA  PI/3.14159/ 

110  T«TSONX(JNAX) 

111  WMAIN  -2.*PI/T 

112  DO  210  J»1.JNAX-1 

113  210DELT(J)«TSONX(J4-1)-TSONX(J) 

114  DO  211  K«1,JNAX 

115  211HTSONX(K)«TSONX(K) 

116  TA=2./T 

117  DO  75  NN>1,ILEN4-1 

118  NsNN-l 

119  WsFLOAT(N)*WMAIN 

120  ASUM>0 . 

121  BSUM«0. 

122  FCLAST«S(»a(l) 

123  FSLAST«0 . 

124  DO  50  J«1,JNAX-1 

125  L>J4.1 

126  HAI«aL>W*HTSONX(L) 

127  FCNEXT«SONX(L)*COS(HANGL) 

128  FSNEXT«SONX(L)*SIM(HANGL) 

129  FC0S«(FCLAST4-FCMEXT)/2. 

130  FSIN«(FSLAST-fFSNEXT)/2. 

131  FCLAST-FCNEXT 

132  FSLAST«FSNEXT 

133  ASUM«ASUM4(FC0S*DELT(J)) 

134  BSl»f«BSUM«(FSIN*DELT(J)) 

135  50  CONTINUE 

136  A(MN)«TA*ASUM 

137  B(NN)«TA*BSUM 

138  75  CONTINUE 

139  200RETURN 

140  END 

141 

142  *********************************************************************** 

143  *subroutina  to  datarmina  tha  nain  fraquancias  of  a  signal 

144  *********************************************************************** 
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145 

146 

147 

148 
1149 

150 

151 

152 

153 

154 

155 

156 

157 

158 

159 

160 
161 
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163 

164 

165 

166 

167 

168 

169 

170 

171 

172 

173 

174 

175 

176 

177 

178 
L79 
180 

"181 

182 

183 

184 

185 

186 

187 

188 

189 

190 

191 

192 

193 

194 

195 

196 

197 

198 

199 

200 
201 
202 

203 

204 

205 

206 

207 

208 
209 

10 
1 
2 

213 

214 

215 

216 


aubroutln*  fraquancy (tilout, ilan, col. Cra.ka.propa. Craqf ) 
inplicit  nona 

raal  props (100) . fraqs(lOO) , spaa(2) , ii.aa(2)  .aiini, fra.tot.alf 
Intapar  ilan. i.ks.as.col 
charactar*20, filouC 

opan(unit«2. filasfilout. status* 'unknown' ) 
ks»0 

as«l 

totaO. 

raad(2.*)ii.spaa(l) .spaa(2) 
raad(2. *)alf 
do  1*2, ilan 

raad(2, *) ii,aa(l) .aa(2) 
raad(2.*)al£ 

if  (aa(col) .It.spaa(col) )  than 
if  (as.aq.l)  than 
as*-l 
ks*ks-<-l 

fraqs(ks)*(ii-l)/fra 
props ( ks ) *spaa ( col ) 
totatot-f  spaa  ( col ) 
andif 

alsa 

if  (as.aq.-l)  than 

as*l 

mini aspaa ( col ) 
andif 

andif 

spaa  ( CO  1 )  *aa  ( CO  I ) 
anddo 
do  i*l,ks 

props ( i ) aprops ( i ) /tot 
anddo 
closa(2) 
ratum 
and 


*subroutina  to  cosqfnita  tha  anqplitud  of  tha  signal  (  avaraga  ) 


subroutina  gatanpli(f ilin, jnax.k.aspli) 
inplicit  nona 

raal  ori,son2,son2p, amp (1000) .anpli.a 
integar  k.av, i.jnax 
c)iaractar*20,  f  ilin 


kaO 

aval 

opan (unital ,  f  ilaaf  ilin,  status* ' unlcnown ' ) 
raad(l, *)a,a,son2p 
ori3son2p 
do  ia2,jnax 

raadd,  *)a,a,  son2 
if  (son2.gt .son2p)  than 
if  (av.aq.-l)  than 
aval 
kak-i-1 

anp(k) aori>son2p 
oriason2p 
andif 

alsa 

if  (av.aq.l)  than 
ava-1 
kak'fl 

amp ( k) ason2 -or i 
ori3son2p 
andif 

andif 

son2pason2 

anddo 
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217  closed) 

218 

219  snpliaO. 

220  do  i«l,1c 

221  snplissnpli-fanpd) /k 

222  snddo 

223  return 

224  end 

225 

226  •*«********#•**«**••«**« 

227  ^subroutine  to  reorder  a  vectors  in  a  decreasing  order  and  make 

228  *the  same  change  in  a  another  vector 

229  *************************************************************** 

230  subroutine  reorder  <propf , freqs,  k£) 

231  inqplicit  none 

232  real  prop£(l:l) , £reqs(l:l)  .p,  C 

233  integer  k£,i.j 

234 

235  do  i>2,k£ 

236  psprop£(i) 

237  £«£reqs(i) 

238  do  j.i-l,l.-l 

239  i£  (prop£(j) .ge.p)  goto  10 

240  prop£(j-fl)aprop£( j) 

241  £reqs(  j-t-l)s£rega(  j) 

242  enddo 

243  j«0 

244  10  prop£(j't-l)3p 

245  £reqs(  j-fl)  a£ 

246  enddo 

247  return 

248  end 

249 

250  * 

251  * 

252  *well,  now  it's  done  I  Shall  I  have  a  fag  ? 

253  * 

254  * 

255 
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*Th«  Cront-cov«r  ot  '3rd  days  of  hydrodynamic' 
*giva  ma  an  idaa  I  gonna  try  to  adapt  to  ay  casa 
*yG  10/93 


program  smart 
inqplieit  nona 

raal  a,b(5000, 140) , c(5000, 140) , var,eor,alf 
Intagar  i, j, numb, first, nod, maxi 
charactar*20, filin, filout, filopti 

writa(*,*)'  Entar  tha  nama  of  tha  filas' 
writa{*,*)'  Input  ;' 
raad  (5, ' (A) ' ) filin 

writa(*,*)'  Entar  tha  numbar  of  nodas' 
raad ( 5 , * ) nod 

writa(*,*)'  Output  :  2d  typa' 
raad  (5, ‘ (A) ' ) filout 
writa(*,*)'  Output  :  optical  typa' 
raad  (5, ' (A) ') filopti 

maxisO 

opan  (unital, fila3filin,statusa'old' ) 
lOOcontinua 

raad(l, *,  end=1000)alf 
maxismaxi4-l 
goto  100 
lOOOcontinua 
closed) 
maxi  smaxi  /  nod 


write (*,*)'  Entar  tha 
write!*,*)'  Maximum  a 
raad  ( 5 , * ) numb 
write!*,*)'  Entar  the 
raad ( 5 , * ) f irst 
write (*,*)'  Entar  tha 
raad  { 5 ,  * )  cor 


numbar  of  saquancas' 

' ,maxi 

numbar  of  tha  first  saquanca' 
X  correction  (  indica  ) ' 


opan  (unitsl, filaafilin,statusa'old') 
opan  !unit32, f llasf ilout, statuss'unknown' ) 
do  ial,£irst>l 
do  j si, nod 
raad(l,*)alf 
anddo 
anddo 

do  jsl, numb-first 

raad(l,*)a,b{j,l),c(j,l) 
vars(a-alf ) 
b( j , 1) sb( j, 1) -var*cor 
c(j,l)sc(j,l)-var 
writa{2,*)b(j,l),c(j,l) 
do  is2, nod-11 
raad  (1, *)a,b( j , i) ,c( j , i) 
b( j, i)sb(j, i)-var*cor 
c(j,i)sc(j,i)-var 
writa(2,*)b(j.i),c(j,i) 
anddo 
write (2,*) 
do  isl,li 
raadd,  *)a 
anddo 
anddo 
closed) 
close !2) 


e^n  (units3, filasfilopti.statuss'unknown') 
do  isl, nod-11 

do  jsl,nusib- first 
writa<3,*)b<j,i),c(j,i) 
anddo 
writa(3,*) 
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73  anddo 

74  closaO) 

75 

7S  writ«(*,*)'  Bt  voila  ptit  gars' 
77  and 
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Introduction 


The  study  of  free  surfaces  can  be  interesting  in  many  respects.  Any  surface  separ 
rating  a  liquid  from  a  gaz  could  be  called  a  free  surface,  though  for  a  finite  volume 
of  gaz  in  a  liquid,  the  term  bubble  is  certainly  more  accurate.  The  typical  example 
of  free  surface  is  the  surface  of  the  ocean. 

When  a  free  surface  presents  a  deformation  in  one  special  direction,  the  stream 
of  liquid  created  is  called  a  jet.  Jets  have  been  used  since  earliest  times  and  their 
behavior  has  been  studied  by  scientists  since  the  16th  century  at  least.  Recently, 
studies  on  jets  have  shown  new  possible  applications,  especially  since  it  has  been 
discovered  that  they  were  involved  in  cavitation  phenomena. 

Simple  steady  jets  have  be  studied  analytically.  One  of  the  oldest  hydraulic 
problems  has  been  the  determination  of  the  discharge  rate  and  contraction  coeffi¬ 
cient  of  an  orifice. 

With  the  advent  of  new  computational  tools,  further  research  in  the  under¬ 
standing  of  jets  has  become  possible. 

In  this  report,  we  present  the  continuation  of  a  numerical  study  of  a  selected 
example  of  axisymetric  free  surface  which  leads  to  the  formation  of  a  high  speed  jet 
on  the  axis.  The  problem  concerns  the  modelisation  of  the  motion  of  an  air/water 
free  surface  created  by  suddenly  lifting  an  initially  empty  cylinder  in  a  tank  filled 
with  water. 

The  method  used  to  solve  Laplace  equation  is  the  Boundary  Element  Method, 
for  which  a  fortran  code  (2DynaFS)  had  already  been  tested  by  DYNAFLOW, 
Inc. 

Different  hypothesis  were  made  about  the  general  boundary  shape  to  be  mod¬ 
elled  and  about  the  initial  conditions  to  be  imposed  at  the  free  STirface.  First, 
we  shall  report  results  obtsuned  ignoring  the  part  of  the  free  surface  located  out¬ 
side  the  cylinder,  with  a  fixed  cylinder  in  an  infinite  medium  and  when  the  liquid 
initially  forming  a  flat  free  surface  at  the  cylinder  bottom  is  suddenly  allowed  to 
enter  the  cylinder.  In  fact,  the  modelisation  of  these  much  simpler  cases  turned 
out  to  be  necessary  to  test  the  reliability  of  our  code.  Then  we  shall  present  our 
conclusions  on  a  more  physical  modelisation,  taking  into  £u:count  the  presence  of 
the  tank  below  the  cylinder  and  the  whole  free  surface.  Neverthless,  we  will  keep 
for  a  future  study  the  case  of  a  moving  cylinder. 

Computational  schemes  were  introduced  to  speed  up  the  code  or  to  produce 
a  better  modelisation  of  the  physical  problem.  They  are  also  reported  in  the 
following  sections. 
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1  Problem  formulation 

1.1  Description  of  the  physical  phenomenon  studied 

The  problem  consists  in  modeling  the  free  surface  created  by  lifting  a  cylinder 
initially  empty,  opened  at  its  bottom,  and  immerged  in  a  tank  of  water.  The 
problem  is  assumed  to  be  axisymetric.  We  distinguish  two  free  surfaces,  the  first 
one  being  limited  by  the  interior  surface  of  the  cylinder,  the  second  being  limited 
by  both  the  outward  surface  of  the  cylinder  and  the  sides  of  the  tank. 
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1.2  Results  from  previous  studies 

The  following  phenomena  had  been  both  studied  numerically  and  observed  exper¬ 
imentally. 

1.2.1  Report  from  previous  numerical  study 

The  rise  of  liqriid  in  the  cylinder  has  been  reported  in  Dynaflow’s  Bertin  report 
[7]  as  sequenced  into  five  different  phases: 

-  A  first  phase  where  two  water  fronts  converge  simultaneously  toward  the  axis 
of  the  cylinder  from  all  aroimd  the  cylinder 

-  Then,  a  possibility  of  capture  of  an  air-bubble  as  the  water  fronts  reach  the 
axis  in  a  violent  impact 

-  Creation  of  an  ultra-thin  jet  on  the  axis  of  the  cylinder 

-  The  rest  of  the  free  surface  follows  the  ultra-thin  jet  while  the  jet  itsdf  can 
rise  up  to  several  times  the  initial  depth  of  water  in  the  tank 

-  The  water  touchs  the  cylinder  sides.  Oscillations  start  in  the  cylinder. 
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1.2.2  Report  from  previous  experimental  studies 

Experiments  have  been  carried  out  at  DYNAFLOW  using  diiferent  depths  of  water 
and  diiferent  ways  to  rise  the  cylinder.  Experimental  observations  were  made 
possible  by  using  a  high  speed  camera.  They  showed  that  the  region  of  high 
velocity  is  localised  in  the  vicinity  of  the  bottom  of  the  cylinder  and  inside  the 
cylinder  while  the  second  free  surface  apparently  did  not  move  (the  shape  remains 
flat),  velocities  involved  in  that  area  being  quantitatively  small,  except  for  the  fluid 
displaced  by  the  motion  of  the  cylinder. 

1.3  Behaviour  of  the  fluid 

1.3.1  Hypothesis 

Reynolds  numbers  in  the  studied  phenomenon  are  supposed  to  be  large  enough  so 
that  viscosity  effects  can  be  neglected  in  the  equations  of  the  fluid.  The  fluid  is 
considered  irrotationnal.  The  study  will  be  restricted  to  cases  where  flow  velocities 
remain  small  <'.ompared  to  the  speed  of  sound  in  water.  As  a  result,  compressibility 
effects  are  also  neglected. 

The  two  previous  assumptions  lead  us  to  consider  a  potential  flow  which  follows 
Laplace’s  equation  in  the  whole  domain  0  considered  : 

=  0  where  $  is  the  potential  for  velocity  if  = 


and  where  $  =  $(r,  z)  since  the  problem  is  axisymetric 


1.3.2  Equation  of  motion 
The  equation  of  motion  is  : 


dV 

^-df 


-'^{p  +  pgz) 


The  assumptions  made  above  make  it  possible  to  re-write  the  equation  of  mo¬ 
tion  as  Bernoulli’s  equation  : 


dt'^  2'^  p 


•\-gz  =  Constant 


(1) 


1.3.3  Surface  tension 

Surface  tension  has  to  be  taken  into  account,  espedally  in  the  vicinity  of  the  axis 
of  the  cylinder  where  the  formation  of  the  jet  leads  to  high  curvatures.  To  the 
contrary,  surface  tension  effects  are  negligeable  away  from  the  axis  and  on  the 
second  free  surface. 
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Given  the  atmospheric  pressure  Pttm^  t  ^he  pressure  inside  the  liquid  at  the 
free  surface  is  : 

P/lmd  =  P»tmo».  +  ffC  (2) 

where  C  is  the  local  curvature  of  the  free  surface. 

1.3.4  Boundary  conditions 

Since  the  phenomenon  we  want  to  study  first  is  localised  near  the  cylinder,  and 
since  it  appears  to  be  of  less  interest  to  know  the  velocity  field  in  the  vicinity  of 
the  sides  of  the  tank,  we  decided  to  consider  the  dimensions  of  the  tank  as  infinite. 
Therefore,  the  domain  G  considered  for  the  fluid  is  limited  by  the  cylinder  itself 
and  the  free  surface  initially  at  the  bottom,  the  second  free  surface  outside  of  the 
cylinder,  and  a  wall  representing  the  bottom  of  the  tank.  At  infinity,  we  assume 
that  $  — »  0  and  at  least  that  r.$  is  limited. 

We  shall  then  keep  in  mind  for  the  future  the  hypothesis  ; 

4  — »  0  at  least  like  —  where  A  is  a  constant.  (3) 

r-aoo  y*  ^  ' 
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2  Numerical  resolution 


2.1  The  Boundary  Element  Method 

The  method  used  to  determine  the  time  evolution  of  the  free  surface  is  the  Bound¬ 
ary  Element  Method.  This  method  uses  Green’s  identity  to  solve  Laplace’s  equa¬ 
tion.  We  shall  sum  up  the  main  ideas  of  the  method  for  an  axisymetric  potential 
problem  in  the  following  lines.  For  father  details,  the  reader  may  refer  to  [5]  and 

[4]. 

Let  us  take  9{x,y,x)  regular  enough  and  let  us  suppose  =  0.  Let  us 
take  another  function  of  space  supposed  to  be  in  the  considered  domain  Q 
limited  by  the  surface  5(0). 

Green’s  formula  gives  us  a  first  equation 

/  =  -  /  V9.V9.dSl  +  /  ^.«.d5  =  0 

Jn  Ja  Js  on 

A  second  integration  using  the  same  identity  gives 

f  /  ♦.~.<f5+  /  ♦.V’«.dft  =  0 

Js  an  Js  on  Jo 

This  equation  remains  true  in  the  case  where  4  and  9  are  less  regular,  as  long 
as  the  above  integrals  exists.  As  a  consequence,  if  p(x^,yp,Sp)  and  9(x,y,z)  are 
points  inside  0  or  on  the  Boundary  S,  we  may  take  for  4*  the  expression 


|(i-®p)a-f  (y-y^)»-|-(r-a>)»j4  |p-g| 


Several  cases  are  now  to  be  distinguished: 
-p  is  inside  0  : 

We  know  that  =  —Ax6p  which  means 


=  -■‘■'♦O’). 


•p  is  a  regular  point  on  the  boundary  S  : 
we  have  =  —2xSp  then 


-p  is  an  angtdar  point  on  the  boundary  S : 

we  have  =  ~c(p)-^p  where  c(p)  is  the  solid  angle  from  which  p 

ft,  and 
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If  we  only  consider  regular  surfaces  in  our  following  study,  which  seems  an 
understandable  hypothesis  for  a  physical  surface  defined  by  the  motion  of  a  fluid, 
we  therefore  come  to  the  following  identity  : 


c(p)*(p)  + 

c(p)  =  4x  if  p  belongs  to  il  and  c(p)  =  2t  if  p  belongs  to  the  boundary  S 


(4) 


The  advantage  of  this  integral  representation  is  that  it  effectively  reduces  the 
dimension  of  the  problem  by  one.  If  the  field  point  p  is  selected  to  be  inside  the 
fluid  domain  fl,  knowing  $  and  ^  on  the  boundary  S  appears  to  be  enough  to 
determine  9  everywhere  else.  If  the  field  point  p  is  selected  on  the  boundary  5, 
(4)  gives  a  relation  between  $  and  ^  on  the  boundary  S.  After  discretisation 
of  this  boundary  (4)  gives  in  fact  a  system  of  equations  relating  $  and  ^  at  the 
nodes  of  the  selected  discretisation. 

The  Boundary  Element  Method  in  the  case  of  a  potential  problem  consists 
in  solving  this  system  of  equations.  Major  benefit  is  due  to  this  formulation, 
especially  since  it  does  not  necessitate  an  heavy  discretisation  of  the  whole  3D* 
domain  fl. 

In  axisymetric  problems,  the  integrals  in  (4)  can  be  re-written  in  the  following 
expression  where  P  stands  for  the  trace  of  the  boundary  5  in  a  meridional  plane: 


c(p).i(p)  + 1  =  I  ^ 

since  4f{q)  and  |^(9)  do  not  depend  on  the  coordinate  of  point  q. 
Let  us  set 

p=  (ro,0,zo) 


*0 


(5) 


k^U)  =  4r(c)ro 


is  a  given  parametrisation  for  P.  As  reported  in  [6],  it  is  possible 


to  use  the  complete  integral  of  the  first  kind  K(k)  and  the  complete  integral  of  the 
second  kind  E(k)  to  rewrite  (5)  since  we  have  for  any  surface  S  : 


and 


/  1 

Js  Ip  -  q\  Jo  ((r(e)  +  ro)»  -I-  (2r(c)  -  zoW 


{[S(rW  +  r,)  -  JW.)  -  ^  +  45gro/f(t)} 
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Expressions  of  E(k)  and  K(k)  were  not  necessary  to  reprogram  since  we  used 
a  previous  axisymetric  code  in  which  the  corresponding  subroutine  had  already 
been  made  and  tested  by  Dynaflow.  They  are  available  in  [Sj. 

After  discretisation  of  the  only  P  section,  it  is  possible  to  perform  the  integra¬ 
tion  of  the  above  expressions  so  that  (5)  becomes  of  the  form 

_ _  AA 

^  +  2T9i  =  2 

which  can  again  be  rewritten  as 

Bij.ij  =  ^  Aij.{^)j  (6) 

by  including  the  2t  term  in  the  matrix  Bij.  The  expressions  of  the  elements  of 
Aij  and  Bij  aie  obtained  adter  integration  over  a  panel,  here  performed  using  a 
Gaussian  quadrature. 

2.2  Application  to  our  problem 

2.2.1  Case  of  the  cylinder  in  an  infinite  medium 

The  previous  2DynaFS  code  developped  by  Dynaflow  would  consider  close 
surfaces  such  as  bubbles  in  an  infinite  domain  of  fluid.  In  this  case,  the  P  figure 
which  needs  to  be  discretised  is  just  a  cross-section  of  the  bubble,  the  contribution 
of  the  surface  at  infinity  being  zero  according  to  our  hjrpothesis  (3).  For  a  bubble, 
the  Boundary  Element  Method  assume  that  we  know  9  on  the  surface  of  the 
bubble  at  each  step,  so  that  we  can  compute  by  solving  system  (6). 

For  the  problem  of  the  cylinder,  our  first  studies  considered  also  a  closed  surface 
in  an  infinite  domain  of  water  to  modelise  the  rise  of  the  water  in  the  cylinder.  That 
solution  turned  out  to  be  the  easiest  way  to  re-use  the  already  existing  2DynaFS 
code  with  few  modifications.  A  part  of  that  surface  is  representing  the  &ee  surface 
itself,  another  part  is  representing  the  sides  and  a  fictitious  top  for  the  cylinder  as 
shown  below  in  figure  1.  The  introduction  of  that  fictitious  top  has  been  necessary 
to  close  the  surface  S. 
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11g.1 


110-2 


The  above  figure  1  suppose  that  the  bottom  of  the  tanJc  is  far  enough  from  the 
cylinder  so  that  it  can  be  neglected. 

On  the  sides  and  on  the  top  of  the  cylinder,  the  fluid  being  invisdd,  we  have 


(f)c.  =  0 


(7) 


As  a  consequence,  system  (6)  has  been  re>written  in  order  to  have  on  one  side 
the  known  quantities  ^  other  side  the  unknown 


•  ui  f  ^  on  free  surface  \ 
y  ♦  on  cyhnder  J 
Consequently,  if  system  (6)  is  equivalent  to 


r  Biii 

B3ii  ] 

f  1 

«  Aly 

A3<. 

J 

1  . 

A4i, 

we  may  replace  it  by 


«U=®J 


Alij 

-B3ij  1 

Sl/.  1 » 

Blii  0 

f  ♦ii/.  ] 

A2ij 

-B4,i  J 

L  ♦<!...  J 

B2ii  0 

1  «  J 

The  above  system  is  solved  using  a  L-U  decomposition. 


(8) 


(9) 


2.2.2  Case  of  a  cylinder  near  a  bottom  wall 

In  the  case  where  we  want  to  consider  a  small  distance  between  the  cylinder  and 
the  bottom  of  the  tank,  we  dedde  to  keep  from  the  tank  only  the  bottom  part 
which  appears  as  an  infinite  wall,  as  said  b^ore.  The  correspondant  figure  is  the 
above  figure  2. 
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The  problem  is  to  find  a  potential  ^  with  given  values  on  the  free  surface  such 
as  before,  which  still  satisfies  Laplace's  equation  in  the  domain  above  the  wall  and 
satisfies  the  extra  boundary  condition: 


=  0 


We  use  here  the  well-known  method  of  the  image.  By  considering  an  identical 
twin  system  located  symmetrically  to  the  wall,  with  the  same  boundary  conditions 
(same  i  on  the  image  free  surface  and  (^)  »  0  on  the  sides  of  the  image  cylin¬ 
der),  we  create  another  problem  whose  solution  is  identical  to  the  solution  of  our 
problem.  If  we  use  1  as  the  indice  for  the  upper  (real)  system  and  2  for  the  lower 
(image)  system,  previous  equation  (4)  remains  unchanged  as  long  as  we  note: 


S  ^  Si  •i’  S2 
fi  =  rii  + 112 


We  then  have 

,  €  n.  4p)Mp) + 1  - 1  )),*.. 


System  (8)  has  to  be  replaced  by: 


■Blij  JBbij  Bljij  BB2ij 
B2ij  B^ij  B2jij  B^sij 

BZij  Blij  B^iij  Bliij 
B4ij  BSij  Bijij  B^mj 

i4l2ij  A52tj 
A,2ij  ^6,'j  A22if  ^621^ 

i43ij  Alij  AZ^ij  Aliij 
Aiij  ASij  Aiiij  ASiif 


And  (9)  becomes 


Alii 

A2ii 

AZii 

A4, 


V 


— J?5y  —Bl2ij  A52ij 
—BBij  —B22ij  A62y 
•~Blii  ~~BZ2ii  Al2ii 
— BSij  — B^2ij  A82ii 


1. 


♦iU 


sl/.»  1 

8 

8 

.-.“O 

J 

9*\ 

L  ' 

J 

Blij  0  0  B52ii 
B2ij  0  0  B82ij 

BZij  0  0  Bliii 
L  BAij  0  0  B820 


(10) 


(11) 


0 

0 
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Like  previously,  our  system  could  be  solved  using  a  L-U  decomposition  of  ma¬ 
trix  (Af).  Nevertheless,  our  problem  has  in  addition  the  following  symmetries: 


»i/., 


l/»» 

le»/» 


The  system  may  then  be  reduced  before  being  solved  in  a  system  of  the  same  size 
^  (9)>  by  adding  columns  (m  —  j)  of  matrix  (Af)  to  columns  j  (  where  m  is  the 
size  of  matrix  Af )  and  by  keeping  only  the  first  resulting  quarter  of  the  matrix  so 
as  to  obtain: 


C\ij  C3,j 

C’2,j  C4,j 


’  s± 

■ 

dn 

/•t 

1*1 . 

BXij  0  0  B5iij 
B2ij  0  0  B6^ij 


0 

0 


What  remains  to  be  solved  takes  therefore  about  the  same  time  as  in  the 
previous  case  without  the  wall.  In  practice,  it  turned  out  that  cases  with  a  wall 
ran  much  slower  than  without.  It  must  not  be  forgotten  that  the  above  reduction 
supposes  known  expression  (11)  and  that  consequently  the  integration  has  to  be 
performed  on  all  the  panels  (image  included). 

Nevertheless,  two  remarks  can  be  made: 

-  firstly,  by  symmetry,  the  influence  of  the  panel(t)  of  the  object  system  on  the 
panel(j)  of  the  image  system  is  identical  to  the  influence  of  the  panel(t)  of  the 
image  system  on  the  panel(j)  of  the  object  system.  Therefore,  we  do  not  need  to 
complete  (2iV)*  integrations  but  only  2N^. 

-  secondly,  another  way  to  say  the  same  thing  would  be  to  notice  than  since 
the  potential  $  and  its  normal  derivative  ^  are  identical  on  the  image  and  on  the 
object,  (10)  can  be  re-written  as: 


pen.  c(p).*(p)+/_ 


where  q  stands  for  the  the  image  of  q.  The  above  expression  halves  too  the 
integration  work  (N^  bigger  integrations  auid  equivallent  to  2N^  are  needed)  and 
gives  directly  a  reduced  system  between  9  and  It  enables  a  discretisation  on 
a  cross-section  F  only  (and  not  its  image)  which  reduces  the  memory  space  used. 
These  remarks  have  unfortunately  not  yet  been  exploited  in  the  code. 


2.2.3  Case  of  a  second  free  surface  outside  the  cylinder 

We  have  also  developped  a  code  to  take  into  account  the  8CMX>nd  free  surface, 
outside  the  cylinder.  The  presence  of  the  wall  is  treated  the  same  way  as  before 
and  will  not  be  re-explained  here. 

The  corresponding  figure  is  figure  3. 
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If  we  call  fsi  and  fsn  the  two  free  surfaces  considered,  and  their  possible 
images  fsn  and  fstm  system  (9)  is,  tn  the  case  there  is  no  wall,  replaced  by 


Alo-  -Pin 

A2ij  —Bbij 

>43, j  — jB6ij 


A7, 

>48, 

>49, 


^1/./ 

\B\,i 

0 

=s 

B2ii  0 

L 

0 

Bin 


B8, 

B9, 


V 

»j  J 


0 

.  *l/*n  . 

and  by  a  similar  expression  four  times  bigger  if  there  is  a  wall  (but  it  can  be 
reduced  after  the  integration  had  been  made  on  all  the  panels,  image  included,  as 
said  previously,  and  by  the  same  method).  The  system  is  then  solved  as  before 
to  get  the  normal  velocity  on  the  two  free  surfaces  and  the  potential  on  the  rigid 
boundary. 


2.3  Time  stepping 

The  previous  sections  have  shown  how  Laplace’s  equation  was  solved  at  a  given 
time.  To  determine  the  evolution  of  the  shape  of  the  free  8urface(8),  it  is  neceMary 
to  introduce  a  time  discretisation  and  to  give  a  speed  for  each  node  of  the  dis¬ 
cretisation.  Given  the  solution  to  the  Laplace’s  problem  at  a  time  t,  time  stepping 
operations  consist  in  defining  new  positions  for  the  nodes  and  new  boundary  con¬ 
ditions  at  a  later  time  in  order  to  prepare  the  next  resolution  of  Lapace’s  problem. 

2.3.1  For  the  cylinder 

For  the  cylinder,  time  stepping  operations  are  very  sinq>le.  The  boundary  condi¬ 
tions  used  to  solved  Laplace’s  equation  are  always  the  same.  As  said  before  in  (7), 
these  conditions  require  that  the  normal  velocity  be  zero  near  the  cylinder. 


12 


In  the  case  of  a  fixed  cylinder,  the  nodes  remain  unchanged  during  the  whole 
evolution  if  the  second  free  surface  is  not  taken  into  account.  Otherwise,  nodes 
are  equally  redistributed  at  each  time  step  according  to  the  new  position  given  to 
the  first  node  of  the  second  free  surface.  The  node  located  at  the  bottom  of  the 
cylinder  does  not  move. 

In  case  of  a  moving  cylinder,  we  could  define  the  movement  of  the  nodes  ac¬ 
cording  to  a  supposedly  given  displacement  of  the  cylinder,  and  following  here 
again  a  regular  distribution  as  it  has  been  done  in  previous  Bertin’s  study  [7]. 


2.3.2  For  the  nodes  on  the  free  surface 

The  method  used  is  the  same  for  both  free  surfaces  described  in  the  previous 
section.  At  each  time  step,  after  system  (6)  or  an  equivaJlent  system  is  solved 
for  time  t,  we  know  |^(0  on  eaM:h  panel  of  discretisation.  In  addition,  we  can 
differentiate  the  potential  and  compute  ^(i)  if  we  first  calculate  the  length  of 
each  panel.  We  therefore  come  to  know  the  two  components  of  the  velocity  14(<) 
and  Vy{i)  on  each  panel,  and  on  each  node  by  interpolation.  Consequently,  we  C£tn 
set  a  new  position  for  each  node  using  the  Adams-Bashforth  method  of  second 
order: 


X(t  +  =  X(()  +  (*„.  +  fe) .  v.(t)  -  ^  .  V.(t  -  Mm) 

vci  +  y(()  + 

To  use  the  above  expression,  it  is  necessary  to  explain  how  to  define  dtnew 
and  We  could  have  set  once  for  all  dt  to  a  very  small  numerical  value  and 
use  dfnew  =  dtow  =  dt  in  (12).  Nevertheless,  the  velocity  field  present  in  the 
fluid  changes  with  time,  especially  in  a  problem  where  a  high  speed  jet  is  created. 
A  constant  dt  for  time  stepping  would  either  mean  very  large  computation  time 
by  choosing  a  small  dt,  acceptable  for  any  range  of  speed  encountered,  or  give 
wrong  results  if  the  selected  dt  is  too  large.  Consequently,  an  adaptative  time 
discretisation  was  used,  by  calculating  at  each  time  step  the  maximun  velocity 
reached  on  the  nodes  and  by  adapting  dt  relatively  to  that  velocity.  At  each  step, 
dtoid  is  given  the  former  value  of  dtnew  ^d  dfnew  is  re-set  according  to  the  following 
expression: 


dtnew  ~ 


dphi 


1  +  K2 

where  dphi^^  is  a  selected  parameter  to  measure  the  quality  of  time  discretisation. 

For  the  free  surface(s),  the  boundary  condition  needed  to  solve  Laplace’s  equa¬ 
tion  at  time  t  -H  dtnew  is  the  potential  $(f  -|-  dtneJ),  Bernoulli’s  equation  (1)  can 
then  be  used: 

P  ^ 

-^  +  —  +  —  +gz  =  Cons  tan  t 
at  2  p 
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and  transfonned  using  expression  (2)  for  the  pressure  at  the  free  surface: 


+  yz  =  gH 

if  we  suppose  that  the  fluid  is  motionless  at  infinity  where  z  ^  H  and  ^  s  0  . 
We  also  have: 

§W  =  §«)  +  £^).  (^♦)  (0  =  f  W  +  m 

Consequently,  we  obtain  the  following  expression: 

This  can  be  used  to  define  the  new  value  of  $  using  agun  the  Adams-Bashforth 
method: 

=  ♦«) + (A... + ^ 

2.4  Summary  and  flowchart 

Let  us  summarize  now  the  previous  statements: 

•  We  suppose  that  we  know  $  on  the  free  surface  at  the  beginning  time  to  (Iq 
practice,  we  took  zero  for  the  initial  potential  on  the  free  surface).  We  also  know 
the  shape  of  the  free  surface  and  that  the  normal  condition  (7)  is  satisfied  on  the 
cylinder. 

.  We  compute  using  Green’s  Identity  the  value  of  ^(to)  at  the  same  time  to* 

-  We  deduce  the  velocity  on  the  boundary  S. 

-  We  define  dt^ew  relatively  to  the  maximum  velocity  found  on  the  free  sur- 
face(s). 

>  We  can  set  the  new  values  of  X{to  +  dtj^)  and  y'(to  +  <frnew)  at  each  node 
using  the  Adams-Bashforth  method. 

-  We  use  (13)  and  (14)  to  define  $(to  -I-  dt^eJ)  at  each  node. 

-  We  are  ready  to  start  another  iteration  at  time  to  -I-  dtn«w 

A  more  detailed  flowchart  of  the  last  version  of  the  code  used  is  given  in  figures 
[2.4.0]  and  followings  [2.4.1]  to  [2.4.9].  [2.4.0]  takes  into  account  other  computa¬ 
tional  tools  that  will  be  seen  in  the  following  sections. 


2.5  General  assumptions  made  in  the  study 

2.5.1  Assumptions 

The  thickness  of  the  cylinder  has  been  neglected. 
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The  problem  of  the  shape  to  be  given  initially  to  the  free  surface  remains 
unsolved.  Therefore,  in  most  cases,  it  was  considered  an  initially  flat  free  surface 
inside  the  cylinder.  The  initial  conditions  corresponding  to  such  a  hypothesis  were 
unfortunately  unknown  too.  Consequently,  as  said  before,  we  took  $  =  0  on  the 
initial  free  surface  for  the  first  time  step  which  corresponds  to  assu’ning  that  all 
the  fluid  is  motionless  when  we  start. 

2.5.2  Notations 

We  haved  used  the  following  physical  parameters  in  our  study  : 

H:depth  of  water 
R:  radius  of  the  cylinder 
$(r,  z):  velocity  potential 
1:  height  of  the  cylinder 
d:  distauice  between  the  cylinder  and  the  wall 
surface  tension  parzuneter 
p:  density  of  water 
g:  gravity 


2.5.3  Non-dimentionalisation 

We  use  H  as  the  parameter  to  non-dimentionalise  distances  so  that : 


~  ^  ^  7  I  j  d 

We  set  to  1  the  value  of  gravity  which  is  equivaJent  to  non-dimentionalise  times 

i>y 

f  =  $ _ !_  o^JL- 

yS’  *  f 

Pressures  do  not  need  to  be  non-dimentionalised  since  they  do  not  appear  in 
equation  (13). 
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3  Test  of  the  reliability  of  the  code 

3.1  Necessity  of  the  ’Regridder* 

When  the  shape  of  the  free  surface  changes,  the  geometrical  repartition  of  the 
nodes  changes  too  and  may  become  uneven  after  a  certain  number  of  iterations. 
The  purpose  of  a  ‘Regridder’  is  to  prevent  such  an  uneven  distribution  by  a  regular 
re-distribution  of  the  position  of  the  nodes  after  a  certain  number  of  time  steps. 
First,  it  appears  to  be  necessary  to  define  a  curvilinear  abscissa  s  on  the  cross- 
section  r.  Then  the  length  of  the  free  surface  is  divided  equally  into  the  number 
of  panels  to  assign  a  new  curvilinear  abscissa  for  each  node.  Finally,  for  each 
node,  the  value  of  X,Y^9,^,Yg,Vy  is  re-set  using  a  cubic  interpolation  of  the 
corresponding  function  of  s. 

It  is  possible  not  to  divide  equally  the  length  of  the  free  surface  in  order  to 
emphasize  the  accuracy  and  precision  of  the  discretisation  in  a  certain  region  of 
the  free  surface.  In  the  case  of  the  present  problem,  the  axis  of  synunetry  is  very 
important  since  it  is  the  location  of  the  jet  and  the  region  of  the  highest  velocities. 
So,  it  was  decided  to  emphasize  that  region  by  subdividing  the  total  free  surface 
length  according  to  the  following  distribution: 

^(0  =  (»s) 

where  i  is  an  indice  for  the  nodes,  starting  at  the  axis,  Nhnoiu  the  number  of  nodes 
on  the  free  surface,  and  a  a  real  parameter. 

Results  showed  that  this  ‘regridding’  subroutine  do  not  modify  too  much  com¬ 
putation  times.  Consequently,  it  was  used  at  each  time  step.  To  prevent  a  loss 
of  information  on  the  regions  away  from  the  axis  of  symmetry,  the  concentration 
procedure  corresponding  to  (15)  has  been  used  only  every  other  step  (staggered 
regridding).  Otherwise,  we  kept  a  linear  re-distribution  (or  =  1). 

The  differences  introduced  by  the  ’Regridder’  appeared  to  be  significant  as  is 
shown  in  figures  [3.1.i],[3.1.2],[3.1.3}.[3.1.3]  shows  that  without  ’Regridder’,  the 
computation  is  stopped  very  soon  because  the  nodes  are  not  equally  distributed. 
We  can  see  the  formation  of  two  numo'ical  instabilities,  near  the  sides  of  the 
cylinder.  These  instabilities  are  removed  thanks  to  the  'Regridder’  on  figures 
[3.1.1], [3.1 .2].[3.1.1]  is  a  case  of  'staggered  regridding’  and  proves  to  be  a  better 
way  of  'regridding’  than  [3.1.2],  a  case  of  linear  regridding. 

Different  values  of  a  were  tried  after  we  decided  to  use  a  'staggered  regridding’. 

First  we  took  0  =  2  like  on  [3.1.1]  and  then  a  was  reduced  to  1.1,  because  it 
turned  out  that  the  nodes  were  too  concentrated  on  axis  with  a  s  2,  especially 
after  a  great  number  of  time  steps  as  it  is  shown  on  figure  [3.1.4]. 

Finally,  we  choose  not  to  use  any  linear  re-distribution  but  a  two  stage  'Re¬ 
gridding’,  using  alternatively  a  =  0.9  and  a  =  1.1  and  a  good  space  discretisation. 
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In  fact,  it  would  have  been  very  interesting  if  we  could  have  replaced  a  good  dis¬ 
cretisation  by  a  concentration  of  panels  on  the  axis.  But  as  said  before,  it  had  not 
been  possible  to  do  so  because  of  problems  at  the  end  of  computation  as  seen  on 
(3.1.41. 

Other  different  ways  of  regridding  were  also  tested,  such  as  a  three  stage  ‘Re- 
gridder’,  concentrating  the  panels  on  axis,  then  on  the  other  extremity,  and  finally 
without  concentrating  any  region  (linear  distribution).  They  did  not  give  a  better 
smoothing  of  the  shape  than  the  previous  one,  with  the  same  number  of  panels. 


3.2  Convergence  Study  on  the  number  of  panels  and  on 
time  discretisation  (without  averaging) 

After  having  selected  a  good  regridding  option,  the  first  studies  carried  out  on  the 
code  were  directed  to  demonstrate  that  we  had  a  convergence  of  the  results  on  the 
number  of  panels  and  on  time  discretisation.  We  did  not  take  into  account  the 
presence  of  the  wall  nor  did  we  average  here.  Similar  results  obtained  using  an 
average  procedure  will  be  presented  in  the  next  section. 

3.2.1  Effect  of  the  discretisation  on  the  free  surface 

Results  are  shown  on  figures  [3.2.1. 1]  and  [3.2.1 .2].  As  one  can  see,  the  position 
of  the  first  node  in  time  converges  to  a  limit  position  when  the  number  of  panels 
increases  from  14  to  40.  The  same  observation  can  be  made  for  the  velocity  of  the 
first  node. 

3.2.2  Effect  of  the  discretisation  on  the  cylinder 

Results  are  shown  on  figures  [3.2.2.1],  [3.2.2.2]  and  [3.2.2.3].  Here  again,  the  con¬ 
sistency  of  the  code  turned  out  to  be  very  satisfying  and  one  can  observe  that 
both  figures  corresponding  to  the  first  node  position  and  the  first  node  velocity 
converges  when  the  number  of  panels  is  increased  from  6  to  20. 

3.2.3  Effect  of  time  discretisation 

One  free  surface  Figures  [3.2.3. 1]  and  [3.2.3.2]  show  respectively  the  position 
of  the  first  node  and  the  position  of  a  point  located  at  absciss  0.2  m  for  different 
values  of  time  discretisation,  by  using  a  height  l=4m  for  the  cylinder.  We  notice 
that  the  convergence  is  quite  good  for  the  beginning  of  computation  (before  0.3 
second).  We  also  present  on  the  same  figures  (doted  line)  the  case  where  the  height 
of  the  cylinder  is  increased  to  6  meters. 

After  0.3  second,  the  convergence  is  not  satisfying  at  all.  Especially,  the  fact 
that  the  two  drawings  corresponding  to  dphi=0.008  are  so  different  proves  that 
the  height  of  the  cylinder  is  very  important.  In  fact,  what  we  observe  at  this  time 
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is  mostly  the  influence  of  the  top  of  the  cylinder,  obviously  less  important  when 
the  height  of  the  cylinder  is  6  meters.  That  is  why  it  is  observed  that  the  jet 
rises  more  slowly  for  a  height  of  4  meters  than  for  6  meters.  Not  satisfied  with 
these  results,  two  possibilities  were  offered  to  us.  Either  we  would  increase  the 
height  of  the  cylinder  to  6  meters  and  re-do  the  same  study,  or  we  would  test 
the  convergence  on  time  discretisation  taking  into  account  the  two  free  surfaces  to 
remove  the  problems  created  by  the  top  of  the  cylinder.  We  decided  to  focus  on 
that  second  possibility. 

Two  free  surface  The  study  was  carried  out  with  the  same  parameters  as 
previously.  Results  are  shown  on  figures  [3.2.3. 3]  and  [3.2.3.4].  This  time,  the 
convergence  is  better,  even  if  computation  was  not  made  last  as  long  as  before. 
Hardly  any  differences  can  be  seen  between  the  different  cases  of  time  discretisation 
tested  before  0.6  second  for  the  position  of  the  first  node. 

3.2.4  Interpretation-Conclusion 

The  tests  made  above  were  very  important.  They  proved  the  reliability  of  the  code 
and  gave  an  idea  of  the  level  of  discretisation  to  be  used  for  real  studies. 

A  last  remark  must  be  made  about  the  above  convergence  study  on  discreti¬ 
sation  (time  and  panels).  We  have  shown  that  a  quite  satisfying  convergence  was 
observed  for  the  position  of  the  top  node,  for  its  velocity  and  for  the  position  of 
a  node  at  absciss  =0.2m.  That  does  not  really  prove  that  the  whole  shape  con¬ 
verges  so  fast.  An  illustration  is  given  with  figures  [3.2.4. 1]  and  [3.2.4.2],  which 
present  a  case  made  taking  into  account  two  free  surfaces,  and  using  a  good  space 
discretisation.  Even  if  we  had  previously  observed  that  the  position  of  the  first 
node  was  unchanged  for  dphi=0.008  and  dphi=0.005,  the  corresponding  shapes 
are  different.  Since  the  drops  observed  on  [3.2.4. 1]  are  removed  with  a  better  time 
discretisation  on  [3.2.4.2],  they  are  probably  not  real,  as  we  first  thought  they 
were.  Figures  [3.2.4.3j  and  [3.2.4.4]  prove  that  time  discretisation  must  also  be 
adapted  to  the  physical  problem,  and  to  the  order  magnitude  of  the  velocities 
encountered.  They  represent  the  shape  of  the  free  surface  at  the  beginning  of  the 
computation,  with  a  unsually  large  depth  of  water  (2m).  The  higher  velocities 
involved  make  the  computation  stop  in  [3.2.4.3]  (dphi=0.008),  while  it  goes  on  for 
[3.2.4.4]  (dphi=0.004) 


3.3  Effects  of  averaging 

Some  numerical  instabilities  or  perturbations  can  2q}pear  during  the  evolution  of 
the  free  surface,  and  grow  uncontrolled  by  the  code,  while  in  reality  perturbations 
are  smoothed  and  controlled  by  fluid  viscosity.  As  a  result,  some  very  high  speed 
non-physical  velocities  (100  m/s  for  instance)  were  sometimes  encountered  during 
computation.  This  is  due  to  our  modelisation  which  supposes  the  fluid  to  be 
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ideal.  To  prevent  the  formation  of  these  instabilities,  the  option  cl  avera^ng  was 
made  possible.  An  average  parameter  was  used  with  different  values,  and 
corresponds  to  the  following  expression: 

«  •?(«)  +  9(*  +  1)  -h  ?(«'  -  1) 

where  9(1)  is  any  quantity  depending  on  the  node  indice. 

First,  we  applied  the  averaging  to  the  coordinates  and  to  the  velocity  potential, 
but  it  turned  out  that  the  code  was  not  consistant  in  this  case  and  that  this 
method  was  not  necessary  for  computation.  We  went  on  with  averaging  only  on 
the  velocity  potential..  Effect  are  shown  on  figures  [3.3.1]  to  [3.3.4].  On  these 
figures,  the  attention  is  laid  on  the  fact  that  each  drawing  corresponds  to  the 
shape  of  the  free  surface  at  a  time,  without  any  similarity  of  time  between  figures. 
They  are  just  shown  to  give  an  idea  of  the  general  evolution  of  the  shape  in  each 
case.  Figures  [3.3.5]  and  [3.3.6]  show  the  position  in  time  of  the  first  node  and  the 
position  of  a  node  at  absciss=0.2  m. 

It  is  clear  that  even  a  large  number  of  Navp  (like  100  for  instance)  might  be 
dangerous  and  smooth  the  shape  too  much.  Another  important  remark  is  that 
average  effects  depend  strongly  on  time  discretisation  as  it  is  proved  by  figures 
[3.3.7]  to  [3.3.11].  These  represent  a  comparison  of  the  shape  of  the  free  surface 
when  the  parameter  for  time  discretisation  varies  from  0.03  (bad)  to  0.002  (good). 
A  good  time  discretisation  means  a  lot  of  time  steps  and  a  lot  of  averaging  (and 
therefore  loss  of  information)  per  unit  of  time.  That  is  why  it  hzu  been  observed 
that  a  better  time  discretisation  gave  worse  results  than  a  coarse  one  when 
using  averaging.  The  parameter  for  average  is  the  same  in  the  five  figures  [3.3.7] 
to  [3.3.11]  :  Navg  =  100.  As  one  can  see,  the  jet  is  killed  by  using  a  good  time 
discretisation  and  undirectly  averaging  so  much  that  the  shape  is  flatened  on  the 
axis  (figures  [3.3.11]  and  [3.3.12]). 

Nevertheless,  as  different  as  figures  [3.3.1]  to  [3.3.1]  and  [3.3.7]  to  [3.3.11]  may 
look,  it  has  been  observed  that  they  were  very  sinular  except  for  the  region  were 
the  jet  is  localised.  If  we  consider,  for  instance,  the  vertical  position  of  a  point 
located  at  half  the  radius  of  the  cylinder  from  the  axis,  for  different  parameters 
Navp  =  30, 100, 300,  and  00  (no  average),  keeping  constant  the  time  discretisation, 
the  corresponding  figures  are  very  similar  as  shown  in  figure  [3.3.6].  The  same 
observation  can  be  made  by  keeping  the  same  average  parameter  (N^pp  =  100) 
and  by  changing  time  discretisation  (figure  [3.3.13]). 

3.4  Effects  of  surface  tension 

Surface  tension  was  introduced  in  this  study  since  it  was  not  present  in  the  pre¬ 
vious  code  used  by  Dynaflow  in  [7]  and  Bernoulli  equation  was  replaced  by  the 
expression  (13)  as  seen  before  .  The  curvature  C  is  computed  by  calculating  for 
each  node  the  coordinates  of  the  center  of  the  circle  going  through  this  node  and  its 
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two  neighbour  nodes.  As  a  general  rule,  tested  cases  turned  out  not  to  depend  on 
whether  surface  tension  was  taken  into  account  or  not  for  the  physical  value  the 
a  parameter  for  an  air-water  surface  (see  figure  [3.4]).  But,  it  is  to  be  noticed  that 
this  is  probably  normal  since  our  results  never  showed  especially  high  curvatures, 
except  may  be  on  the  axis. 

3.5  Introduction  of  a  numerical  viscosity 

To  stabilize  the  computation  when  numerical  instabilities  would  occur,  especially 
on  the  axis,  in  the  area  of  the  jet,  an  artificial  numerical  viscosity  scheme  was 
implemented.  The  purpose  of  this  research  was  to  take  into  account  as  many 
terms  as  possible  from  the  Navier-Stokes  equations  by  changing  the  time  stepping 
expression  (13).  We  report  here  the  main  ideas. 

The  Navier-Stokes  equation  of  motion  is: 

^  =  -i^(p  -»-  pgz)  Ar  ^(Adtulf)  Ar  2div{fii) 
at  p 

vtiiii  \(^Tt  +  (^Vy). 

We  still  neglect  the  fluid  compressibility  effects  {divlf  =  0)  and  we  keep 

rotlf  =s  0.  That  means  that  we  keep  the  assumption  of  a  velocity  potential 
in  presence  of  viscous  effects.  As  a  consequence,  p  is  still  supposed  constant  and: 

^  ^  +  rotlf  aV  +  ^(  y)  =  ^  +  ^(y)  = 

Therefore,  expression  (13)  has  to  be  replaced  by: 

where  n  is  the  normal  vector  as  shown  in  the  scheme  below: 
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we  should  therefore  find  an  evaluation  of  .  In  the  code,  we  compute 

the  vector  a  normal  to  the  boundary  which  can  be  expressed  in  the  cylindrical 
coordinates  system  ( e^,  e7)  as: 

ll  =  «e;  +  ^2  witho’  +  i9’*l 

where  or  and  P  are  known.  We  also  have: 


^  0 

0^0 


Let  us  compute  ^  : 


4.  ^ 

ds»  ~  as» 

Consequently,  we  get 


0.2  -  o_2^  +  a-2«  ^^drdz^  dr^ da’  dz^ds’ 


...  a»*  .  a>«  .  a>*  .  a*,aa,  a«,aa, 

(^.a).n  *  5^3  ■*■  ar>  az»  ar  ^  as  ^  ”  ax  ^  as  ^ 

(^.a).fl-  rar '^'^^^as^’"'^*^as^ 
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Finally,  since  3,  =  —  ai^  =  ^ ^  have: 


2  ^  as*  ^ 


1  <i*r 

+  + Si 


)) 


The  above  expression  does  not  depend  on  the  orientation  chosen  for  the  normal 
vector,  and  remains  correct  for  all  types  of  geometry.  It  was  used  in  the  code 
instead  of  (13)  after  the  second  derivatives  ^  and  ^  have  been  computed.  The 
quantity  ^  has  been  non-dimen tionidized  as: 


il  -  » 

p  H.y/^ 

The  results  were  not  actually  satisfactory  and  the  expected  smoothing  effects  were 
not  obtained  for  a  physical  value  of  the  viscosity  parameter  p.  Results  are  shown  on 
figure  [3.5].  As  one  can  see,  no  difference  has  been  observed  with  and  without  using 
an  artiffcial  viscosity  as  long  as  we  kept  p  =  10~^ib«7.m~*.s~*  which  correspond  to 
the  real  value.  For  larger  values  of  /i,  a  difference  has  been  observed,  but  not  in 
the  right  direction.  On  the  opposite,  the  jet  appeared  more  prononced  and  with  a 
faster  velocity  field  for  p  =  than  for  p  =  10~^ kg. 

We  were  unfortunately  unable  to  understand  the  reason  of  such  results,  except 
that  such  an  artificial  implementation  of  viscosity  may  not  be  compatible  with  a 
potential  modelisation. 


3.6  Adaptative  space  dbcretisation 

In  order  to  reduce  computation  times  while  improving  accuracy,  the  idea  of  an 
adaptative  space  discretisation  was  introduced.  It  turned  out  to  be  easy  to  add 
to  the  code  since  the  distribution  of  pands  was  already  changed  regularly  with 
the  ‘Regridder’  subroutine.  As  the  length  of  the  free  surface  changes,  we  adapt 
the  number  of  panels  proportionaly  in  order  to  gain  time  at  the  beginning  of 
computation  when  that  length  is  small.  It  was  necessary  to  define  a  maximun 
number  of  nodes  accepted,  to  keep  the  discretisation  inside  an  acceptable  range  of 
values.  The  results  were  not  very  encouraging  since  they  were  in  most  cases  the 
same  as  those  obtained  with  an  intermediate  constant  space  discretisation  nearly 
equivalent  to  the  worse  one  in  the  sellected  range. 

3.7  Conclusions 

Best  results  were  obtained  using: 

-  a  staggered  regridding  using  both  a  s  1.1  and  a  s  0.9  with  the  previous 
notations. 

-  no  averaging.  If  averaging  is  necessary  (for  instance  to  go  on  the  computation 
after  the  jet  as  become  very  thin),  an  average  parameter  of  500  is  acceptable. 
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-  no  adaptative  space  discretisation,  but  as  good  a  discretisation  as  possible 
(up  to  100  panels  was  possible  for  the  entire  discretisation). 

-  results  were  independent  of  whether  surface  tension  and  numerical  viscosity 
were  considered  or  not. 

The  following  observations  can  be  helpful  for  the  future  studies: 

•  The  code  is  very  sensible  to  time  discretisation.  Dphi=0.02  is  usually  too 
coarse.  Changing  for  a  better  time  discretisation  is  often  the  solution  to  remove 
numerical  instabilities  which  stop  the  computation. 

-  The  space  discretisation  must  be  adapted  to  the  physical  problem.  If  the 
important  region  is  the  jet,  concentrating  the  pands  on  the  jet  is  a  necessity. 

-  In  our  problem,  the  bottom  of  the  cylinder  was  more  important  than  the  top. 
Concentrating  at  the  bottom  has  improved  the  quality  of  the  results. 

•  Space  and  time  discretisation  must  be  adapted  together.  We  have  observed, 
for  instance,  instabilities  for  50  panels  on  FS  with  dphi=0.02,  and  no  problem 
for  24  panels  with  dphi=0.02.  This  is  because  dphi=0.02  is  too  coarse,  and  some 
nodes  would  touch  each  other  with  50  panels  and  not  24. 

-  Averaging  should  be  used  if  necessary  only,  relatively  to  time  discretisation. 

•  In  case  the  liquid  has  a  deformation  in  one  special  direction,  scaling  problems 
must  be  looked  at  seriously. 
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4  Results 


4.1  Analytical  approach 

It  is  posnbie  to  get  an  idea  of  the  velocity  fields  invcdved  in  our  problem  by  trying 
to  find  an  analytical  solution  of  a  much  simpler  problem.  Keeping  to  the  case 
where  the  bottom  of  the  tank  is  far  away  from  the  cylinder  so  that  it  can 
neglected,  and  also  supposing  the  cylinder  to  be  ripdly  fixed,  a  solution  can 
easily  found  if  we  assume  that  the  whole  free  surface  rises  with  the  same  speed 
as  to  remain  flat  all  the  time. 

If  Z(t)  is  the  vertical  position  of  the  free  surface,  and  o(<)  its  vertical  speed 
(supposed  uniform),  the  potential  is  at  each  time: 


Bernoulli’s  equation  gives  us  the  equation  of  motion  of  the  free  surface  very 
easily  and  we  have: 

JPZ  „  1  jdZ<^2  rr  rr 


Non-dimentionalised  as  before,  it  becomes: 

We  must  notice  that  no  solution  satisfies  both  (as  it  is  in  reality): 


(16) 


S((  =  0)  =  0 

t((  =  0)  =  0 


(17) 


We  set  k{x)  =  (^)’  so  that  (16)  becomes: 

dk  ^  2(1 -x) 
dx  X  X 

for  which  a  solution  is: 

jt  =  f+2-x 
where  C  is  a  constant. 

If  we  assume  that  instead  of  (17) ,  we  can  take: 


§(t*0)=rO 

*(t  =  0)  * 


where  S  —  o(l),  the  solution  is  given  by: 
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Results  of  such  a  modelisation  axe  ^ven  on  figures  [4.1.1], [4. 1.2]. 

We  notice  that  the  speed  of  such  a  free  surface  increases  fast  at  the  beginning 
to  reach  3.7  meters  per  second  approximativeiy  after  1  second  in  our  example 
(depth=lm).  The  movement  of  the  free  surface  is  characterised  by  oscillations,  as 
one  could  have  obviously  imagined,  the  frequency  being  aroimd  2  seconds  for  a 
depth  of  1  meter.  Since  this  model  ignores  viscosity,  oscillations  do  not  decay  but 
remain  of  constant  amplitude  while  in  reality,  oscillations  would  cease  after  a  few 
seconds. 

We  will  compare  the  order  of  magnitude  of  our  numerical  results  with  these 
ones. 


4.2  Numerical  results 

A  complete  convergence  study  on  panels  has  not  been  made  with  the  last  version 
of  the  code  though  no  difference  has  been  noticed  zunong  all  the  results  that  were 
obtained  with  it  using  at  least  40  panels  on  the  first  free  surface  (for  R=0.4  m),  8 
panels  per  meter  at  least  on  the  sides  of  the  cylinder,  and  10  per  meter  at  least  on 
the  second  free  surface.  The  radius  of  the  cylinder  was  set  to  Rs=0.4  m.  When  the 
depth  of  water  is  not  precised  in  the  following  results,  it  is  meant  1  meter  of  water 
above  the  bottom  of  the  cylinder.  In  all  the  cases  presented  below,  the  staggered 
regridding  selected  in  3.1  was  used.  When  the  radial  distance  of  any  node  would 
become  smaller  than  a  very  small  value,  averaging  would  start  automatically  in 
the  code  with  a  parameter  A/**,  =  500. 

In  all  the  cases,  it  was  necessary  to  prevent  the  nodes  to  touch  the  sides  of 
the  cylinder  to  enable  the  computation  to  continue.  Is  was  also  found,  especially 
without  averaging,  that  the  high  velocity  field  encountered  in  the  jet  area  was 
slowing  down  the  computation  because  of  our  adaptative  time  discretisation.  As 
soon  as  highly  non-physical  speeds  were  found,  computation  was  stopped. 

A  particular  phenomenon  observed  was  the  creation  of  a  drop  on  the  top  of  the 
jet  as  it  can  be  seen  on  figures  [4.2.2.2]  to  [4.2.2.7],  [4.2.2.8]  to  [4.2.2.12],[4.2.2.13] 
to  [4.2.2. 16], [4.2.2.17]  to  [4.2.2.19]  and  [4.2.3.1]  to  [4.2.3.5].  A  second  drop  due 
to  the  constriction  of  the  jet  at  its  basis  (figures  [4.2.2.12],[4.2.2.19],[4.2.3.5])  may 
also  appear.  These  drops  have  also  been  reported  in  the  experiments.  We  tried 
once  to  carry  on  the  computation  after  removing  the  top  drop,  but  this  did  not 
prevent  the  code  from  slowing  down  because  of  the  high  speeds  in  the  jet  area. 
Nevertheless,  this  showed  the  creation  of  another  drop  at  the  same  place  as  if  to 
replace  the  one  that  had  been  removed. 

4.2.1  Influence  of  the  second  free  surface 

It  was  found  that  the  motion  of  the  second  free  surface  is  very  limited  for  H  =s\m 
and  no  wall  under  the  cylinder.  Consequently,  another  case  was  considered  by 
using  a  larger  cylinder  radius  and  a  lower  height  of  the  water  to  force  the  water 
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rising  in  the  cylinder  to  come  from  near  the  second  free  surface.  We  took  R  =  Im 
and  //  =  0.5m  and  we  only  considered  the  case  without  wall.  It  appeared  that 
the  shape  of  the  first  free  surface  was  nearly  the  same  as  without  the  second  free 
surface  even  in  this  case.  Results  are  given  on  figure  [4.2.1. 1],[4.2.1.2],[4.2.1.3] 
where  we  can  also  see  that  the  introduction  of  the  second  free  surface  has  not 
changed  too  much  the  speed  of  the  Brat  node  or  its  position  in  time  by  far. 

We  focus  on  the  position  of  the  second  free  surface  at  different  times  on  figure 
[4.2.1.4],  [4.2.1.4’]  and  [4.2. 1.4”].  Since  the  depth  of  water  used  in  that  example 
is  one  meter,  the  initial  shape  of  the  second  free  surface  is  a  horizontal  flat  line 
at  Z=1  meter.  Near  the  cylinder,  the  water  seems  to  fall  at  first  while  it  is  rising 
in  the  cylinder  (fig  [4.2.1. 4j).  Then  a  small  wave  can  be  observed  rising  near  the 
cylinder  between  0.54  second  and  0.71  second  as  the  average  level  of  water  starts  to 
decrease  in  the  cylinder  (fig  [4.2.1.4’j).  It  looks  as  if  that  wave  starts  to  propagate 
away  from  the  cylinder,  as  it  is  suggested  by  figure  [4.2. 1.4”)  corresponding  to 
time=0.739  second  to  0.871  second. 

Figures  [4.2. 1.5]  and  [4.2. 1.6]  show  the  velocity  field  at  time  0.48  second.  It 
appesLTs  that  the  water  comes  more  from  the  sides  and  from  under  the  cylinder 
than  from  the  region  of  the  second  free  surface.  It  is  to  notice  that  velocities  are 
far  more  important  near  the  bottom  of  the  cylinder,  as  one  would  have  expected. 

4.2.2  Influence  of  the  wall 

Results  without  the  wall  were  compared  with  satisfaction  to  the  theoretical  model 
described  above.  Figure  [4.2.2. 1]  shows  the  speed  of  the  free  surface  in  the  two 
cases.  For  the  previously  studied  modelisation,  the  doted  line  shows  the  quantity 
^  while  the  continous  line  corresponds  to  the  speed  of  a  point  located  at  half  the 
radius  from  the  axis,  which  can  be  considered  as  a  kind  of  average  speed  of  the 
free  surface.  Though  the  two  problems  are  completely  different,  we  were  surprised 
to  observed  that  the  two  figures  are  very  similar.  We  can  also  notice  that  after  0.6 
second  in  the  case  studied,  the  average  speed  on  the  free  surface  is  negative,  which 
means  that  the  level  of  water  has  reached  its  top  position  and  is  starting  to  decay 
and  oscillate.  Instabilities  observed  later  are  due  to  the  very  thin  jet  on  axis  and 
to  contacts  between  some  nodes  of  the  discretisation. 

The  results  of  the  study  made  on  the  distance  of  the  wall  axe  shown  on  figures 
[4.2.2.2]  to  [4.2.2.19].  Distances  to  the  wall  vary  in  the  range  [0.1  meter-1  meter]. 
These  figures  are  shown  seperately  to  see  the  position  of  the  free  surface  vary  in 
time  for  different  distances  to  the  wall. 

A  first  observation  shows  that  the  computation  lasts  longer  when  there  is  no 
wedl  and  then  when  the  wall  is  fax,  because  the  proximity  of  the  wall  creates  higher 
velocities  which  slow  down  and  stop  the  code  as  said  before.  For  instance,  at  0.514 
sec,  the  jet  has  already  reached  a  height  of  5.9  meters  (probably  non-physical)  if 
the  wall  is  at  0.1  meter,  while  it  has  only  reached  3.2  meters  if  the  wall  is  at  0.3 
meter  and  3.4  meters  if  the  wall  is  at  1  meter. 
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We  notice  that  the  wall  does  not  alwajrs  create  higher  velocity  fields.  The  jet 
is  higher  without  a  wall  than  for  a  0.3  or  1  meter  away  wall  for  times  0.514  and 
0.625  sec.  Nevertheless,  we  fortunately  remarked  that  when  the  distance  to  the 
wall  increases,  the  shapes  converge  to  the  one  corresponding  to  the  absence  of  wall. 
This  observation  is  probably  more  obvious  on  figure  [4.2.2.20]  were  we  compare 
the  speed  of  the  first  node  on  the  jet  for  different  values  of  the  distance  to  the  wall. 
It  is  interesting  to  notice  that  without  a  wall  or  with  a  far  distant  wall,  that  speed 
increases  inunediately,  while  it  takes  nearly  0.1  second  when  the  wall  is  0.1  meter 
far.  This  correspond  to  the  time  for  the  water  fronts  to  converge  toward  the  axis 
since  there  is  no  water  to  rise  under  the  cylinder  in  that  case. 

Velocity  fields  are  shown  for  two  distances  of  the  wall  (0.1m  and  0.3m)  on 
figures  [4.2.2.21], [4.2.2.22]  at  time  0.25  s. 

4.2.3  Influence  of  the  depth  of  water 

A  few  runs  have  been  made  with  different  depths  of  water.  We  have  already  re¬ 
ported  (figures  [3.2.4.3]  and  [3.2.4.4])  that  with  a  higher  depth  (2  meters  here), 
a  greater  velocity  field  was  observed,  as  expected,  and  that  it  causes  some  com- 
putional  problems  since  we  haul  to  improve  by  a  factor  of  two  the  parameter  for 
time  discretisation  to  go  on.  Results  for  the  shapes  are  reported  in  figures  [4.2.3.1] 
to  [4.2.3.5]  and  must  be  compaured  with  [4.2.2.17]  to  [4.2.2.19].  The  generad  shape 
is  the  same  as  for  the  1-meter  depth  of  water  except  that  times  are  reduced.  Before 
0.3  second  the  jet  is  alreauly  very  high  and  the  previously  reported  drop  alreauly 
created.  Figures  [4.2.3.6]  amd  [4.2.3.7]  show  well  how  much  speed  varies  with  the 
depth  of  water,  while  all  the  other  parameters  are  unchamged  (distamce  to  the  wall 
=  0.1m). 

Conclusion 

This  study  has  helped  understand  better  the  behaviour  of  free  surfatces  and  jets  in 
a  particular  case. 

Many  computational  tools  were  tested  and  introduced  to  take  into  aw;count 
physical  realities  which  we  had  first  intended  to  neglect,  such  as  a  numerical  vis¬ 
cosity.  Other  improvements  have  to  be  completed. 

The  code  used  for  this  study  may  be  suitable  with  few  modifications  to  modelise 
other  phenomena  where  free  surfaces  are  involved.  Even  if  our  attention  has  been 
maunly  focused  on  the  problem  of  the  cylinder,  the  study  could  be  extended  to 
air-water  free  surfaces  in  general.  For  instance,  the  code  used  could  be  easily 
transformed  with  benefit  to  describe  what  finally  happens  when  an  air  bubble 
rises  in  a  liquid,  collapses  auid  touch  the  aur- water  surface. 

We  give  a  few  examples  with  figures  [5.1]  and  following. 
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Resume 


Depuis  les  premiers  trsivaux  de  Rayldgh  et  Besant,  beaucoup  de 
documents  ont  etes  consaces  a  I’etude  d’dcoulements  contenant  des  cavites 
gazeuses.  Avec  I’apparition  d’outils  informatiques  puissants  et  de  methodes 
a  elements  finis  rapides,  I’attention  a  ete  portee  a  developper  des  codes  de 
calcul  tri-dimmensionnels.  L’approche  par  developpements  asymptotiques 
raccordes  permet  one  etude  plus  qualitative  des  r&ultats  car  elle  permet  de 
degager  directement  les  parametres  importants  du  probleme. 

Le  but  de  ce  travail  est  Tetude  de  Teifondrement  de  bulles  de  cavi¬ 
tation  au  voisinnage  d’une  paroi  solide  dans  un  ecoulement  potentiel,  par  la 
methode  des  developpements  asymptotiques  raccordes.  Le  type  de  probleme 
considdre  se  limite  k  I’etude  de  bulles  de  dimensions  petites  relativement  aox 
dimensions  de  I’ecoulement.  Nous  adoptons  done  le  parametre  e,  rapport 
du  rayon  initial  de  la  buUe  k  la  dimension  caracteristique  de  I’ecoulement. 

A  chaque  etape,  le  probleme  se  decompose  en  deux  parties: 

-  un  probleme  interieur,  e’est-a  -dire,  a  I’echelle  de  la  buHe,  ou  la  paroi 
solide  representee  par  I’ogive  est  consideree  comme  etant  a  I’iniini. 

-  un  probleme  extdrieur,  e’est-a  -dire  k  Tecbelle  de  I’dcoulement,  on  la 
bulle  est  consideree  comme  perturbation  de  I’ecoulement  initial. 

A  chaque  etape,  ces  deux  problemes  sont  reiids  I’un  i  I’autie  par  une  condi¬ 
tion  de  raccordement:  dans  une  zone  d’espace  d’echeUe  intermediaiie  entre 
les  deux  problemes,  ils  doivent  aboutir  k  la  meme  solution. 

Les  ddformations  d’une  bulle  de  cavitation,  et  en  particulier  I’observation 
d’un  jet  reentrant  (origine  du  bruit  de  cavitation)  peuvent  rouver  denx 
engines:  I’origine  physique  due  directement  k  nnstabilitd  de  la  bulle  dans 
I’dcoulement  eu  egard  aux  conditions  de  pression  et  de  vitesse  de  edni- 
d;  et  I’origine  mathdmatique,  due  an  fait  que  le  deplacement  du  repdre  d 


Tintensite  du  jet  observd  dans  ce  rep4re  ne  sont  pas  inddpendants.  11  est 
cependant  necessaire  d’adopter  un  rdfdrentiel  mobile  pour  les  calculs,  car  les 
calculs  prdscntcs  dcvicnncnt  faux  que  Porigine  du  repere  sort  dc  la  buUe. 
Us  devicnncut  done  tres  rapidement  faux  si  Porigine  du  repere  ne  se  depiace 
pas  avec  la  buUe. 

Les  calculs  de  deformations  presentes  Jusqu’k  la  section  4  sont  ef- 
fectuds  dans  un  repdre  se  depla^ant  de  la  meme  fa;on  qu’un  point  matmel 
dans  Pecoulemcnt  potenticl  initial.  Appliques  au  cas  particulier  que  nous 
avons  adopte  pour  les  etudes  numeriques,  celui  d’un  corps  de  Rankine,  e’est- 
a  -dire  un  potentiel  pour  Pecoulement  initial  egal  a  la  superposition  d’nne 
source  et  d’un  ecoulement  uniforme,  iis  permettent  Pobservation  (figures  2 
et  3)  d’un  jet  reentrant  oriente  vers  la  paroi  solide  et  opposd  au  deplacement 
de  la  buUe. 

La  section  5  presente  les  calculs  eifectuds  dans  un  repdre  dont  Porigine 
est  prise  k  ebaque  instant  dgaie  an  centre  de  gravitd  de  la  buUe.  Ce  choix 
dlimine  toutes  les  ddformations  non-sphdriques  de  la  buUe;  e’est  pourquoi  les 
comparaisons  montrdes  par  les  figures  4  permettent  de  constater  I’absence 
de  jet  dans  ce  repere.  Ce  type  de  calcul  n’a  dtd  eifectud  que  jusqu’a  Pordre 
e.  Us  peuvent  etre  sans  diflicultds  poursuivis  pour  les  ordres  supdrieurs,  afin 
d’allongcr  la  durde  dc  validitd  dcs  calculs.  A  Pordre  en  particulier,  ceci 
permettrait  d’observer  des  ddformations  plus  importantes. 

La  section  6  etudie  le  probeme  de  la  reprdsentation  de  lignes  de 
courant.  Son  but  est  de  ddmontrer  que  la  meilleure  mdthode  de  reprdsentation 
reste  la  mdthode  d’Euler  et  non  la  recherche  d’une  pseudo  fonction  de 
courant. 

La  demiere  partie  de  ce  travail  (section  7)  prdsente  les  calculs  du 
ddveloppement  de  la  forme  de  la  bulle  k  Pordre  e^.  Ceux-ci  sont  eifectuds 
dans  un  rdfdrentiel  dont  Porigine  se  ddplace  a  la  vitesse  du  point  materiel 
dquivalent  dans  Pecoulement  initial.  Ces  calculs  restent  k  vdrifier.  Lenr 
application  au  cas  particulier  que  nous  avons  choisi  montrent  de  fortes 
deformations  dcs  bullcs  dc  cavitation. 

La  complexite  formelle,  due  a  la  mdthode  des  ddveloppements  asymp- 
totiques  elle-meme,  entraine  rapidement  des  erreurs  numdriques.  n  parait 
done  indispensable  d’en  comparer  les  rdsultats  avec  ceux  foumis  par  un  cal¬ 
cul  fondd  sur  la  mdthode  des  eldments  finis. 

Outre  ces  remarques  d’ordre  numdrique,  plusieurs  points  restent  ouverts. 
Ainsi,  ndgliger  les  efforts  de  tension  superficielle  n’est  pas  ndeessairement  un 


choix  pertinent.  D<  .^eme,  les  chotx  dc  rep^res  mobiles  ^ectnes  representent 
deux  types  de  choix  extremes  :  dans  un  cas,  tons  les  deplacements  sent 
comptabilisds  comme  deformations,  dans  Tautie,  anenn  jet  reentrant  ne  peat 
etre  observd.  n  est  possible  dlntrodnire  dans  le  module  on  paramdtre  per- 
mettant  de  cboisir  la  mobility  dn  rep^re  de  fa^on  k  se  situer  entre  ces  deux 
cas  extremes.  Un  tel  mode  de  calcul  conduirait  vraisemblablement  k  un 
choix  optimal  de  ce  parametre,  et  done  k  one  representation  optimale  du 
phenomena  d’effondrement.  Enfin,  one  introduction  de  la  viscosite  dans  le 
modele  pennettrait  one  extension  de  son  champs  d’application. 
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Abstract 

The  behaviour  of  a  bubble  in  a  Bow  field  near  a  body  is  studied  using 
a  matched  asymptotic  expansion,  the  small  parameter  (ro//o)  being  the 
ratio  of  the  initial  bubble  radius  to  the  initial  bubble  standoff  distaaoe 
to  the  wall.  Assuming  the  bubble  to  be  small  compared  with  the  flow 
field  length  scale,  a  Taylor  expansion  of  the  pressure  and  velocity  of 
the  flow  field  can  be  done.  The  nature  of  the  interaction  between  the 
bubble  and  the  flow  becomes  more  complex  as  the  expansion  increases. 
The  theory  is  applied  to  the  probl«n  of  a  bubble  coU^wing  near  aseiiii> 
infinite  bluff  body  in  a  uniform  flow  field.  Results  obtained  at  order 
e  and  order  e"  show  the  formation  of  a  curved  jet  moving  opposite  to 
the  bubble  trajectory  and  towards  the  wall  and  an  imparted  rotation 
of  the  bubble.  Analytical  results  from  at  are  given,  and  have  been 
computed.  In  order  to  lengthen  the  validity  lap  of  the  calculations,  a 
translation  velocity  of  the  center  of  the  frame  has  been  introduced  at 
order  s.  Results  have  still  to  be  compared  with  a  3D  boundary  element 
method. 


Introduction 


The  understanding  of  bubble  and  cavity  dynamics  has  preoccupied  re- 
serchers  and  engineers  over  the  past  several  decades.  Since  the  early 
work  of  Rayleigh  and  Besant,  numerous  p^ers  and  books  have  been 
devoted  to  the  study  of  cavity  flows.  Wi^  the  advent  of  new  mathe¬ 
matical  and  computational  tools,  increasing  attention  has  been  given 
to  develop  three-dimensional  nonlinear  numerical  codes.  Approximate 
theoretical  approaches  are  very  useful,  since  they  give  results  at  a  much 
lower  cost  but  they  may  be  somewhat  less  precise  than  fully  3D  meth¬ 
ods.  Bovis  studied  the  collapse  of  a  bubble  near  a  wall  using  the 
simplifying  assumption  of  neglecting  the  pressure  and  velocity  gradi¬ 
ent  across  the  bubble.  In  this  study  we  shall  present  results  from  a 
numerical  and  analytical  study  of  the  growth  and  collapse  of  a  bub¬ 
ble  in  a  general  potential  flow  in  the  vicinity  of  a  solid  object.  The 
selected  analytical  approach  consists  of  using  the  method  of  matched 
asymptotic  expansions.  The  small  parameter  of  the  expansion  (e),  is 
chosen  to  be  the  ratio  of  the  initial  bubble  radius  to  its  distance  to 
the  wall.  At  every  order  the  problem  is  decomposed  into  two  pieces: 
an  ‘inner’  problem  where  the  characteristic  length  is  the  bubble  radius 
and  an  ‘outer’  problem  characterised  by  the  bubble  standoff  distance 
from  the  wall.  The  effect  of  the  wall  appears  only  as  a  limit  condition 
at  infinity  for  the  inner  problem,  and  fenr  the  outer  problem  the  bubble 
appears  as  a  perturbation  at  the  origin.  A  new  fictitious  flow  is  in¬ 
troduced  by  substracting  tlie  the  initial  flow  (no  bubble)  from  the  real 
flow  (presence  of  the  bubble  and  the  object).  Studying  this  flow  has 
the  advantage  of  having  staightforward  boundary  conditions  at  infin¬ 
ity.  The  calculations  are  done  in  a  frame  moving  with  the  bubble  so  as 
to  follow  the  bubble  behaviour  over  a  longer  period  of  time  otherwise 
the  results  become  wrong  as  soon  as  the  origin  of  the  frame  is  outnde 
the  bubble.  The  bubble  is  assumed  to  be  filled  with  liquid  vapour  and 
non-condensable  gas  which  follows  the  polytropic  law  PV*  —  eonttant. 
A  dimensional  analysis  will  leads  us  to  make  assumptions  on  the  ini¬ 
tial  flow,  for  example  the  initial  radius  of  the  bubble  has  to  be  small 
compared  with  the  length  scale  of  the  flow.  The  theory  developed  here 
can  be  applied  to  any  potential  flow  which  has  at  least  one  plane  of 
symmetry  (easier  calculations)  and  will  be  applied  to  the  problem  of 
a  bubble  collapsing  near  a  semi-infinite  bluff  body  in  a  uniform  flow 
field.  In  the  example  presented,  the  potential  used  is  that  of  a  source 
in  a  uniform  flow  field  so  that  the  complete  problem  has  a  plane  of 
symmetry. 


1  Problem  formulation 


We  first  set  the  system  of  equations  of  oar  problem  in  a  movixig  frame  which  we  take 
such  as  its  origin  is  inside  the  collapsing  babbie.  Its  characteristics  regarding  to  a  fixed  frame 
are  given  by  its  velocity  V,  and  its  rotation  J.  We  will  note  : 

the  velocity  due  to  the  initial  potential  flow  without  the  bubble 
^  the  additionnal  potential  due  to  the  presence  and  dynamics  of  the  bubble,  in  the  mov¬ 
ing  frame 

r  =  R(0,r/f,t)  the  bubble  shape  equation  in  the  moving  frame. 


Let  us  note  O  the  frame  center,  n  the  normal  to  the  bluff-body  wall  or  to  the  babble  wall, 
p(r,t)  the  pressure  due  to  the  initial  flow  the  pressure  due  to  the  initial  flow  at  point 

0,  and  M  a  field  point.  Therefore,  the  equations  of  the  problem  are  ; 

VV  *  0  (1) 

lim  ^  s  0  (2) 

♦oo 

*  0  (3) 

{v#.a}„R  =  ^  +  {((V^.  -  <Uo.<)) +"  X  03i].iSlr.R  (4) 

Taking  into  account  the  fact  that  the  pressure  inside  the  babble  is  supposed  to  be  spatially 
uniform  and  that  the  gaz  inside  the  babble  follows  a  polytropic  law  (FV^  s  constant),  we  may 
transform  the  last  equation  of  our  initial  system  in: 

(-{^  +  5  W)'  +  (iU''  oV).v# + i  W(f,  1)  -  v?(o.  1)) + 2  W  = 


Pv 

Pinit 

ro 

where:  Vo 
V 
C 
7 


initial  partial  vapour  pressure  in  the  babble 

initial  total  pressure  inside  the  bubble 

initial  babble  radius 

initial  babble  volume 

bubble  volume 

babble  surface  curvature 

surface  tenmon  coefficient 
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2  Non-dimmensiozmalization  of  the  problem 


La  so  far  as  we  limit  our  study  to  problems  such  as  the  bubble  dimensioos  are  small  compared 
to  the  characteristic  initial  flow  field  dimension,  we  will  use  the  matched  asymptotic  expanaon 
method  to  calculate  the  complete  flow  field  evolution,  including  the  bubble  collapse.  This  will 
lead  us  to  set  a  small  parameter  that  we  will  denote  s  to  separate  the  scales  of  the  inner  and 
the  outer  problem. 


2.1  Notations 


Two  problems  have  to  be  solved  simultaneously: 

-  An  inner  problem,  that  is  to  say,  the  problem  of  the  bubble  behaviour  in  the  potential 
flow,  whose  scale  is  given  by  the  characteristic  size  of  the  bubble  (ro),  and  whose  variables  will 
be  denoted  X  : 

r 

P 
t 

% 

VVq 

VVVo 

w 

-  An  outer  problem,  that  is  to  say,  the  modification  of  the  initial  flow  due  to  the  presence 
of  the  bubble,  whose  scale  is  defined  by  the  characteristic  size  of  the  flow  :  the  radius  of  the 
semi-infinite  bluff-body  (lb);  and  whose  variables  will  be  noted  X. 

Therefore,  the  small  parameter  we  use  to  expand  these  two  problems  is  the  ratio  between  the 
two  scales  : 


and  we  will  use  the  following  asymptotic  expansions  for  the  problem  unlmowns  : 


for 

(^P)P 

Tot 


*«- 

ilf(VVo) 

J^(VVVo) 
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To  match  both  problems,  we  write  that  they  give  the  same  solution  in  an  intermediate— range 
zone: 

for  ro  <  r  <  4j  we  must  have  ;  ^,-nn«r(^  = 


2.2  Expansions  calculations 

We  develop  the  following  expressions  using  Taylor  series 


2.2.1  Initial  velocity  field 

We  will  first  use  a  moving  frame  which  origin  moves  at  the  equivalent  material  point  in  the 
initial  flow  velocity,  and  which  z  axis  is  always  parallel  to  this  velocity  :  =  1^(0, t)  and, 

i^o(o.t)  ss  VQVx{t)ex  in  the  moving  frame.  Therefore,  we  can  write  a  Taylor  series  expansion  as 
follows: 

Vo(r,  0  -  AfroVK)(0)  +  ^r^Nkv'VVo(0).f+ ... 

{Voif,  t)  -  rof.vt7o(o)  +  ii\rroi-of.vWo(0).f  + ...) 

Wir,  0  -  V?)  =  +  \i:^voNf.V7Vo{0).f.%{0) 

+^(Afrof.VVo(0))2  +  ...) 

We  suppose  the  problem  to  be  symmetrical  about  the  {Ozz)  plane  in  the  moving  frame.  Thus, 
recalling  that  V.Vq  =  0  and  V  x  ss  1,  we  must  write  : 


Vro(O)  = 


CKl  0  OE] 
0  0  0 

02  0 


Calculating  VT^.r  and  r.VVT^.^in  the  moving  frame  polar  coordinates  we  obtain  : 


VVo.f  =  r 


=  r 


202  9  cos  6  cos  i>  ai(sin*  9  cos’  ^  -  cos’  i 

Oistn^  eostf  (cos’ ^  +  l)-ha2  cos  ^  cos  29 
— sin0  cosyp  sini>  —  a^sin^  cos9 

Gr{0,i>) 

GsM) 
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and: 


?.VVVb.f  =  r* 


Br 

Bi 

B’^ 


with: 

Br  =  +  2-^^)(coa^  9  sin  coa ^ )  +  +  2^^)(  cos  0  sin*  0  coa* 

OZ  ox  ox  QZ 


2.2.2  Moving  firame  rotation 


Since  the  problem  has  a  plane  of  symmetry,  we  shall  take  J  =  a;(t)^. 

«  X  OM  =  «r(eV  x  eV) 

0 

1 

=  vr 


eosi^ 

—  sin'^  sin9 


-  ’*0  /  n,  -  sinif  cos9  BR\ 

(u,  X  OM) -  ^-<,rocaa^^  +;,ro— 


sinB  di>j 
nnijf  cos9 


(.-  .  oV, .  =  I  -«r. 


(7) 

(8) 

(9) 

(10) 


nn9  di>/ 

Let  12  be  the  characteristic  rotation  speed  of  the  frame.  We  shall  assume  that  (2  To  is  order  a. 
ta  s  no 
uTq  —  eu 
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2.2.3  Geometrical  data  expaxisions 


VOLUME : 

The  expansion  of  the  volume  is  necessary  to  know  the  pressure  terms  : 

V  =  J  J  J 

=  ^  P’  di>  r  sin  e(B^  +  ZeRlRt  +  +  R^Ru))  dB 

4x  JQ  Jq 

—  +  3e^£/oo 

+3e^(-Roi2//oo  +  -^(-R/oo  +  3^/10  +  "*■  s'®?*!  +  3-®*/^^ 

at  order  e^. 

CURVATURE : 

In  the  same  way,  we  can  work  out  the  expansion  of  the  curvature,  to  devdop  the  surface 
tension  terms;  if  =s  r  -  ^  -  eR/(fl,^)  -  e^Rii{9,  i>), 

I  ^ 

c  -  J_+  r  ®£  coatf  dRi  1  d^Ri  1  d^Ri 

2^  COS 9  RidRi  eos$  dRji  Rid^Ri  Rj  d^R/j 
*  ^^sine%  ee  "  2^sine  ae  1^'W  ~  2Rg  d$^ 

Ri  d^Ri  _  1  a^Rri  1  a^Ri 

2R^sin9'^  atjf^  2ihsin0)^  ai>^ 

mRUAL  : 

Using  the  same  function  B  as  before,  we  have: 

-  VR 
’‘“IVRI 

since  the  scalar  product  with  other  terms  will  lead  to  higher  order  terms,  we  jnst  need  to  know 
the  expansion  of  the  normal  till  order  e  : 

^  ^  ,1  dR/«  1  aki^  ^ 

®  =  «r  -  «(^-sr ««  +  5-  . 

Ro  RostnS  ov 
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2.3  Consistency  of  the  different  scales 


By  application  of  least  degeneracy  principle  to  equations  (4)  and  (6)  ,  we  get  the  relative 
values  for  the  different  variables  we  need  :  we  must  have  : 

, 

- 3“  ~  ^ 

MTo  =  e 
JfroTo  =  e* 
flTo  =  e 

To  complete  the  non-dimmensionnalization  of  the  inner  pro!  Icm,  let  us  define: 


•p  —  Pv 

Ap 

1  27 
W  *  roAp 

(11) 


3  Problem  formulation  till  order  s 


3.1  Outer  problem 


Till  order  e^,  we  can  approximate  the  shape  of  the  bluff-body  as  seen  by  the  babble  by 
a  flat  plane  :  we  shall  take  —  e,.  The  outer  problem  obeys  the  foOowing  system  : 


=  0 
lim  i  s  0 

f-*oo 

{V^.e^}MywaH  =  0 


(12) 

(13) 

(14) 
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3.2  Inner  problem 


We  tie^ect  the  surface  tennon  strength,  in  order  to  simplify  the  future  developments  on 
spherical  harmonics.  The  expansion  of  equations  (4)  and  (6)  give  us  the  system  of  equation  for 
the  inner  problem  till  order  e  : 

=  0  (15) 

(w) 

+  jCV#)’  +  £.V^;-.^Vo(0)  +  a  X  f)  +  o.(x-.^o)W  =  A?(f)  +  3€iP^(lT) 


4  Resolution 


4.1  Order 

4.1.1  Outer  problem  at  order  e° 

System  of  equation  (12)  to  (14)  for  the  order  zero  becomes; 

o 

II 

C4 

> 

(18) 

lim  ^  s  0 

(19) 

(20) 

The  general  solution  to  this  problem  is  a  combination  of  spherical  harmonics,  such  as  : 
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where  Yj^  are  spherical  harmonics  depending  on  the  values  of  the  angular  posititms  (see  equation 
(42),  section  4.2.2).  To  satisfy  equation  (19),  we  have  to  leave  out  all  the  terms  in  r”.  To  respect 
the  condition  given  by  equation  (20)  we  have  to  introduce  an  image  bubble,  symmetrical  about 
the  solid-body  wall.  If  we  write  r'  the  distance  between  M  and  the  center  of  this  new  bubble, 
and  take  into  account  the  preceding  remark,  we  can  develop  the  outer  potential  at  order  0  as  : 

(21) 

iwO  ^ 

Pn  are  the  Legendre  polynomia  of  degree  n. 

4.1.2  Inner  problem  at  order 

System  of  equation  (IS)  to  (17)  for  the  order  zero  becomes: 

=  0  (22) 

=  &  (M) 

From  (23)  we  get  the  solution 

^  =  I  with  q  =  -^^ko  (25) 

T 

where  ^(t)  is  determined  by  the  Rayleigh-Plesset  equation: 

Roh-^\^  =  -Ap(t)  +  V{Ro'^  - 1)  +  -  i)  (26) 

the  initial  conditions  are  ^  >  1  and  .^  =  0 

4.1.3  Matching  condition  at  order  sero 

If  we  replace  the  potentials  by  their  expansions,  the  matching  condition  is: 

Tk.  wlntioll  to  jg  it  #□  =  +  3^) 

naO  ^ 

^is  ^  =  |+  C  Cisa  constant  to  be  determined 
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4  = *•"  (s  ^  + ■••) 


At  leading  order  we  have: 

C  =  0 

^e*t  = 

To 

5n(*)  =  tfn,0  «(*) 

To  obtain  the  limit  condition  on  ^/,  we  must  continue  the  expansion. 

+  *^//(--)  +  0(«^)  s:  1  i-l—eosB  •he^i(-^)  +  0(f-^)  ) 

*^0  1*0  jS  4  Iq  To  \To/ 

^  is  of  order  0(<)  so  equating  terms  at  leading  order  give  us: 

Urn  s  I 

f—co  2 

4.2  Order  e 

4.2.1  Inner  problem  at  order  < 

Remembering  that  Rq  and  ^  only  depend  on  time,  at  order  e  the  problem  becomes: 

A^/  =  0 

&♦'=! 

+-‘..W4.n*.W..A  « 


(29) 

(30) 

(31) 


(32) 


(33) 


(34) 

(35) 

(36) 


(37) 


where  (?r  s  20]  cos  4  sin  cos  ^+ai(8m’ 9cos^  coe^tf) 
F  »  ai  sin  0  eo»i^  -i- 02  co$$ 


(38) 

(39) 


(28) 


4.2.2  Resolution  of  the  order  c 
Let  us  take: 

jmO  mm—j 


Rl  —  ^  •R/imijff 

jsO  ms*— j 


axe  the  spherical  harmonics: 

{Pj“(cos  d)  cos  for  m  >  0 

p]"**(cos  d)  sin  |m(V»  form  <  0 


The  limit  condition  at  infinity  on  leads  os  to  take: 

Aijn  -  Sj.o  I  (43) 

Since  the  problem  is  symmetrical  about  the  (Ozz)  plane,  there  will  not  be  any  terms  in  sin 
we  do  not  have  to  consider  m  <  0.  Knowing  that 

cos  $  sin  9  cos  i>  =  (44) 

o 

sin’tf  cos’^-co8^tf=-rjo  +  ^=y/  (45) 

0 

liquation  (36)  and  (37)  become: 

-^^/imlSm  +  =  ^//mlSm  ”  +  CIiMYw  -  ^)  (46) 

Tr“ai(— + -|^)  + +  ®2^o)  ®  '  (4^) 

ico  o 

For  j  >  2  we  have  a  homogeneous  linear  diffisrential  system  where  the  initial  conditions  are 
zero.  The  solution  is  therefore  Rijm  =  Rljm  s  0  Vj  >  2 
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4.2.3  Resolution  for  m  s  j  s  0 

We  h&ve  to  solve  the  following  diffeientisl  system: 


2  X  i  ^  ”  i/oo{3Jirj>Sj“-> + ^(3ir«j«-'  -  ;^)K«) 

Rioa  is  the  solution  of  the  linear  differential  equation: 

^l/oo+aioA/oo+loi/oo  =  -Ro^-\Hhi-‘Rioo{^KVR^^^-^+-^iZKR5^^-^~)}m 
and  Bioo  is  computed  using: 

•3/00  =  — (-Ro-S/oo  +  2RoJ^R/oo)  (51) 

4.2.4  Resolution  for  ;  =  1 

We  have  the  same  differential  system  to  solve  for  R/io  sod  R/n.  We  just  have  to  replace  Oi 
and  Rfio  by  aj  and  R/n  in  the  system  giving  R/to  to  obtain  the  system  leadding  to  R/n. 

Resolution  for  m  s  0  We  have  to  solve  the  following  differential  system: 


«3/io  ,0^3/10  _  a. 

(52) 

(53) 

R/io  is  the  solution  of  the  linear  differential  equation: 

^R/io 't'  3^R/io  ~  2iiiiq/oi\Vg 

(54) 

“  1  f*  - 

R/io  "  ^  2/iRo»»«i* 

(55) 

and  R/io  is  computed  using: 

3/10  *  “  ■^•^■^/lo 

(56) 

11 


Resolution  for  m  =  1  Am  and  Bni  ue  computed  using: 


-  1  - 

*  sa  /  2M^w*oj<it 

Rq  jo 

(it) 

Bln  —  -  i^kokin 

(58) 

Resolution  for  j  =  2 

We  have  the  same  differential  system  to  solve  for  Rm  and  Rif.  As  before,  to  get  the  system 
giving  Rif  from  the  system  giving  Rm,  we  just  have  to  replace  at  by  |a2. 

Resolution  for  m  =  1  We  have  to  solve  the  following  differential  system: 


(59) 

(60) 

R/31  is  the  solution  of  the  linear  differential  equation: 

+  3^R;at  —  RoRm  =  ■^•SoRoota  + 

(61) 

and  Bi2i  is  computed  using: 

5/21  =  -^^/21  -  l^ioR/21  + 

(62) 

Resolution  of  the  coefficient  in  front  of  Yf  Rif  is  the  solution  of  the  linear  differential 
equation: 

ioBif  +  ZRaRff  —  RoRif  —  S^J^i  +  Jtodi 

(63) 

and  Bif  is  computed  using: 

Bif  *  ~Rif  -  I^AoR//  +  \H<xi 

(64) 

The  potential  and  radius  at  order  s  are: 

^/  *  ^  H — ^  +  •^{Biioco*8  +  Bmnnf  cos^)+ 

"»‘(35/2i  tinO  cos9  eosift  +  Bif(sia^  9  cos*  ^  —  cos*  d)) 

(65) 

12 


(66) 


■ft/  *  ft/00  +  ft/10  c®*  ®  +  ft/ll  ^  c®*  +  3ft/2i  sin  $  eos  $  cos  ift  + 

ft/ /(sin’  8  cos’  —  cos’  8) 


5  Recentring  the  moving  frame 


5.1  Problem  formulation 


In  this  section,  we  fix  the  origin  of  the  moving  frame  in  which  we  cacnlate  the  bubble 
shape  to  the  center  of  gravity  of  the  bubble.  To  do  so,  we  introduce  a  translation  velocity  in 
the  primary  set  of  equations:  writing  ^  ,  the  system  to  solve  is  : 


s  0 
lim^  s  0 


OO 


SR 


(67) 

(68) 

(69) 

(70) 


{V^.n},,R  =  ~  +  {tfo(C?.  0  +  -  t^o(r,t)  +  <5  X  Ol£l.n}r.R 


If  we  expand  this  translation  velocity  by  developing  it :  i?,  =  +  et^/  +  «’t^//  +  ...  t 

the  system  at  order  0  just  contains  ^  and  Rq  which  have  only  spherical  deformations.  At  order 
0,  the  ori^n  of  the  frame,  moving  with  the  equivalent  material  point  in  the  flow  field  is  fixed 
to  the  center  of  the  bubble.  Thus,  we  shall  take  ^  s  0  and  only  consida  ^  for  order  «  and 
further. 

Let  us  choose  a  scale  for  in  order  to  non-dimmensionnalize  the  set  of  equations,  we 
take  V/  s  ,  the  system  at  order  s  becomes  : 

=  e^.^/  (72) 

{^+ft/~^}j^.^  =  ^^-G,fto+(^/.e*)st»9  cost^+('^/.4)®*«9jtn^+(^/.e,)cos9(73) 
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di  ^didf  df  df 


+  M**(0^O^ 


— g^((^/.e»)«ntf  co«^  +  (^ fSg) sinS  sinrl>  +^/.e,)coj9)  =  (74) 


if  we  aeglect  the  surface  tension. 

Let  us  write  the  condition  for  the  ori^  of  the  frame  to  be  at  the  center  of  the  bubble. 


5.2  Conditions  on  the  value  of  R[ 


If  0  is  the  center  of  the  bubble,  then 

f  f  f  a  0 

J  J  Jmu* 

with  :  f  a  {Ro{t)  +  tRi($,if>,t)  +  €^Rll)er 
Expressing  this  condition  : 

f  f  f  fdSl  =  f  f  ^(6o  +  €Ri)*nn0Crd$di> 

J  J  JMhU  J  JkmUU^ 

At  order  «,  \{Ro  +  tki)^  a  +  tS^ki  +  0(«*) 

Thus,  the  condition  has  to  be  written,  at  order  c  : 


(75) 


(76) 


Recalling  that 

ki  =  Rtw¥&ivnco$9-k-Rnitin9  eo$^+ZRm*i^9  co$9  cos^+j|//(sm*tfcos*^-cos*^)(TO) 


s  COSTS’,  +  stnf  cos^^+ sm^^  (79) 

we  obtain  the  condition,  at  order  s  (taking  into  account  the  symmetries  of  the  proUem  ): 

•ft/n  *  ■S/io  *  0  (®®) 
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5.3  Calculation  of  the  tranalation  velocity 


Let  us  note  Vfg  = 

IT  we  re-write  the  projection  of  the  system  on  the  spherical  harmonics,  we  have  now  the  new 
linear  system  : 

*  RlimYjm  ""  ~ 

VltYu  +  VifYio  +  Viy  sin  0  sin  i> 


J. 


2  o 

Yjm  ~  "^RtjmYjm  +  (j  +  ~  3^^***^*” 


■^ai(— yjo  +  -^)  +  lt^Vs(t)(aiYii  +  atYio)  +  •^{VixYn  -H  V/*yio  +  Vj^sinB  sin^)  = 


ZRmYvikPRS^-^ 


As  no  term  of  the  development -contains  spherical  harmonics  in  sini>,  we  may  immediately 
deduce  :  V/y  s  0. 

We  re-obtain  the  same  system  for  j  s  0,m  s  0;i  s  2,m  s  0, 1,2.  For  j  s  1,  the  system  is 
different,  because  of  the  condition  kt\o  -  km  =  0.  For  j  s  1,  the  two  linear  systems  are 
transformed  into: 


msO 

+  2-^BtxQ  +  ® 

which  gives: 


(83) 

(84) 


msl 


Bjii  +  + 


(85) 
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which  gives: 


6  Streamlines 


The  purpose  of  this  section  is  to  show  that  the  most  convenient  way  to  draw  streamlines  in  3*0 
problems  is  to  use  Euler’s  method.  We  wUl  ^ply  it,  afterwards,  to  the  flow  we  are  studying 
(including  the  bubble). 


6.1  2*D  problem 


In  two  dimensions,  the  most  convenient  way  to  draw  streamlines  is  to  introduce  a  stream- 
function  defined  by  the  system  : 


^ 

dx  ~  dy 
dy  ~  dx 


(87) 


Along  a  line  such  as  ^(s,y)  =  constant,  we  have : 


f{x,y)  s  ^{x,y)  -  constant  s  0 


which  gives  : 


That  is  to  say,  the  normal  to  the  line  at  each  pant  is  normal  to  the  vdodty  ci  the  point  in  the 
flow  Add.  bi  other  tenns,  tangentes  to  points  on  lines  such  as  -  constant  are  eq^  to 

vdodties.  Thus,  these  lines  are  streamlines. 

Let  us  remark  that  such  a  definition  is  made  mathematically  consistent  by  the  &ct  that  s  Q. 

(To  define  a  stream-function,  we  shall  have : 


dxdy  ~~  dydz 

This  condition,  in  tenns  of  ^  is  equivalent  to  =  0) 


0.2  3-D  problem 


In  three  dimensions,  let  us  show  that  the  previously  described  kind  of  approach  is  not 
applicable  : 

If  the  problem  has  no  special  symmetry  (plane  of  symmetry,  axis  of  symmetry),  it  is  not  possible 
to  exhibit  a  stream-function  :  let  us  suppose  an  equation  such  as  ^(z,y,z)  s  0,  this  equation 
gives  a  surface  and  no  line  (except  in  the  unlikely  case  of  degeneracy). 

Thus,  it  is  not  consistent  to  try  to  describe  a  streamline  by  such  an  equation  in  most  general 
cases. 

Let  us  assume  the  flow  fleld  to  have  a  plane  of  symmetry.  Let  s  s  0  be  this  plane.  In  this  plane, 
we  have  : 


A  stream-line  beginning  with  a  starting  point  belonging  to  the  plane  must  belong  to  the  plane. 
Thus,  in  the  plane  (Oxy),  we  may  describe  this  curve  as  : 

/(x,y)  =  0 

AU  the  stream-lines  belonging  to  the  plane  of  symmetry  may  be  described  by  ^(x,  y)  =  constant, 
where  the  constant  depends  on  the  starting  point. 

The  condition  on  this  2-D  stream-function  to  fit  the  problem  is  that  its  gradient  is  perpendicular 


to  the  velocity : 

dx  ” 

(88) 

drf,  dif, 

ai  ” 

(89) 

Trying  to  solve  the  problem  in  the  same  terms  as  a  2-D  problem  leads  to: 

(90) 

(91) 

and  the  consistency  condition  : 


dx  Oy 

dy  ”  dx 
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ay  _  ay 

dzdy  dydz 
leads  to : 

^  0 

a*2  ^ 

which  is  not  valid  in  most  cases,  since 
a*2  ay2  as*  “ 

Thus,we  must  introduce  a  coefficient  k(z,y)  in  the  system  (90)-(91),  which  gives  the  system 
(88)-(89). 


To  have  the  superposition  property,  we  shall  impose  that  =  0.  (This  is  obviously 
respected  in  the  2-D  calculations).  Let  us  figure  out  this  condition: 

av 


(92) 


5*2  -  ’®^'^"a*ay^”  ay'a* 

Qy2  =  *^*’*'^'(5zay^*^  a*'ay 


As  we  have  imposed  V^rf/  s  0,  this  gives  : 

dy'dz  dz’dy  ” 

a.U  =  w 

which  is:  _  p  where  a  is  a  proportionnality  coefficient,  not  depending  on  position. 

The  mathematical  consistency  condition  may  then  be  expressed  as  : 

ay 

dzdy 


ay 

dzdy 


(93) 


which  leads  to  : 


We  know  that  s  0,  therefore,  we  must  have: 


18 


(94) 


From : 

dz  ~~  ^dz 

a*  _ 

dy  *ay 


we  get:  k  =  a^-k-0;  then  : 


which  leads  to  : 

i-*-0 + 

This  condition  is  not  always  respected  for  any  kind  of  potential  one  can  take  (respective  of 
the  plane  symmetry  condition). 


If  we  just  try  to  solve  the^  problem  for  each  case  separately,  the  approach  is  exactly 
the  same,  but,  the  single  condition  to  remain  is  the  mathematical  consistency  one  : 

. .  ,  av  a^  dk  .  64  dk 

(*iy)-a,2  Qy'Qy  dz'dz 

Therefore,  to  find  out  the  streamline  we  are  looking  for,  we  have  to  compute  the  following 
system: 


64 

6z 

64 

6y 


d4dk  ^6k 

6y6y  6z6z 


and,  afterwards,  to  solve  the  equation  :  4{*tTl)  ~  eanstant 

This  system  is  more  complicated  to  8<dve  numerically  than  the  implementaticm  of  Euler’s  method, 
that  is  to  say,  at  a  given  instant,  to  start  from  a  chosen  point  in  the  field  and  to  find  out  the 
next  point  of  the  streamline  by  expressing  the  fact  that  the  streamline  from  one  point  to  the 
next  is  equal  to  the  velocity  given  by  the  flow  field  on  this  little  step  of  space. 
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6.3  Results 
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1 

2R^sin*8  \difj 


3  X  Ohd  • 


*  di> 


1  /gj/v 

2^»in^9  \di>j 

+ G,  + Jhf'j + G.^ + G 

HVx(t)Ri(aj eoa 9+0%  sin 9  eos^)  +  ^(C?r  +  ^*'1  +  i'^) 
•^\tt'Vx{i)S^h\Cos^9  +  73 «n 9  cos 9  cos rjt) 

m 

.,  ,  sinil>  cos9  dit. 


7.2  Problem  formulation 


As  before,  the  problem  is  described  by  the  following  system  : 


*  0 

(95) 

(96) 

=  E 

(97) 

where  the  e*  order  onknowns  are  ^//  and  R/j.  A,  3,  C,  D  and  E  axe  fonctions  depending  on 
time  and  on  position  for  C,E,D  ;  given  directly  by  the  asymptotic  expansions  of  the  primary 
system. 

If  we  work  out  the  values  of  these  coefficients,  we  obtain  : 


A 

B 


C 

D 


df2 


-  d^i  R}d^^  1  dhdh  1  d^rdRr 

af3  '  2  df^  ^  3^  69  89  RlsW9  ^  di> 

.^dRi,  Gi,  d&t  ^dki  .  ,cos9dRi^ 

*°>ir + 


1  dRi^  - 


. _ 

didf  df  df^ 


Rosin9  8i> 


^/.e^  + 


2is. 

df 
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~  ^aidf  2  dtd^  '  ^  df  af2  "  2  df  dp~¥df^~  2  'df 

_  R  _ Lrr^^^*  t  .g^/^2 

“  2  a»«  ^  ^  «f  af2  2lX''^ 


)*) 


2Ji3 

-Gr(Rl  Of  Q0  ~  ginff  Q^ 

-ttVg(t)Ri(aiCosB  +  ai  sin$co»il>)  —  ^(G?  +  G|  +  G^) 

-^Wx(0-^(7ico^^^  +‘j3sin$eos9  cos  ^) 

£ 

+<5(cos  ^  ^  -  «n  ^  +  ZkPi^^-^Riioo  +  ....) 


7.3  Inner  problem  expansion  on  spherical  harmonics 


The  matching  condition  of  the  inner  and  the  outer  problems  enables  us  to  limitate  the 
development  of  on  spherical  harmonics.  The  outer  problem’s  solution  at  order  e  is  like: 


fo  =  ir(i  +  i)+i(?) 


iT  is  a  constant  to  be  determined 
In  equation  (32),  we  can  replace  by  its  value: 


1  -  g  .  ^100  . 

*r  =  2  +  — +  ••• 


Thus: 

ft*  +  ^hdi;)  +  0(.i)  =  JTd  +  *1)  + 1^ ...,  +  xr 

We  can  take  =  fr  <  1,  term  which  shall  appear  with  ^u.  Finally  K  =  Bm. 
=>  hm(^//(f) - -  I  - |fcostf )  =  0 


Therefore,  we  shall  use  the  following  devdopment  on  spherical  harmonics  : 

^  +  i  +  «»*  + 

In  the  same  way,  we  are  going  to  develop  Ru  as: 

Rii  =  ^  Rnjmi^Yj, 


*  jm 


(98) 

(99) 
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7.4  Resolution  of  the  problem 


Usiog  developments  (98)  and  (99)  found  in  section  before,  we  now  can  work  out  system 
(96)  and  (97)  in  terms  of  tbe  Independent  spherical  harmonics  ■ 

-  E  ^  E  -  E  =  E  (100) 

+ ifcosd +E^5//imr;m (loi) 

-2?  (|yto  -  E  =  E 

We  have  developed  the  previous  equations  respective  of  the  fact  that  : 

A  =  .400(^7001'  C"  =  Coo(r,  2J  »  Iloo(r,  t)7M 
from  (100),  we  get  an  expression  for  Bujm' 

Stijm  —  J  (•®im  +  Bttjm  “  ARujn  “  (■®jm  +  “*  •Aff//jm)(102) 

Then,  we  can  replace  by  its  value  in  equation  (101)  to  obtain  a  second-order  in  time 
dififerential  equation  on  coefficients  Riijm  : 

J+1  J+l  7+1 

+-R//im('Aj“j^  +  j-"  J-AjRo  +  C*  +  AD)  Js  +  Y'^Ro^jm  + 

for  (7*,m)  s  (0,0)  and  {j,m)  =  (1,0),  the  second  member  of  the  previous  equation  has  to  be 
completed  by  the  following  additional  terms: 

=  (1.0)  : 

(j,m)  =  (0,0)  :  -^  +  (1  -  (fi?oo  + 5^10 +  |iJu  + §4^  +  5%) 

The  calculation  of  the  differential  equation  coefficients  gives  : 
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•  2 

^  ”  io 
c  =  io 
D  =  io 

We  now  can  sum-np  these  results  by  the  following  differential  equation: 

Coij)Rnjm  +  ^'l(i)-R//im  +  ^2ij)RlIjm  —  Rjm  +  +  C4{j)Bjm  (10^) 

at  which  we  add  the  following  terms,  in  both  cases  (j,m)  =  (0,0)  and  (j,m)  s  (1,0) : 

(j.m)  =  (1.0)  :  + 

The  coefficients  C,(j)  are  given  by  the  following  array  : 


j 

Co 

Cl 

Cj 

Cs 

Ca 

0 

-5^0 

-io  -  4^:  - 

sio 

1 

-4 

fio 

2 

J&, 

3 

|io 

4 

-4- 

I&-4 

Terms  of  order  1,  Ri  and  are  componed  of  harmonics  up  to  order  2.  Their  product  will 
leaui  us  to  harmonics  up  to  order  4;  that  is  to  say,  we  are  going  to  develop  15  independent 
differential  linear  equations  from  up  to 
Let  us  write  the  sum  Ejm  + 

Results  for  calcinations  of  terms  Bjm  and  for  the  15  spherical  harmmics  are  ^voi  in  the 
following  pages  : 
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B.esolution  for  jsO 


°  -  %(5-8"o  +  ioM&iu.)  -  %(jSni  +  iiiUin,) 


-  ^(jB„  +  -  ±<„&„ 


-  l2 


J2/0Q  * 

~  ■*■  +  h^Rioo  +  Ao5/oo) 

I  -^/lO  /  4  i  22  -  ”  -  O 

■  y-Ro^/io  +  5o^5no  +  ^^Bno  -  |o2».^) 
f  iofln,  + 1 A„A„.  -  |,.a.4j) 


+  ^-So^ni  -  ^BaiS,  -  +  |io«m) 


-  if  + l-Wi/) 

■  W  ■  “f"  ■ 

■*^(“6"^  +  5<>l)  -  ^^«l’  +  |o,’) 


+<3»i>)ir“-»(i  -  “<^)(ij„  +  ‘ij.. + + 1^5,,  1 
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Resolution  for  j=ly  m=0 


Bio  =  -^(65/w  +  aMk&m)  -  "^(2-5/00  -  jk^Rif  -  y  5//) 

■®/H/27„  ,  18^3*  s  ^  3  R/ai  „ 

6  5/  13  1  • 

+5-^ 5/10  -  5<»i  A/10  -  YQ«aA/n  +  ^ojRm  -  uRm  -  ^(7a  +  273) 


E{q  —  (2R0B/1Q  —  2OR0B/10  —  20RqRqA/io  +  2^^R/io  — 

*0 

+^(^R/oo  -  9^AoR/oo  +  yMKbi/  -  ^  A)A,/  -  |ro A//  -  ^aiio^)+ 


-  yio^ni  +  -  §A)ASa,  -  |io^) 


+-^(-^R/io  —  ^Bno  +  g#wta®*^  + 


-^i:i2(7,  +  27,)  +  ^(18^-10^4-3«.)  +  ^(-12^  +  .,  +  5») 
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Rasohition  tor  jsl,  nusl 


*^-*0^/11)  -  ^(y -8m  +  y A»^5m) 

+  y  io^^//  +  y  S,/) 

+«(-S/io  +  “^-^/z) 


•811  *  (2-fia®/n  —  +  2Ao^£ni  ”  wAo-^ni  ~ 

■  ^^m  -  +  |loiS-8m  -  -ajioig) 

+^(^ZW + l^oBi/  -  y  ig^„ + |lo^^//  -  rioig^iw  -  jBf/io  -  ~ 
+"^(|^o5no  -  Igi^no  -  |pa3v,^) 

”  y i^-8m  -  |#«»ai-SS  + 


-  |ai:^ 

J.4  5/10  3  _  „  902  5//  li  «„ 

■  8w*’T^  ■  4  + *74) 


— W' 


5/10  12375//  .  3*  .  I237x  . 

l^’lSol^*  j  AMino + -jj-i,/) 


Rwohition  for  j=3,  m=0 


j?30  *  fko^Al/) 

+  ^Si2i)  -  ■*“ 

•\"^Btoo&if  -  +  ai-^/oo  -  3fa>5m 

^ao  *  ^(“1^%  +  -  26oH^ij  +  —io^//  +  y«iAol§) 

+^^(|^o^no  “  sio^^no  +  ^hi^Rno  -  ■^ifco^no  -  |«a«»/*^) 
+^(-|^i/n  +  4iift2^/n  -  |loi§i/u  +  ^lo^/n  +  |ajir,M5S) 
+^(|^^m  -  f  + 1  -  ~A)^m  -  -  7^H) 

+^(|M//  -  j/oo5S  -  Ui/z^iS  +  ~loiS  -  ^lo5//  +  jBmion  - 

"  3*''"  ■ 


cftl-te 


SMoltttion  for  msri 


+  eioiJA/jO  ,  ^(|b/„  +  Ikmrn)  - 
-;^B/oo-S/ai  -  |a,i«„  +  Ijati/a,  +  i^/yCa,  -  «) 


^mSfio 


-  24i:i3^„,  ^  2koIt^R,,,  - 

~  8-^-fio-S/n  +  |lo^i/u  -  ~Ao J/u  -  |aiw,/iiS) 
-  yioB/io  - 

+^(^IW,  -  y  io^/oo  +  ^aiio^)  +  ^&if So(ai  -  «) 

+ j<»2^/oo  -  -^BiioSiii  +  ^Si/Bi2i  -  -^^^BiooBni 

’.^73  +  -  ^<*1%  - 

6  20  ‘  ^  6 


liMl 


R«sohitk>n  fi>r  jslt  niss2 


•Bm  =  ■*■ 

+  jBi/  +  |^J7/oo)  +  l-R/aiCw  +  ^aa)  ”  "  ^®i-^/oo 


=  ^(^BcBif  +  llis^Ri,  +  \hHRu  -  jhBu  -  faiiolS) 
+^(|^-B/n  -  +  |lo^«ni  -  ||A)-Bm  -  |aiv./*^) 

-  y  + 


j/oo  +  jRoBif  -  -ijigi// 

+^loiS5/2i  -  jko^Bno  -  y  io5//  - 

1  »  11  »  2  10231  _  a  2  _  a  loo 


atBm  +  -ai 


^// 

n 


+|«i 


^fOO 


1157 

55440 


oa*^ 


I 


Resolution  fiar  jssS,  m=0 


.  6  s  51  -  AJ 

+501^/10  +  Jq<^iRi/  +  ~(7a  +  2n) 


«/  _  R/IO/  9  s  n  I  141  6  -  -  •  -  171  •  M 

“  ■  IT  "5^  +  ^RoBtf  +  ^aiAoAg) 

■*■  ~  +  -—ioR/ai  +  yoaloAg) 

+  |aiA«v.-gg) 

+  -j^iBno  +  +  |Mv*a2A^) 


+|5^-^(7a  +  273)  +  ^BnoBij  +  ^ 
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Resolution  for  j=3y  m=l 


ioiSi;/)  -  -  '§(''<  +  ^T*) 

451s  ,1  .  ,  32  s  .1  5 

+  <*')- 


i?3i  =  -  y  -  y  io^m  -  y  aiAj-fiS) 

+^(|^,/  -  -  ^^Bif  -  ~oiio5§) 

+%(|^J?no  -  ^koBno  -  |a2/*v.^) 
iQ  5  5  5 

-^ioi?(7,  +  274)  -  jljS/io^ni  -  -^BniB,,  + 


Resolution  for  j=3,  ms2 


'40^*"'^'"  ■  1^*"^'“  -  f  (Ti  +  2tj)  -  -  ±a.4™  -  ^ 


“  43  ^  10^"  60^^-*'/  ■*■  -  §4)4//  -  §<«i4>43) 


R/ii,  3 


47  i,2- 


Jig  Ih^Rin  -  ^koBni  -  ^ajioRg) 


813 


1440 


Adi  / 1  s 


529  i 


^  (5-®°-®/!!  -  Ygo^-»/n  -  TTjaiMtrrRg) 


160 


10 


-  j^AoBno  - 


2  R//  9  13  , 

-Ig^no^  ^R/ii  ^ 


Reiolution  for  j=3y  in=3 

^33  =  ■*■  3-^-^-R//)  “  ~ 

.  1  5  /I  .  3  , 

‘  -  Slaiio-Rg) 

+  ^«)) 

_  J3_  j  Bm^  _L^Sil  -  Ict^SU- 

90^  '  ^  60  ^  ig  700  iZg  80  *  ^ 


Resolution  for  js4,  ni=0 

B40  =  ||^(16Rm  +  zio^&ni)  -  ||^(16R,/  +  zh^Rj/) 


B'^o  =  -  ^^Bm  +  ^itRgRm  -  ||lo^A/2i  +  f-aa^oRg) 


,Bi/,  9s*  3344  s  «  1102s»s3S  .  57 5  684  s  ss^ 

+'^(~  —  Yj^Ui^Ro) 


90  -  ,  19  -  j  24  57  ^  _ 

*3S5  "■  ~m  ‘'  ' " 


Resolution  for  j=:4,  m=l 

-8/21(85//  +  zho^Rif)  +  +  |a2.8//  +  ^aiR/2i 


541  = 


~  -  |lo^5//  +  ^hBif  +  ^otikoM) 

,  Rif,  9  i  399 16  i  -  3  3  •» 

^  10“®"^  IT “  7^“25// 


558 


Resolution  for  j=4,  m=2 


D  _  ^  fi  n  Rn\  y841  _  9  -  . 

'‘‘if  ^io.ag5//)  +  ^<*i8//  +  5/2i(^u;  -  ^^02) 


^  W/21  -  |i5/„^  -  ^  ^^koH) 


8939 


35  -  -'-  •«  I960  9240 - -  ‘  200' 


.^Uf  ^  S  D 


1986^2.,, 


'*’  5S  ^  ■*■  5985 ~  35 ^■^'8//  +  —-^5//  +  ^oilo-Sg) 


266^ 


16 


8g 


35 


105 


105 


541  5/21^  .  ^//’  2^  1  n  2  2  5/2i  3  „  3 


355g 


35 


\ 


Resolution  for  j=4,  m=3 

3919  „  s  4713  A  s  /  521  67  , 

“21875RS^”^^^^  87500®'^"^  ’  ^*'^^43750®’  "  9375"^ 


75' 


70 


437500 


2579 

‘^87500^ 


114343  A 


218750 


RqBi21  - 


20318 
656250 

2813 


Cl2^^  + 


77 

46875 


u 


5963 


67 


Resolution  for  j=4y  ni=4 


^'1120  ■  280 
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We  give  the  values  of  the  15  hannooics  used  as  a  reminder  for  numerical  computation: 


yxo 

= 

CO*  9 

yii 

= 

sin  9  ea*  ^ 

yjo 

-cos*  9-- 
2  2 

y« 

= 

3  sin  9  cos  9  cos  ^ 

Yn 

3stn^  9co*  Itj) 

Yj 

s*n*  9  cos*  ^  —  cos*  9 

y* 

= 

5  3-3. 

-cos^  9  -  -cos  9 

2  2 

ysi 

= 

^  sin  9  (5  cos*  -  1)  cos 

y^ 

IS  stn*  9  cos  9  cos 

y33 

= 

15  stn*  9  cos  3^ 

y^o 

= 

|(35cos^«-30cos*tf  +  3) 

y« 

^(35cos*^  -  15  cos9)sin9  co*i> 

m 

y« 

=; 

^(105  cos*  9  -  15)sfn*  9  cos  2i> 

m 

y« 

= 

105  cos  9  stn*  9  cos  3^ 

Y^ 

= 

105  sin^OcosAif 

To  calculate  Rj  and  we  use  the  expressions  found  previously  : 

Ri  =  5/00  +  5/10^10  +  +  ^ij^j 

h  =  I +  +  10^/10 +  B/x,y/n)  +  l(B/aiy„  +  B//y//) 

Potential  at  order  1  and  q  (intensity  of  the  equivalent  source  for  the  bubble  at  order  0)  are 
computed  using  the  expressions  found  previously: 


q  —  ”5o5o 

B/oo  =  — (5o5/oo  +  25o^iZ/oo) 
B/io  =  “^5/io-5o5o5/io 
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Bin  = 

Bn\  =  -^Rm  -  +  |^<*a 

Bit  =  ^Mktj^^^koRi/  +  \6^ai 

Q  which  didn’t  appear  in  the  previoos  equations  is  calcnlated  as  follows: 


u  = 


dt  ’ 


(105) 


where  Vq  is  the  velocity  of  the  origin  of  the  frame.  The  normalisation  of  w  is  given  by  the  scale 
il  such  as  :  flTo  =  e.  In  the  particular  case  where  the  origin  of  the  frame  is  following  a  material 
point  in  the  initial  flow  field,  the  expression  of  is  easy  to  find  :  if  we  denote  the 

velocity  of  this  point, 


which  gives: 


l^ol^ 


(106) 


(107) 
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rifur*  l»-c:  Fig.  lb  4ad  Fig.  le  fliow  (be  geometry  end  flow  fleld  of  (be  problem  considered.  Tbe  tnjectory  of  (be 
bubble  center  eioag  tbe  bendfocm  (of  radius  10  cm)  is  indicated  in  Fig.  lb.  Tbe  ptoHuie  (in  Fa  -  p  axis)  and  tbe 
velocity  (in  me*'  -  right  p  axis)  of  tbe  basic  flow  along  (bis  stieainline,  arc  plotted  against  tbe  non-dimensional  time. 
The  free  stream  velocity  in  I.IS  ms~'.  Fig.  la  sbows  tbe  ceenputed  bnbble  cootmus  for  c  s  OJ,  and  time  between 
O.lTe  to  37s.  Bubble  translation.  roUtion  and  re-entrant  jet  farmation  me  clenrip  seen. 


Figure  Sn-c  Bubble  contours  at  various  times  far  c  m  0.1B,OJ  and  0.fl.  Bets  the  initial  bubble  radius  wm  k^t 
constaut  at  1  cm,  while  tbe  initial  ataadoir  liam  (be  bead  farm  was  varisd  to  change  c.  lacreasiag  iatemetion  ii  seen 
with  decreasing  standolT. 


Figure  3a-c:  Bubble  cnatours  at  various  (inias  far  c  w  0.IS,0J  and  0.6.  Bore  (be  initial  standordwtanee  fa  was  kept 
oonstant  at  3.333  cm,  while  the  initial  radius  was  varisd  to  change  c.  Infiomiiiig  interaction  ■  seen  with  iacreming 
initial  bubble  sise. 
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8  Conclusion 


Application  of  the  theory  previously  described  has  been  made  in  the 
case  of  a  Rankine  body,  described  by  the  initial  flow  potential : 

^  =  Voo*  +  7 

The  broadth  of  the  body  at  infinity  is: 
and  the  stagnation  point  occurs  for  a  =  — ^ 

Figures  1,2  and  3  describe  the  conditions  of  calculations,  and  show  results 
for  a  frame  moving  with  the  equivalent  point  on  the  streamline  at  order  s 
(section  4). 

Figures  4  show  the  comparison  at  order  t  between  results  obtained  in  a 
frame  moving  with  the  equivalent  point  on  the  streamline  and  a  frame  fixed 
at  the  center  of  the  bubble  (section  5). 

Figures  5  are  results  for  streamlines  at  order  1  for  the  inner  problem:  they 
encounter  of  the  streamlines  obtained  in  the  potential  ^  in  both 

cases  of  a  growing  bubble  and  a  collapsing  bubble  (section  6). 

Figures  6  are  results  for  bubble  shapes  at  order  They  enable  the  com¬ 
parison  with  results  of  order  e.  The  frame  center  is  moving  as  the  equivalent 
material  point  in  the  initial  potential  flow.  The  re-entering  jet  is  rotating 
increasin^y  towards  the  body  wall  as  e  grows,  (a  axis  is  directed  towards 
the  trajectory,  y  axis  is  directed  opposite  to  the  body  wall).  Taldng  a  frame 
center  moving  as  the  bubble  mass  center  would  allow  results  closer  to  the 
end  of  the  collapse. 
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9  Improvments 


In  order  to  describe  the  evtdntion  of  the  babble  collapse  longer,  e 
translation  vdodty  of  the  frame  should  be  introduced.  The  description  oS 
the  reentering  jet  has  two  causes:  the  bubble  collapse  is  the  physical  one,  the 
movement  of  the  frame  is  the  second  one.  Using  the  fact  that  the  frame  is 
moving  with  the  equivalent  point  on  the  streamline  or  that  the  frame  is  fixed 
to  the  center  of  the  babble  are  two  diflhrent  assumptions,  and,  therefore, 
the  results  obtained  are  diffeient.  The  most  interesting  descriptimi  would 
probably  be  to  use  a  frame  moving  udth  a  vdodty  bdon^ng  to  the  two 
extreme  cases  we  have  selected.  This  has  to  be  completed. 

The  introduction  of  the  surface  tension  at  orders  c*  and  would  also  be  an 
improvment. 

Finally,  results  should  be  compared  with  those  of  the  three  dimensional 
boundary  element  method  (3DYNAFS). 
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Report  6.0Q2J1 


ASYMPTOTIC  STUDY  OF  BUBBLE  CLOUD 
DYNAMICS  IN  A  SLIGHTLY 
COMPRESSIBLE  FLUID 

Laurent^]^4audiiit 
^  and 
<3eoi|;es  L.  Chahine 


Introduction 


Every  liquid  which  is  not  completely  pore  contains  many  microscopic 
bubbles.  In  an  oscillating  pressure  iidd  these  bubbles  can  grow  explosi^y 
and  collapse  developing  high  pressures:  this  phenomenon  is  called  cavitation. 

Useful  or  harmful  cavitation  can  arise  in  numerous  applications,  anti* 
submarine  warefare  is  surely  the  most  famous  one.  In  fact,  naval  research 
programs  include  a  great  part  on  cavitation.  Localization  and  identificar 
tion  of  submarine  can  be  facilitated  by  cavitation,  also  erosion  of  propeller 
blade  is  caused  by  cavitation.  The  power  of  underwater  explosion  can  be 
increased  thanks  to  progress  in  control  of  the  generated  bubble  collapse. 
Cavitation  is  used  for  medical  purposes  like  eye  surgery.  Industry  needs 
cavitation  to  emulsify  a  system  of  two  immiscible  liquids  such  as  oil  and  war 
ter.  It  is  used  in  ultrasonic  cleaning  systems.  Recently  it  has  been  reported 
that  a  Japanese  company  plans  to  market  ultrasonic  washing  machines  and 
dishwashers.  The  cavitation  which  appears  sometimes  in  nuclear  reactors 
becomes  very  harmfxd  for  the  coding  system. 

Although  cavitation  mostly  occurs  in  a  duster  of  xnicrobubbles,  most  of 
the  models  are  developed  using  a  single  bubble  dynamics.  However  most 
of  the  time  the  interaction  with  the  collapse  of  surrounding  bubbles  cannot 
be  neglected.  Thus  in  this  report  we  will  try  to  modelise  the  dynamic  of 
a  bubble  doud.  Indeed  the  past  studies  proposed  by  G.  Chahine  [3]  gave 
us  a  model  neglecting  the  compressibiliQr  of  the  fluid.  The  object  of  this 
work  is  to  introduce  the  influence  of  compressibility  in  the  equations  and  to 
compute  the  change  using  Chahine’s  software. 

The  first  part  of  this  report  shows  the  influence  of  the  compressibility  of 
the  fluid  at  order  0  using  KeUer-Hetring  equation  Q  and  Chahlne’s  numerical 
code  [3] .  In  the  second  part  we  try  to  devdop  a  model  of  bubble  doud  taking 
into  account  the  weaknesses  of  previous  studies:  the  medium  is  compressible 
not  only  because  of  the  fltiid  itsdf  but  also  because  of  the  presence  of  gas. 
We  will  try  to  combine  the  approaches  of  Prosperetti  and  Lezzi  [5]  and  that 
of  D’Agostino  and  Brennen  (6]. 
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1  Cloud  behaviour  in  a  slightly  compressible  flow 

1.1  Asymptotic  theory  for  bubble  flow  interactions 


Consider  a  cloud  of  N  babbles  of  radius  rj,  t  =  immersed  in  a 

liquid.  The  bubbles  are  initially  assumed  to  be  at  rest  and  at  equilibrium 
with  the  surrounding  fluid.  The  characteristic  radius  of  the  babbles  is  rie  • 
We  denote  the  initial  distance  between  bubbles  i  and  3  as  which  we  take 
to  be  of  the  order  of  the  characteristic  distance  to  . 

The  asymptotic  method  that  we  have  developed  is  centered  on  the  folr 
lowing  approach.  The  problem  is  addressed  by  a  decomposition  of  both  time 
and  space  domains  into  multiple  scales.  For  instance,  the  d3mamlcs  of  any 
babble  is  obtained  by  considering  an  inner  problem  of  scales  %  and  Ti  (a 
characteristic  inner  problem  time  scale),  and  a  outer  problem  of  scale  /«  and 
To.  An  asymptotic  analysis  of  the  problem  can  be  developed  when  these 
various  scales  are  of  different  orders  of  magnitude.  For  the  babble  inter¬ 
actions  the  expansion  may  be  leaUsed  when  the  scale  of  the  inner  problem 
and  the  outer  problem  are  really  different.  We  introduce  in  this  case  a  small 
parameter  that  will  be  responsible  for  the  perturbation.  Let's  call  c  this 
perturbation  parameten  c  s  We  assume  in  the  following  e  <  1 . 


In  sections  2.2  and  2.3  the  outer  problem  is  associated  with  the  rnaao* 
scopic  behaviour  of  the  cloud.  A  babble  then  sq>pears  as  a  supeipositioa  of 
singularities  of  various  orders,  whereas  the  ixmer  problem  provides  the  mi¬ 
croscopic  details  of  the  behaviour  of  the  flow  in  the  vicinity  of  an  individual 
bubble  center  ffj.  The  boundary  conditions  at  infinity  for  the  inner  problem 
are  therefore  obtained  at  each  order  of  approximation  by  the  asymptotic 
behaviour  of  the  outer  solution  in  the  vicinity  of  ff,-.  Thus  if  one  knows 
the  behaviour  of  all  babbles  except  13,-,  the  motion,  deformation  and  pres¬ 
sure  field  due  to  this  cavity  can  be  determined  by  solving  easier  linearised 
forms  of  the  equations.  At  the  lowest  order,  c  s  0,  each  bubble  (of  index 
i)  behaves  spherically.  The  combination  of  aU  these  first  approximations  of 
each  iimer  problem  provides  a  description  of  the  whole  first  order  flow  fidd 
(i.e.  a  distribution  of  sources  or  anks  representing  aU  babble  osdllatious). 
The  behaviour  of  this  outer  flow  field  in  the  vicinity  of  each  babble  sets  the 
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boundary  conditions  at  inUnity  at  tbe  following  order  of  approximation,  c, 
for  the  corresponding  inner  problem,  llie  same  process  is  then  repeated  for 
the  successive  orders. 

1.2  Incompressible  fluid 


The  study  of  the  cloud  in  an  incompressible  fluid,  using  the  preceding 
method,  has  been  done  by  G.  Chahine,  K.  Kalumuclc  and  T.  Perdue  [3]  . 

For  this  work  we  will  use  the  numerical  codes  they  have  created  where 
they  neglect  not  only  the  viscosity  and  the  compressibility  but  also  the  heat 
and  mass  transfer.  The  great  contribution  of  these  reseachers  was  to  discover 
that  until  order  0(e^J  the  problem  of  the  cloud  was  similar  to  a  problem 
of  two  bubbles:  the  bubble  i  and  an  equivalent  bubble  G,  (figure  1).  This 
constatation  simplifies  a  lot  the  problem  without  affecting  the  precision  of 
the  calculation. 


figure  1:  Multibubble  Interaction  Equivalence  Concept 


0 ,3  wq  q 
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During  this  study  we  showed  using  the  work  of  Takahira  and  Akamatsu 
[7]  that  at  higher  orders  the  above  approximation  was  not  justified.  We 
will  not  explain  ail  the  resolution  of  Chahine’s  work,  but  we  just  give  the 
most  important  equations  to  understand  the  goal  of  the  work.  Thanks  to 
the  concept  of  equivalent  bubble  the  equations  are  easier,  at  least  for  the 
lowest  orders.  N^ecting  the  compressibility  Chahine  considers  two  different 
problems:  the  inner  and  the  outer  problem.  In  the  next  section  we  will  come 
back  on  this  assumption. 

The  equivalent  bubble  is  centered  at  (?,.  The  growth  rate  and  position 
of  this  equivalent  bubble  axe  determined  by  the  distribution  and  the  growth 
rate  of  the  other  cavities.  In  general,  this  fictituons  bubble  equivalent  to  the 
‘‘rest-of'the-cloud’*,  and  the  corresponding  “cloud  center"*  and  “equivalent 
bubble  intensity”  are  different  for  each  bubble.  If  Big  is  the  angle  between  the 
centers’  direction  BiG,  and  the  direction  of  a  field  point  BiM,  the  equation 
of  the  surface  of  the  axisymmetric  bubble  Bi  can  be  written  in  the  form: 

•R  i^ig,  <l>,  t)  =  ao(0  +  W  +  [4(0  +  ^(0-«>«^v] 

+e^  [03(4)  +  f^(t).cos0ig  +  J3(t)7>2  (cos^v)]  +  o(**) 

where  P2  is  the  Legendre  polynomial  of  order  2,  and  argument  eogBig.  The 
components,  fi^  and  gi^,  satisfy  Unear  second  order  differential  equations 
which  can  be  written  in  symboUc  form  as  foUows: 

D,  (ii) = E  (i)  ^5  (»5 . »i-i)  ft.  ■ 

Here  (yO  represents  a  differential  operator  of  the  second  ordv  in 
time  acting  on  the  radius  component  yj^  (one  of  o^,  of  the  babble  i; 

m  is  an  integer  indicating  the  order  of  the  spherical  harmonic. 

The  behaviour  of  Bi  can  be  computed  by  int^ration  of  the  obtained 
system  of  differential  equations  using  a  mnlti-Runge-Kutta  procedure,  the 
behaviour  of  the  whole  cloud  is  thus  obtained.  Earlier  studies  have  shown 
that  collective  babble  behaviour  can  have  a  dramatic  effect  on  both  bubUe 
growth  and  implosion.  Specifically,  babble  growth  is  inhibited  by  bubbte 
interactions,  while  bubble  coO^se  is  enhanced.  This  cumulative  effects 
come  from  the  fact  that  the  interaction  reduces  any  driving  pressure  drop 
as  a  result  of  the  other  bubble  growth,  while  it  increases  the  collapse  dri^nng 
pressure  as  a  result  of  the  other  babble  collapse.  Due  to  the  cnmuUtive 
effects  of  the  collapse  of  all  the  bubbles  in  the  cloud,  each  bubble  ends  its 
collapse  under  the  influence  of  a  pressure  which  is  orders  of  magnitude  hi^er 
than  that  for  an  isdated  babble. 
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1.3  Slightly  compressible  fluid. 


W<s  nrtU  aot  go  into  the  details  of  obteution  of  the  eqaatioos  vhich  «e  will 
do  ia  the  next  section.  We  will  sty  that  the  component  a^(t)  of  the  babble 
i  (r  ss  R(8{f,^,t)  s  a^(t)  +■  ta{(t)  +  ...  )  verifies  the  fiayleigh>P]esset 
equation  (Equation  1). 


P 


pa  -Foa 


(1) 


where  pB  is  the  pressure  at  the  bubble  wall: 


PB  »P*+J»jO 


(2) 


where  p^a  and  Vq  are  the  initial  gas  pressure  and  volume  respectively,  w  is 
the  surface  tenrion,  C  the  local  curvature  of  the  babble,  V  the  instantaneous 
value  of  the  babble  i  volume,  and  7  the  polytropic  constant,  with  7  s  l  for 
isothermal  behaviour  and  7  s  1.4  for  adiabatic  conditions.  Here  pjo  and  Vq 
are  known  quantities  at  t  s  0. 

In  fact  introducing  the  compressibility  of  the  fluid  at  order  0  modifies  the 
equation  of  the  radius  of  the  babbie.  The  classical  Rayleigh-Plesset  equation 
becomes  of  the  Keiler-Herring  fonn  (Eqnatioa  3). 

This  equation  can  be  written  as 


where  c  is  the  sound  speed. 

To  nondimensionaflze  this  equation  we  need  to  introduce  a  new  pertnr* 
bation  parameter  if  which  is  a  Mach  numben 


if  s 

firt/ 

where  Cr«/  is  the  sound  speed  ia  the  fluid  at  rest. 


(4) 


5 


Let's  call 

U  =  (Vo/Vf 

W  s  (r|,AP)/2^  :  Weber  aunber 

AP  =  max  I  poait)  -  I 

a  =  a(t)radius  of  the  babble  at  time  t 
Po^  initial  pressure  at  infinity 

oo  initial  radios  of  the  babble 

Equation  (3)  becomes: 

(l  —  ifa)  on  +  I  —  Afaj  a*  = 

(x  +  ui)  [p  (IT  - 1  -  Wi)  +  2>v->  (£  -  i  -  22|E!  + 


-poo(«  + Af«)  +  ib«I 


(5) 


Taking  if  =  0  in  (5),  we  find  the  classical  equation  of  Rayleigh-Plesset  (1). 


This  equation  verified  at  order  by  the  componoit  of  the  radhu  oo  of 
each  bubble  shows  that  the  compressibility  at  order  if  is  only  a  conectkm 
of  the  Eaylei^  evolution  of  each  bubble.  As  we  know  that  the  behaviour 
of  each  bubble  has  a  cumulative  effect  on  the  cdli^se  of  all  bubbles,  we 
may  predict  that  the  compressibility  can  have  a  strong  effect  on  the  doud. 
To  verity  this  assumption  and  to  know  how  strong  is  the  effect  of  the  com¬ 
pressibility  on  the  cloud,  we  have  investigated  the  effects  of  this  equation  <m 
Chahlne’s  code.  In  most  figures  shown  below  the  bubbles  are  in  the  same 
plane  0  YZ.  This  simplification  could  seem  useless  if  we  know  how  Chahine's 
code  proceeds:  each  bubble  is  computed  using  the  equivalent  bubble  con¬ 
cept.  One  could  have  used  more  general  cases.  Our  choice  was  motivated  by 
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two  reasoiu.  The  first  one  is  because  it  is  essier  to  understand  the  changes 
of  the  cloud  seeing  the  all  bubbles  together.  The  most  accurate  representa* 
tion  is  to  cut  the  doad  by  a  plane  indnding  sO  the  shapes.  Then  one  has 
only  to  compute  the  translations  and  the  rotations  of  all  the  bubbles.  The 
second  reason  is  that  we  could  compare  the  results  of  this  code  with  those 
obtained  with  a  completly  different  method  which  accounts  for  large  bubble 
deformations.  Indeed  Dynaflow  lac.  is  working  on  a  3D  code  (SDynaFS). 
Most  of  the  studied  cases  were  in  a  plane. 


1.4  Figures  : 


Figure  2  shows  a  0,t)  versos  time  for  one  bubble  in  a  6-bubble 
doud.  The  bubbles  are  at  equilibrium  at  t  a  0  when  they  are  subjected  to 
a  sudden  pressure  drop.  The  bobbies  have  an  initial  radius  of  0.01  cm  and 
are  arranged  at  equal  distances  from  the  origin  abng  the  three  coordinate 
axes; 
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Th«  solid  lias  indicates  the  incompreesible  solaticm.  Also  plotted  is  the 
corresponding  carve  for  ii  a  0.01  (small  dashes),  M  s  0.03  (snuU  dash* 
dot),  and  Jd  s  (  a  0.07  (dash  dot).  Even  if  for  Jd  »  <  our  approxunation 
is  not  completly  justified  this  figure  ^ves  a  good  idea  of  the  eficct  of  the 
compressibility.  Not  only  the  compressibiliQr  redaces  the  magnitade  of  the 
radius  variation  bat  also  it  changes  slightly  the  frequence  of  the  oscillations. 
This  is  fundamental  from  an  acoastidan  point  of  view. 


Figure  i 
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FigMfts  S,  4,  5,  S  shows  a  6-babbi«  dood  evdatioa  in  a  liquid  mom  or 
less  compressible.  The  babbles  are  at  eqnilibriom  at  t  s  0  when  they  are 
subjected  to  a  sudden  pressure  drop,  ne  babbles  have  an  initial  radius 
of  10~^  m  and  are  arranged  in  the  plane  OYZ  syxnetiicaly  with  respect  of 
the  two  coordinate  axes:  figure  3  shows  R(8if  s  0,  t)  venns  time,  the  soUd 
line  indicates  the  incompressible  solution  which  breaks  down  at  t  s  3.2  . 
Also  plotted  is  the  corresponding  curve  for  M  »  0.08  (small  dashes),  and 
id  s  c  s  0.2  (dash  dot).  Figure  4  shows  growth  and  coUapse  of  the  bubble 
cloud  in  an  incompressible  fluid.  Figure  5  shows  growth  and  collapse  of  the 
bubble  cloud  in  a  slightly  compressible  fluid:  id  s  0.08  .  Figure  6  shows 
growth  and  collapse  of  the  bubble  cloud  in  a  compressible  fluid:  id  =  c  s  0.2 
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Figure  3 


TbA  figwts  7,  8,  9,  10  shows  %  4'bttbble  doud  evolatioa  in  n  liquid 
compressible  or  not.  The  babbles  axe  aU  equilibrium  nt  t  s  0  when  they  me 
subjected  to  n  sudden  pressure  drop.  The  initial  radius  of  the  Ug  babble  is 
5  X  10~^  m  and  m  for  the  small  one.  Thqr  ate  arranged  in  the  plane 
OYZ  symetricaly  oath  respect  to  the  two  coordinate  axes: 

Figvre  7  shows  R(8ig  s  Q,t)  versus  time  of  the  big  bubble.  Figvn  8 
shows  RHjiia  ~  0,  t)  versus  time  of  the  small  bubble.  The  solid  line  indicates 
the  incompressible  solutiou.  Also  plotted  is  the  corresponcUng  carve  for 
M  w  0.2  (small  dashes).  Figurt  9  shows  the  cloud  in  a  compressible  fluid 
M  s  Q.2.  Fxqwt  10  shows  the  cloud  in  a  incompressible  fluid.  On  this 
figures  we  observe  clearly  the  fiormation  of  the  jet.  The  collapse  in  the 
compressible  fluid  is  slightly  delayed. 
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Figtrt  8 


These  foUowiag  figures  show  e  12*bttbble  dond  ia  ea  iacompressble  fluid. 
All  babbles  have  aot  the  same  laitial  size.  IhitUl  radios  of  big  babbles 
is  5  X  10**^  ffl,  iaidal  radius  of  medium  bubbl«  is  2.5  x  10~^  m,  iaitial 
radius  of  small  bubbles  is  10'^  m.  The  reasmi  for  **W*^g  di&rcac  of 
bubble  is  that  the  code  is  limited  by  the  of  babbles.  With  same 

size  babble  doad  the  collapse  of  babbles  which  are  iaside  the  doad  appears 
too  early.  Thea  the  collapse  of  the  doad  is  aot  iateresting.  Thus  we  have 
chosen  a  babble  doud  with  two  big  babbles  inside  and  four  small  bubbles 
at  extremities.  The  bubbles  are  at  etiuilibiium  at  t  s  0  when  they  are 
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to  a  sudden  pressure  drop. 
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2  Dynamic  of  the  cloud 


2.1  Problem  statement 

The  reader  should  have  certainly  noticed  the  different  approximations  made 
in  the  previous  problem.  In  this  section  we  try  to  take  into  account  most 
effects  of  the  compressibility.  The  resolution  of  the  "inner”  and  the  "outer” 
problems  will  be  very  similar  to  Chahine’s  study,  the  difference  is  that  we 
include  the  compressibility  of  the  fluid.  However,  a  very  important  change 
occurs  when  compressibility  is  included.  The  pressure  imposed  at  infinity  in 
the  "inner”  and  "outer”  problems  now  depends  on  the  local  volumic  mass 
i.e.  at  the  scale  of  the  cloud  on  the  void  fraction.  Therefore  at  the  bubble 
scale  or  at  the  cloud  scale  the  fluid  has  to  be  considered  differently.  In  fact 
we  need  to  consider  two  different  global  scale:  the  microscale  problem  and 
the  macroscale  one.  In  the  first  one  the  fluid  is  seen  as  a  compressible  fluid 
with  bubbles  inside  it,  in  the  second  one  the  liquid  is  a  two-phase  medium 
and  the  compressibility  comes  mainly  from  the  presence  of  the  gas  phase 
and  not  from  the  compi^ibility  of  the  fluid  itself. 


Characteristic  scales: 


mtcroicaie 


macroscale 


{ 

{ 


inner:  rjj.Ii 
outer:  /o,T« 


cloud:  IcfTe 
far  away:  lf,Tf 
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macroscale 
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dood:  IctTe 
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2.2  Microscale  problem 


The  microscale  problem  is  a  zoom  oa  the  babble  cloud  aad  it  caa  be 
decomposed  iato  an  “inner”  and  an  “outer”  problems.  Thus  there  is  not  a 
single  "inner”  problem  but  as  many  "inner”  problems  as  there  are  babbles. 
To  each  "inner”  problem  corresponds  an  "outer"  problem. 

At  the  length  scale  of  the  microscale  problem  each  bubble  bdng  far  away 
for  other  bubbles,  sees  a  compressible  liquid.  Explicit  expressions  for  the 
sound  speed,  c.  and  the  enthalpy,  h,  «dll  be  needed.  To  this  end  we  make 
use  of  an  equation  of  state  of  the  modified  Tait  form  for  water 


p  +  B 

Pre/+B  XPrtfj 


(6) 


Here  the  reference  is  chosen  in  the  undisturbed  liquid  (subscript  re/).  The 
values  B  =  3049.13  bars,  n  s  7.15  give  an  excellent  fit  to  the  experimental 
pressure-densit}'  relation  for  water  up  to  10^  bars  (Fujikawa  and  .Akamatsu 
1980).  With  (6)  we  find  the  following  relation: 

=  .  (T) 

dp  p  ^  ' 

~  n(pre/  T  B)lpr«f  is  the  square  of  the  undisturbed  speed  of  sound  in 
the  liquid. 


2.2.1  ^‘Iimer”  problem 
Mathematical  formulatiozu 


Let’s  call  p*(Jlif ,  t)  the  pressure  at  a  point  M  in  the  liquid  at  time  t  in  the 
"inner"  problem.  Let’s  call  i4a(^)  pressure  at  time  t  at  infinity  at  the 
scale  of  the  "inner"  problem.  Let’s  call  the  pressure  at  a  point  ii 

in  the  liquid  at  time  t  in  the  "outer"  problmn.  Let’s  call  pSe(^)  pressure 
at  infinity  at  the  scale  of  the  "outer"  problem.  The  value  of  p^(t)  is  given 
by  the  boundary  condition  of  the  "outer"  problem: 
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(8) 


UmpWO*  Um  p»(J/.«) 

oo  r-»B' 

Let’s  take  the  nondimensionalized  pressure  parametw  AP;: 

APi  *  iiiax|p'(i/.t)-J»U*)l 


Wedenote  p=»K*^v.i  ;  ^  Sssi^psL. 


Let’s  call  ■  and  assume  that  17,-  <  1. 


We  have: 

1  «  _i.  fitjL V*  =  Ji- f  1 + V‘ 

P  Pre/  +  -^  /  \  +  ■®/ 

We  can  do  the  following  expaaston  for  ijb*  <  I  ap  to  order  0(ti*): 

Thanks  to  this  expansion  we  can  express  h*  up  to  md« 

Ki-  r  f* 

*  -L7-L~^ 

*'  ”  (p  -  fc  -  5  (#*  -#L)  "^ + + «(»*))  (w) 

Using  the  same  kind  of  expansion  we  get 

^  a  ^  a  w(pf  g)  ^  ^  (n(p-prm/)  +  MPr,/  +  B)) 
op  p  p 
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(11) 


»  (l  +  «#»*?)  =  «2,/  (l  +  «  # 

-  3”  (^  + 

*>•/ 

+1  (1  -  «)  (1  -  2n)pV  +  o(i?.^)) 


(12) 


First,  we  will  consider  the  expansion  ontil  order  o(ijf),  equation  (11)  and 
(12)  become: 


^  =  ;^(l  +  (l-«)W?  +  ‘>(»7?))  (13) 

=  '??<^,/(p-Foo“|(p*-pL)»7?  +  «(*?f))  (14) 


Motion  equaiiona 


The  bubble  behaviour  and  the  motion  of  the  liquid  in  the  nei^;hborhood 
of  each  babble  is  governed  by  the  equation  of  continuity 


(15) 

and  the  momentum  equation 

(16) 

Furthermore  with  the  assumption  th^t  the  motion  is  ixiotatioaal,  we  may 
introduce  a  vdocity  potential  4  such  tha':  tt*  s  V  ^  .  With  this  d^niton 
equation  (15)  may  be  rewritten  as 

^(^+v#vvj+v>*.o.  (ir) 

while  equation  (16)  may  be  int^rated  once  to  give 
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f +i|V#|’+V=0. 


(W) 


To  complete  this  mathematical  fonnulatioa  we  need  the  kinematic  boundary 
condition  at  each  bubble  wall  r  s  iP(t) 


for  each  babble  * :  (V  d*.  “Or»iV(»)  ~  ^7^^-  *** 


where  n'  represents  the  normal  at  the  bubble  t  surface  ,  r  s  is  the 
equation  of  its  surface,  is  the  radial  vector  in  a  firame  linked  to  the  center 
of  the  bubble . 

The  pressure  in  the  liquid  at  each  bubble  Bi  surface: 


where  and  are  the  initial  gas  pressure  and  volume  respectivdy,  f  is  the 
surface  tension,  C*  the  local  curvature  of  the  bubble,  the  instantaneous 
value  of  the  bubble  t  volume,  and  7  the  polytropic  constant,  with  7  s  1  for 
isothermal  behaviour  and  7  s  1.4  for  adiabatic  conditions.  Here  and 
are  known  quantities  at  t  s  0.  The  curvature  C*and  the  normal  n*  to  the 
surface  B*  are  given  by: 


<7*  =  Vn* 


VH*' 

ivB<r 


(21) 


Nonduneiuionsdisations 


In  the  inner  problem  the  parametma  we  will  use  for  the  nondimenskm- 
alisation  are : 


max|p‘(Af,t)-pj,  I 
t 


ri,  :  the  initial  characteristic  bubble  radius 
:  pressure  change  scale 
Ti :  the  characteristic  cdh^iee  time 
^  :  inner  vdocity  potential  scale 

ti :  Mach  number 
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M 


Previou.  (17),  (u), 

2fld  .  ** 

(ss'''  ^  ^  -  fc)]  +  o  (,/)  ,  0  (J2J 

1  ^ 

Tilt  + 

n?4./(p-p.o)  [l  -  jft?(p^p^)  +  o(„^)j  *  0  (23) 

f  V  i*’,  «»*)  «  %  ^i'Yt) 

**io  '  "  2^-  **  bubble  i.  (24) 


The  leaet  degeaececy  of  equation  (24)  gives  the  otder  of  : 


"  Ti 

(25) 

Tl»  W  (iesMOTcj,  of (a)  gi«,  tt,  otiUr  ofi;  : 

§1?'^/  •  1: 

Ti ,  r^JS 

'VAf! 

(25) 

which  gives  the  vuiue  of  rji ; 

(22) 

it  mcftos  that  rn  is  exactly  the  previous  Mach  aomber  ii.  That  the  assamp* 
tioa  we  made  about  in  is  justified  for  a  slightly  compresuble  fluid. 


The  inner  problem  equations  are: 


V»  ^  ((1.  +  (V  ^  .  V))  (p  -  Poo)  )  +  O  (m^)  *  0  (28) 

^  +  5|V^|*+(p-Poo)[i-|j/»(p+Poo)]+o(m")=0  (29) 
(v  «*  for  each  bubble  t.  (30) 

P  =  ^  ^Pt  -  Pr*/  +  pjo  j  «»ch  bubble  wall  (31) 


2.2.2  Outer  problem 
hCathematical  formulation: 


Let’s  call  p*(M’,t)  the  pressure  at  a  point  M  at  time  t  in  the  outer 
problem.  Let's  call  pSo(t)  the  pressure  at  time  (  at  infinity  at  the  scale  of 
the  outer  problem.  Let’s  callp^M,t)  the  pressure  at  a  point  M  at  time  t  in 
the  doud  problon.  The  value  of  pg,(t)  is  given  by  the  boundary  condition 
of  the  doud  proUem: 

pS,  «  Im  p'(M,0  =*  lim  p'(M,t)  (32) 


26 


l9t’s  cmJI  clie  scab  prwitm  pansuter  dLp,.  We  We 


Ut’scaU  1*3  a we  assume  that  I*.  <  1. 


We  hav-e  like  in  the  previous  sectioa: 

1 - L  f  P-^B  \  •*  If 

W.^  m»t.  ,t.  for  ®,  <  1  .p  to  otto  0(ni)  au|  „  *« 

(34) 

Thaoka  to  this  expansiou  we  can  ejq)aad  A®  up  to  onler  0(i*<), 

JPm  Jp^  fi  ^ 

*’ » -«;4,  (?  -  A.  -  !(#«  -  iS,)  .^ + (,5j 
aad  e*  up  to  order  o(i*J). 

**•/ 

+5(l-»)(l-Jn)/»,fc*^.o(,{)) 
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(37) 


Pint,  we  will  consider  the  expansion  niitil  order  0(t^): 

^  (l +  (!“*)  + 

=  >^c?./(#'-#oo-5(#’-#L)»^  +  «(*^))  (38) 


Motion  equations 


With  the  assumption  that  the  motion  is  iiiotational,  we  find  again  the 
same  motion  equations: 


^(^  +  V*V»*)+V>*  =  0.  (3») 

^+5l'^#l'+»"  =  o-  («) 

In  this  case  the  kinematic  boundary  conditions  derived  from  the  fact  that 
there  are  singalarity  pmnts  located  at  the  center  of  each  of  the  bubbles. 
These  singularities  are  sources  to  the  first  order  of  ^proadmatioa. 


Nondimensionalisations 


In  the  outer  problem  the  parameters  we  will  use  for  the  n(»dimension> 
alisation  are : 


R 

= 

a 

U  :  the  characteristic  distance  between 
two  bubbles 

s 

AP,# 

AJ*«  :  pressure  change  scale 

t 

s 

T.i 

2V  :  the  characteristic  coUa^  time 

* 

s 

:  outer  vdodty  potential  scale 

* 

M 

s 

•«/ 
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Previous  equations  (38)  and  (39)  become: 


•o 

-d-njp-ai.. 

V2;  dt 

^|(^♦.'7))(p-ft,)]^.o(,:)}=o 

(41) 

j.  1  V  d  1*  + 

r*  dt  ^  2  ^  ^ '  ■*■ 

>OC^,/(P-Poo)(l- 

‘  |»*^(p +  #«))+ 0  (q<)  =  0 

(42) 

•  '^1  c?- A.)]  +0  (.rf)  =  0  (43) 


<^o 


i  I  V  d  I*  + 

•  ft.)  (i  -  jijJ  (# + ft,))  +  o  (,;) .  0 


(44) 


the  matching  condition  is  : 

lim  <ki^ 


(45) 
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(46) 


lim  APo  p  s  lim  AP;  p 

f— O  f—oo 


The  least  degeaeracy  of  equatum  (44)  osing  the  kinematic  boondary  condi¬ 
tions  gives  the  order  of  : 

^0  =  «  -^  =  (47) 

The  least  degeaeracy  of  equation  (42)  and  (43)  give  the  following  order 


«7l^l  2  Ti  , 

(48) 

and 

^oHo^ef  _  V»^ 

(49) 

4o  ~  ^  2** 

thus 

tl0  s  «>/M 

(50) 

(51) 

*  «r«/ 

The  previous  equations  (42)  and  (43)  become: 

|^  +  if«*(V^.V)|(#-#oo) 

-Ms*  [i  +  M€^  (V  ^  .  V)} (p»  -^) 

-(1  -  n)p|^  +  (V  ^ .  V)}  (p -#«)j  +  Oi€*)  *  0  (52) 

+  (?  -  Poo)  (l  -  (#+#oo))  +  0(0  »  0  (53) 
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i.e.: 

+0(«‘)  =  0(54) 

+  (#-#,)  (l-5J4«’(#+ft.))+O(*')*0  (S5) 

But  the  equation  (50)  shows  that  the  speed  at  this  scale  is  of  order  Cra/ 


it  doesn’t  agree  with  the  previous  assumption.  The  perturbations  don’t 
include  shock  wave.  Thus  we  need  to  use  the  second  order  of  degeneracy. 

n  ^  Ti 

(56) 

i7o*ro 
^0  ’  i/  Tit 

(57) 

thus 

«ra/ 

(58) 

T  =  J2- 

(59) 

The  outer  problem  equations  ate: 

V*  ^  +  s^if »  { ^  +  (V  ^ .  V) }  (#  -  Poo)  +  0(s<)  *  0 

(60) 

»+*.))+  0(«‘)  -  0  (M) 
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t.e.: 


+O(«*)  =  0 


(62) 


If +  5|V^P+(p-Poo)  +O(e*)  =  0 


(63) 


2.3  Macroscale  problem 


la  the  maaoscale  problem  we  consider  the  medium  as  a  continuous  mix* 
tore  of  liquid  and  gas.  This  is  the  classical  point  of  view  of  two-phase  flow 
studies.  The  compressibility  of  the  liquid  can  be  nei^ected  with  respect  to 
the  compressibility  due  to  the  presence  of  the  bubbles. 


2.3.1  Cloud  problem 
Mathematical  formulation: 


The  medium  is  composed  by  a  liquid  and  a  gas,  the  void  fraction  is 
a(M,  t).  The  liquid  and  the  gas  are  assumed  invisdd  and  incompressible, 
with  a  respective  density  pf  and  pg.  We  assume  that  no  bubbles  are  created 
or  disaq>pear.  The  volumic  mass  of  the  medium  is: 

p  =  Pfil-  a(M,  0)  +  Pg  a(M,  t)  (64) 


32 


The  void  fractioa  a{M, ' )  is  takea  ia  the  small  volume  dement  ss  |x/^ 
which  contains  n{M)  bubbles  at  the  point  M,  U  being  the  scale  of  the  outer 
problem  in  the  microscale.  The  order  of  a(M,  t)  is: 

a(M,t)  =  n«^a-(Af.t)  (o(Af.<)  <  1  for  s  <  1).  (65) 

where  n  is  the  average  value  of  r^M)  in  the  cloud.  a*(Af,  t)  is  of  order  unity. 


Thanks  to  the  work  of  Van  Wijngaiarden  [4],  we  know  how  the  sound 
speed  is  modified  in  a  two-phase  medium.  Under  the  further  assumption 
that  gas  and  fluid  move  at  the  same  velocity,  the  mass  of  gas  in  a  unit  mass 
of  the  mixture  is  constant, 


pga(M,t) 


constant. 


(66) 


In  a  homogeneous  mixture,  as  envisaged  here,  the  pressure  p  in  the  mix¬ 
ture  equals  the  pressure  pg  in  the  gas,  which  is  at  constant  temperature  T 
proportional  to  p"*  (isentropic  case). 


_ _ 

For  the  sound  velocity  c,  we  have  from  equation  (63), 

i  =  (1  -  a(M.<))^  +  +  (p,  - 


1  _(l-a(ilf,0)  ,  .da(if,t) 

Let’s  note  a(M,t)  by  a.  Differentiation  of  equation  (65)  gives: 

Differentiation  of  equation  (66)  gives: 


da  «  o(l  -  o) 


(67) 


(68) 

(69) 


(70) 


(71) 
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(72) 


Using  (69)  and  (70) 

i.  _  4.  ^  4.  ~  o)  .  /»jg(l-a) 

c2  ej  cj  7P  />/  cj 

We  have  assumed  that  pp^  =  constant 

^  -  1  =  ££ 

~  c  j  7P 

thus  we  can  write  : 

i.  _  (^-«)^  4-  fi!  4.  .  Pj  q(i  -  tt) 

c2  cj  ej  pg  cj  pf 


(73) 


(74) 


Using  equation  (73)  the  speed  of  sound  in  a  bubbly  fluid  is  lower  than  the 
speed  of  sound  in  a  pure  gas.  We  know  that  a  ^  ne^,  for  water  ej  ~  2Sc^, 
and  p/  ~  lOOOpj.  With  the  assumption  that  a  >  (pgt^  /  P/C/)  i.e.  ru^  > 
1/25000,  the  speed  can  be  approximate  in  an  isentropic  case  by  : 


7P 


(75) 


dp‘p/(l-a(i/,f))a(M,t) 

According  to  equation  (66)  we  have  : 

«  (1  -  <*)^ 

Vo  is  given  by  the  initial  conditions. 

where  poo  >s  the  pressure  in  the  fluid  at  rest  at  t  s  0  and  Oo  it  the  void 
fraction  in  the  bubble  cloud  at  t  =  0.  Then 


(76) 


(77) 


^7  7^,(1 -g)^-^ 

”  pj  a^+nr 

Moreover 

p  =:  p/  (1  -  a)  +  pga  =  p/  -  n«®a“)  +  Pgn*^a“  . 
With  the  previous  assumption  we  may  ^proximate  p  with: 
p  ~  p/  (l  -  n«*a“) 


(78) 

(79) 

(80) 
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Motion  equations 


Let’s  call  the  pressure  at  the  point  li  at  time  t  in  the  cloud 

problem.  Let’s  call  ;>|o(t)  the  pressure  at  time  t  at  infinity  at  the  scale  of 
the  cloud  problem.  Let’s  call  p^(if,t)  the  pressure  at  the  point  if  at  time 
t  in  the  far  away  problem.  The  value  of  given  by  the  boundary 

condition  of  the  cloud  problem: 

=*  lmy(if,t)  (81) 

where  C  is  the  fictituous  center  of  the  bubble  cloud.  In  our  problem  where 

the  fluid  is  at  rest  the  pressure  is  a  known  of  the  problem,  this  is  the 

pressure  imposed  on  the  bubble  doud.  We  find  using  (76)  and  (77)  that 

V  p“  =  -p/c^V  a  (82) 

.  The  medium  behaviour  is  governed  by  the  equation  of  continuity 

^  +  7(^  =  0.  (83) 

where  u  is  the  speed  of  the  medium,  and  momentum 


P  +  tt  V  u  j  +  V  p«  =  0. 


These  equations  give 


1  rda 


+  tt.V  a 


^+^7.-^V«  =  0.  (8«) 

We  may  consider  the  doud  like  a  bubble  with  its  own  oscillations,  the 
boundary  conditon  is  also 


/  >  9A(t) 
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where  n  represents  the  normal  at  the  cloud  surface ,  r  s  A(t)  is  the  equation 
of  its  surface,  tr  is  the  radial  vector  in  a  frame  linked  to  the  ceater  of  the 
cloud  . 


Nondimensionsdisations 


In  the  cloud  problem  the  parameters  we  will  use  for  the  nondimension- 
alisation  are  : 

r  s  /er*  le  :  the  characteristic  distance  of  the  bubble  cloud 

t  =  Te  t*  Te  :  the  characteristic  time  of  the  bubble  cloud 

u  =  17c*  «* 
a  =  ne^  oT 


We  will  use  the  foUowtiig:  expansion  for  1/25000  C  <  1; 

s  (l  -  n«^  =  1  +  n«3  a“  +  0(e<) 

Expansion  of  c^: 

pf 

=  [i + + 71;) + o(«*)] 

s  JPS-c** 

Pftu^ 

where  e*  is  of  order  unity.  Previous  equations  (84)  and  (85)  become: 


(88) 


(89) 


Vo"- 


1 

1  —  ns®  a* 


/  ns®  4 


+ 


0 


(90) 
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V  U- -  JL 1  J  _ 


(91) 


The  least 


des«.«cy  of  .pmio.  (89)  gj,«  ti,  cWt«i«ic.,«i  (f,: 


(92) 

and  rt.  1«.  J.g««,y  of  (90)  gi,..  oi««ttd.ao  Urn.  T.: 

(93) 


V  TPop 


Thus  equatioa  (89)  and  (90)  give; 

^  ^  iw  *  «•)  •  0  (94) 


du-  ,  . 

5^-  +  JM  tt*. V  «•  -  +  n«3  at“  +  0(«<)j  c'^V  a*  a  0. 


(9S) 


i««.  up  to  order  o(f): 

■jjr-c-’v  a*  +  o(«)aO. 


If  c*  was  constant,  we  would  find  the  cMc 


wave  etpiation: 


V*  u*  -  ~  -  a 
5*-» 


or 


(9«) 

(W) 


(98) 

(99) 
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2.3.2  Faur  away  problenu 

This  problem  is  easier,  the  cloud  is  only  a  small  dismptlba  at  the  ceater  of 
the  frame.  We  just  aeed  to  write  the  equations  of  the  outer  problem  of  an 
incompressible  fluid  with  a  sin^  bubble. 


e 

II 

> 

(100) 

and  the  boundary  condition: 

Urn  V  d  =  0 

r— -oo 

(101) 

p4(t)  is  given  by  the  user. 

Conclusion: 


The  first  part  of  this  report  has  showed  how  strong  could  be  the  influence 
on  a  babble  cloud  of  a  slightly  compressible  fluid.  The  second  part  has 
lightened  all  the  assumptions  made  in  the  first  one,  and  raised  the  equations 
we  need  to  solve  numerically  for  the  problem  which  takes  into  account  all 
the  effects  of  the  compressibility. 

At  t  =  0,  we  know  the  pressure  every  where  in  the  fluid.  We  may  solve 
step  by  step,  the  iimer,  the  outer,  then  the  cloud  and  at  least  the  far  away 
problem.  We  get  the  behaviour  oi  the  cloud  at  time  dt  i.e.  the  value  of 
a{M,  dt)  every  where  In  the  cloud  and  the  pressure  at  this  time.  We  need  to 
go  back  step  by  step  to  the  inner  problem  and  we  obtain  the  motion  of  each 
babble.  This  recurrence  is  easy  to  compute  iiring  the  concept  of  equivalent 
babble. 

In  fact  the  main  application  of  this  moddisation  is  to  know  precisely  the 
growth  and  the  collapse  of  the  babbles  in  the  doud  near  a  certain  profile. 
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bubble  near  a  rigid  wall 

By  SHEGUANG  ZHANG',  JAMES  H.  DUNCAN* 
AND  GEORGES  L.CHAHINE* 

'  Department  of  Mechanical  Engineering,  The  University  of  Maryland,  College  Park, 

MD  20742.  USA 

'Dynaflow,  Inc.,  7210  Pindell  School  Road,  Fulton,  MO  207S9,  USA 
(Received  17  November  1992  and  in  revised  form  13  May  1993) 


During  the  collapse  of  an  initially  spherical  cavitation  bubble  near  a  rigid  wall,  a  re¬ 
entrant  jet  forms  from  the  side  of  the  bubble  farthest  from  the  wall.  This  re-entrant  jet 
impacts  and  penetrates  the  bubble  surface  closest  to  the  wall  during  the  final  stage  of 
the  collapse.  In  the  present  paper,  this  phenomenon  is  modelled  with  potential  flow 
theory,  and  a  numerical  approach  based  on  conventional  and  hypersingular  boundary 
integral  equations  is  presented.  The  method  allows  for  the  continuous  simulation  of  the 
bubble  motion  from  growth  to  collapse  and  the  impact  and  penetration  of  the  re¬ 
entrant  jet.  The  numerical  investigations  show  that  during  penetration  the  bubble 
surface  is  transformed  to  a  ring  bubble  that  is  smoothly  attached  to  a  vortex  sheet.  The 
velocity  of  the  tip  of  the  re-entrant  jet  is  always  directed  toward  the  wall  during 
penetration  with  a  speed  less  than  its  speed  before  impact.  A  high-pressure  region  is 
created  around  the  penetration  interface.  Theoretical  analysis  and  numerical  results 
show  that  the  liquid-liquid  impact  causes  a  loss  in  the  kinetic  energy  of  the  flow  field. 
Variations  in  the  initial  distance  from  the  bubble  centre  to  the  wall  are  found  to  cause 
large  changes  in  the  details  of  the  flow  field.  No  existing  experimental  data  are  available 
to  make  a  direct  comparison  with  the  numerical  predictions.  However,  the  results 
obtained  in  this  study  agree  qualitatively  with  experimental  observations. 


1.  Introduction 

Cavitation  is  an  important  engineering  phenomenon  that  commonly  occurs  in  fluid 
machinery,  piping  systems,  liquid  jets  and  a  variety  of  boundary-layer  flows.  The  major 
harmful  effects  of  cavitation  are  erosion,  noise  and  decrease  in  fluid-machinery 
efficiency  (Hammitt  1980;  Arndt  1981).  In  an  effort  to  understand  the  fundamental 
physics  of  cavitation  phenomena,  a  number  of  researchers  have  investigated  the  growth 
and  collapse  of  individual  bubbles  near  rigid  boundaries.  Experiments  have  been 
performed  by  Benjamin  &  Ellis  (1966);  Gibson  (1968);  Lauterbom  &  Bolle  (1975); 
Chahine  (1979.  1982);  Gibson  &  Blake  (1982);  Tomita  &  Shima  (1986);  and  Vogel, 
Lauterbom  &  Timm  (1989).  Using  spark-generated  or  laser-generated  cavitation 
bubbles  and  high-speed  photographs  it  was  found  that,  once  generated,  the  bubble 
grows  to  a  maximum  size,  and  then  starts  to  collapse,  inducing  a  radial  flow  directed 
toward  the  bubble  centroid.  As  the  collapse  proceeds,  the  surface  of  the  bubble  farthest 
from  the  wall  moves  much  faster  than  the  surface  closer  to  the  wall.  This  asymmetric 
motion  creates  a  wall-directed  re-entrant  jet  as  the  volume  of  the  bubble  decreases. 
Eventually,  a  liquid-liquid  impact  occurs  between  the  front  of  the  re-entrant  jet  and  the 
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opposite  side  of  the  bubble.  During  this  impact  process,  the  jet  penetrates  the  slower- 
moving  fluid  close  to  the  wall. 

Numerous  theoretical  and  numerical  studies  of  an  individual  bubble  collapsing  near 
a  rigid  boundary  have  also  been  made  (see  review  articles  by  Prosperetti  1982;  Blake 
&  Gibson  1987).  Because  the  available  theoretical  analysis  is  limited  to  asymptotic 
studies  in  which  the  deformation  of  the  bubble  is  confined  to  a  small  perturbation 
range  (Chahine  1982),  numerical  simulation  has  become  an  important  tool  for 
investigating  the  detailed  physics  of  this  phenomenon.  Using  a  finite-difTcrcnce 
approach,  Plesset  &  Chapman  (1971)  conducted  the  first  fully  numerical  study.  Later, 
Mitchell  &  Hammitt  (1973)  used  a  modified  Marker-and-Cell  method  to  simulate 
similar  cases.  An  approximate  integral-equation  approach  was  introduced  by  Bevir  & 
Fielding  (1974).  In  this  work,  sources  and  doublets  were  distributed  along  the  axis  of 
symmetry  inside  the  bubble.  Though  this  method  requires  less  computational  effort 
than  the  finite-difference  method,  it  failed  to  simulate  the  formation  of  the  re-entrant 
jet.  Gibson  &  Blake  (1980)  and  Blake  &  Gibson  (1981)  modified  this  method  to  study 
the  bubble  collapse  near  a  rigid  wall  and  a  free  surface.  Based  on  Green’s  theorem  and 
the  direct  boundary-integral  approach,  more  detailed  studies  of  cavitation  bubbles 
near  rigid  boundaries  have  been  presented  by  Guerri,  Lucca  &  Prosperetti  (1981); 
Cerone  &  Blake  (1984);  and  Blake,  Taib  &  Doherty  (1986)  for  axisymmetric  cases  and 
by  Chahine  &  Perdue  (1988)  and  Chahine  (1991)  for  three-dimensional  cases.  The 
numerical  calculations  of  the  migration  of  the  bubble  toward  the  rigid  wall,  the  profiles 
of  the  bubble  and  the  formation  of  the  re-entrant  jet  were  found  to  be  in  excellent 
agreement  with  experimental  observations  (Blake  et  al.  1986). 

Once  the  re-entrant  jet  begins  to  penetrate  the  opposite  side  of  the  bubble,  difTiculties 
in  experiments,  theory  and  numerical  calculations  appear.  Most  experiments  use 
photographs  to  track  the  bubble  surface.  Unfortunately,  the  jet  impact  process  occurs 
inside  a  toroidal  bubble  and  the  images  are  consequently  blurred  and  difficult  to 
interpret.  Theoretical  analysis  of  the  jet  impact  and  penetration  process  is  difficult 
because  of  the  nonlinearity  associated  with  the  large  motions  of  the  bubble  surface. 
Benjamin  &  Ellis  (1966)  postulated  that  upon  jet  impact  the  bubble  must  be 
transformed  into  a  vortex  ring  bubble  in  order  to  conserve  the  Kelvin  impulse  of  the 
flow.  Several  attempts  have  been  made  to  simulate  the  jet  impact  and  penetration 
processes  numerically.  Rogers  et  al.  (1990)  and  Szymezak  et  al.  (1993)  have  assumed 
an  inviscid  incompressible  flow  and  used  a  finite-difference  field  approach.  They 
demonstrated  the  capabilities  of  the  method  by  simulating  a  single  bubble  collapse  near 
a  rigid  wall  including  the  impact  of  the  re-entrant  jet.  Owing  to  limits  in  computing 
time  and  memory,  the  calculation  was  done  at  low  resolution.  It  was  therefore  difficult 
to  resolve  the  impact  interface  and  there  was  a  non-physical  energy  loss  before  impact. 
Attempts  to  use  the  direct  boundary  element  method  without  modification  to  simulate 
the  penetration  process  have  failed.  The  failure  is  due  to  the  inherent  mathematical 
degeneracy  of  the  conventional  integral  equation  under  this  circumstance.  In  an  effort 
to  avoid  this  degeneracy  problem.  Best  (1993)  devised  a  two-phase  procedure  to  carry 
out  the  calculations  with  the  conventional  boundary  integral  equation.  The  first  phase 
includes  the  growth  and  collapse  of  the  bubble  up  to  the  point  in  time  when  the  north 
and  the  south  poles  of  the  bubble  meet.  Then,  in  the  second  phase,  a  ring  bubble  is 
assumed  with  a  continuous  velocity  field  everywhere  in  the  fluid.  The  initial  conditions 
for  the  ring  bubble  problem  are  based  on  the  fluid  motion  just  before  impact  and  some 
ad  hoc  assumptions  about  the  geometry  of  the  ring  bubble  and  the  fluid  velocity  in  the 
vicinity  of  the  impact  surfaces.  The  entire  impact  process  occurs  instantaneously  in  this 
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model.  A  similar  two-phase  method  with  a  boundary  integral  approach  was  also 
reported  by  Lundgren  &  Mansour  (1991)  for  the  simulation  of  a  vortex  ring  bubble. 

In  the  present  paper,  the  physics  of  cavitation  bubbles  is  studied  with  a  new 
boundary-integral  technique  that  can  compute  the  growth  and  collapse  of  the  bubble 
including  the  impact  and  penetration  of  the  re-entrant  jet.  This  method  allows  for  a 
continuous  liquid-liquid  impact  as  the  two  curved  sides  of  the  bubble  collide,  the 
penetration  of  the  re-entrant  jet  into  the  fluid  close  to  the  wall  and  the  formation  of  a 
shear  layer  along  the  impact  interface.  The  physical  and  mathematical  modelling  of 
these  processes  is  presented  in  §2.  This  modelling  uses  modified  conventional  and 
hypersingular  boundary  integral  equations  with  non-regular  boundaries  to  form  a 
well-posed  problem  for  times  before  and  during  jet  impact  and  penetration.  The  details 
of  the  numerical  scheme  are  discussed  in  §3.  This  scheme  i<?  verified  and  tested  in  §4 
by  computing  static  and  dynamic  problems  with  known  solutions.  The  results  of 
simulations  are  presented  in  §5.  These  results  include  velocity  and  pressure  fields  and 
bubble  profiles.  Calculations  showing  changes  in  the  circulation  and  energy  of  the  flow 
during  jet  impact  and  penetration  are  also  computed  and  discussed  in  this  section.  The 
concluding  remarks  of  this  study  are  given  in  §6. 

2.  Mathematical  formulation 

2.1.  Physical  assumptions,  definitions  and  coordinates 
In  the  present  paper,  as  well  as  numerous  previously  published  studies  of  bubble 
collapse,  the  fluid  motion  is  treated  by  potential  theory.  Viscous  effects  are  neglected 
on  the  grounds  that  the  timescale  for  viscous  diffusion  is  much  longer  than  the  timesale 
for  the  collapse.  Thus,  the  vorticity  generated  at  the  boundaries  does  not  have  sufficient 
time  to  diffuse  into  the  flow.  The  extension  of  these  studies  to  include  the  penetration 
phase  of  the  motion  does  not  alter  this  conclusion.  In  studies  of  bubble  collapse  before 
jet  impact,  the  assumption  of  incompressibility  has  been  made  based  on  the  idea  that 
only  a  small  fraction  of  the  energy  of  the  bubble  motion  is  radiated  away  as  sound.  In 
the  present  case,  the  jet  impact  will  cause  an  increase  in  the  radiated  sound;  however, 
it  will  be  shown  that  the  potential  flow  model  allows  for  the  loss  of  energy  due  to 
impact.  Surface  tension  effects  are  also  neglected  in  the  present  calculations.  Though 
the  influence  of  surface  tension  grows  as  the  bubble  volume  becomes  very  small,  it  has 
been  shown  that  the  inertia  and  pressure  terms  are  still  dominant  (Hammitt  1980). 

Profiles  of  a  cavitation  bubble  just  before  the  impact  of  the  re-entrant  jet  and  at  a 
time  later  in  the  evolution  of  the  bubble  are  shown  in  figures  1  (a)  and  I  (6),  respectively. 
These  profiles  are  from  the  results  of  the  present  numerical  model.  From  figure  1  (a), 
it  can  be  seen  that  the  radius  of  curvature  at  the  north  pole  (Af^,  defined  as  the  point 
on  the  bubble  axis  that  is  farthest  from  the  wall)  is  less  than  the  radius  of  curvature  at 
the  south  pole,  Sp.  Thus,  the  jet  impact  process  begins  with  impact  at  a  single  point. 
This  instant  in  time  is  defined  as  the  initial  impact.  As  the  process  continues,  more  and 
more  of  the  two  surfaces  impact  in  a  continuous  manner  and  the  bubble  volume 
decreases.  The  fluid  that  was  originally  above  the  bubble  in  the  figure  penetrates  into 
the  fluid  that  is  below  the  bubble  creating  the  profile  as  shown  in  figure  I  (b).  In  a  real 
flow,  the  interface  between  the  fluid  from  above  and  below  the  bubble  (called  the 
impact  or  penetration  interface  in  this  paper)  contains  a  mixture  of  gas,  vapour  and 
micro-bubbles,  and  a  local  shear  layer  is  generated  with  the  fluid  in  the  jet  moving 
toward  the  wall  and  the  fluid  outside  the  jet  moving  away  from  the  wall.  In  the  present 
potential  flow  approximation,  the  penetration  interface  is  represented  as  a  sheet  with 
infinitesimal  thickness.  This  sheet  has  the  properties  of  a  vortex  sheet  in  that  the 
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Figure  1.  A  cylindrical  coordinate  system  and  two  axisymmetric  bubble  proAka  corresponding  to 
stages  (a)  before  and  (!i)  aAer  penetration.  The  proAJes  have  been  separated  vertically  for  clarity. 
represents  a  regular  surface,  S*  and  S~  comprise  a  common  surface  which  is  connected  to  at  the 
triple  point  T,  and  5,  denotes  an  indnite  rigid  wall.  and  5,  are  respectively  the  north  and  south 
poles  on  the  bubble  surface. 


pressure  and  normal  velocities  of  the  fluid  are  required  to  be  continuous  across  the 
sheet  while  the  tangential  velocities  are  allowed  to  discontinuous.  The  remainder  of 
the  bubble  is  toroidal  in  shape  and  is  called  a  ring  bubble.  The  circular  line  at  which 
the  vortex  sheet  attaches  to  the  ring  bubble  is  called  the  triple-point  line  and  its 
intersection  with  the  plane  of  the  paper  is  denoted  by  the  point  T  in  figure  1  (6).  In  the 
experiments,  the  ring-bubble  contains  some  non-condensible  gas  which  will  cause  the 
bubble  to  grow  again  after  reaching  a  minimum  volume.  In  the  present  model,  the 
pressure  in  the  bubble  is  assumed  to  be  constant,  therefore  rebound  will  not  occur. 
Cunent  efforts  are  being  directed  toward  simulating  the  rebound  process  with  a 
volume-dependent  pressure  inside  the  bubble. 

A  cylindrical  coordinate  system  is  used  to  describe  the  motion  of  the  fluid  and  bubble 
surface,  with  r,  6  and  z  representing  the  radial,  circumferential  and  axial  coordinates, 
respectively.  The  fluid  motion  is  assumed  to  b«  axisymmetric.  A  rigid  wall  is  located 
in  the  plane  z  0  and  extends  to  infinity.  The  pressure  in  the  fluid  far  from  the  bubble, 
P„,  is  maintained  constant  as  is  the  pressure  in  the  bubble,  Before  initial  impact,  the 
bubble  surface,  as  shown  in  figure  1  (a),  is  entirely  a  regular  surface  (Kellogg  19S3)  and 
the  fluid  domain,  D,  is  a  simply  connected  region  bounded  by  the  bubble  surface,  S^, 
the  rigid  wall,  S,,,  and  an  imaginary  boundary  at  infinity,  After  initial  impact, 
is  transformed  into  an  irregular  surface  as  shown  in  figure  1  (fi).  This  surface  consists 
of  two  different  regions:  a  common  surface  region  which  comprises  the  two  surfaces  S* 
and  S~,  representing  the  vortex  sheet,  and  a  regular  surface  region  which  includes 
the  ring  bubble.  The  fluid  domain  is  still  simply  connected  when  the  internal  boundary 
is  taken  as  the  union  of  5  *'  and  S~. 

The  lengthscale  for  the  problem  is  taken  as  /!„„  (the  maximum  radius  the  bubble 
would  have  achieved  in  an  infinite  fluid),  the  timescde  is  taken  as 
(the  collapse  time  of  a  spherical  bubble  in  an  infinite  fluid  of  density  p),  and  the 
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pressure  scale  is  —  AP.  With  respect  to  the  three  scaling  parameten,  the  non- 
dimensionalized  coordinates,  r*  and  z*,  time  t*  and  pressures  P*  can  be  expressed  as 


{r*.z*,t*. 


(I) 


Other  geometric,  kinematic  and  dynamic  quantities  in  the  following  mathematical 
formulations  are  non-dimensionalized  in  the  same  manner.  In  the  remainder  of  this 
paper,  all  variables  are  dimensionless  and  the  superscript  *  is  dropped  for  c^^nvenience. 


2.2.  Mathematical  statement  of  problem 

Based  on  potential  flow  theory,  the  velocity  u  can  be  represented  by  the  gradient  of  the 
velocity  potential  <f>,u  =  with  <f>  satisfying  Laplace’s  equation  inside  the  fluid 
domain  Z), 

VV(*.0  =  0,  xbD,  (2) 

where  x  is  the  spatial  coordinate.  Initially,  the  bubble  boundary  is  assumed  to  be  a 
spherical  surface  with  radius  R^.  Over  this  surface,  a  uniformly  distributed  velocity 
potential  <j>  is  prescribed  using  Rayleigh’s  (1917)  spherical  bubble  theory: 


^0  =  -^0 


(3) 


The  boundary  conditions  before  the  impact  of  the  re-entrant  jet  are  as  follows.  The 
kinematic  boundary  condition  on  5^  is 


=  V<j>,  x,eSt, 


(4) 


where  Xp  is  the  position  vector  to  a  material  point  p.  The  kinematic  boundary 
conditions  on  the  rigid  wall,  S„,  and  at  infinity  are,  respectively. 


and  IV^I-O.  (6) 

The  dynamic  boundary  condition  on  5^  is 

P(Xp,t)  =  Pp,  Xp€Sp.  (7) 

AAer  initial  impact,  the  boundary  conditions  (4)  and  (7)  still  apply  wUhout 
modification  to  fluid  particles  on  5»;  however,  matching  conditions  must  be  introduced 
on  the  common  surface,  S*nS~.  The  component  of  the  velocity  normal  to  the 
common  surface  must  be  continuous  across  the  surface. 


e^- 

9/iJ  ,,s* 

where  nj  and  are  outward  normals  (directed  away  from  the  fluid)  to  S*  and  S~  at 
p*  and  p~,  respectively.  The  pressure  across  the  common  surface  must  also  be 
continuous, 

P\p.s*  =  P\p.s-  (9) 

Note  tliat  the  pressure  varies  along  the  common  surface  and  is  not  in  general  equal  to 

P.- 
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In  order  to  solve  the  problem,  the  dynamic  boundary  conditions  on  the  bubble 
surface  and  the  common  surface,  (7)  and  (9),  must  be  written  in  terms  of  On  5^,  the 
condition  on  is  Bernoulli’s  equation  written  in  material  derivative  form; 


^  =  +  PBS,. 


(10) 


To  derive  the  equation  for  ^  on  the  common  surface,  consider  Bernoulli’s  equation 
written  for  p*’: 


(11) 

and  for  p  : 

(12) 

The  left-hand  sides  of  these  two  equations  are  the  time  rates  of  change  of  <f>  following 
the  component  of  the  fluid  motion  in  the  direction  normal  to  the  common  surface. 
After  subtracting  ( 1 2)  from  (11)  and  employing  the  matching  conditions  (8)  and  (9),  the 
above  equations  become 


D,r  “  2[W) 


(13) 


where  the  subscript  n  indicates  the  derivative  following  the  normal  component  of  the 
flow. 

2.3.  Conditions  at  the  instant  of  impact 

As  was  pointed  out  in  §2.1,  the  liquid-liquid  impact  occurs  continuously.  In  the 
numerical  model,  this  continuous  impact  will  be  simulated  by  a  Unite  number  of 
discrete  impacts  of  surface  panels  of  finite  size.  Each  panel  impact  generates  pressure 
impulses  and,  as  is  shown  below,  temporal  discontinuities  in  ^  and  V<f>  at  the  instant 
of  the  impact.  The  pressure  impulse,  /,  is  defined  by 

/  =  lim  I  Pdr,  (14) 

r-i' Jr 


where  P  is  the  impact  pressure  and  t'  and  C  represent  the  instants  just  before  and  just 
after  the  impact,  respectively.  Since  the  interval  from  t'  to  t"  is  infinitesimal,  it  can  be 
shown  from  Bernoulli’s  equation  that  the  velocity  potential  and  pressure  impulse 
satisfy  the  following  relation  (Batchelor  1967): 

(15) 

in  which  and  (j)"  are,  respectively,  the  velocity  potentials  just  before  and  immediately 
after  the  impact.  This  equation  states  that  whenever  an  impact  occurs,  the  velocity 
potential  is  discontinuous  at  that  instant  and  has  a  jump  which  is  equal  to  —I/p.  For 
any  two  impacting  material  points  (p*  and  p~)  on  the  bubble  surface,  the  above 
condition  can  be  written  as 


/)  =  t)-I*/p,  (16) 

0  =  t)-rip.  (17) 

Subtracting  (17)  from  (16)  and  noting  that  I*  is  equal  to  I~  at  the  impact  point,  a 
relation  for  the  difference  in  </>  across  the  impact  surface  at  the  instant  of  impact  is 
obtained, 

0-«4'“(^p-.  0  =  t)-<i>'-{x^-,  t). 


(18) 
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This  relation  ttates  that  the  difference  in  ^  between  two  impacting  pointa  remains  the 
same  during  the  impact.  In  the  present  model,  the  difference  in  ^  varies  along  the 
impact  interface.  Best  (1993)  (khved  the  same  relationship,  but  applied  it  only  to  the 
impact  of  the  mirth  and  south  poles.  After  impact,  he  created  a  simply  connect  8uid 
domain  by  using  a  fictitious  cut  along  which  the  difference  in  ^  was  assumed  constant. 

2  4.  BounJury  integral  etiuuiiuns 

The  initial  boundary  value  problem  for  the  velocity  potential  ^  as  defined  in  the 
previous  subsections,  is  solved  by  the  boundary  integral  equation  method.  For  times 
before  initial  impm;t,  the  numerical  solution  method,  which  is  eaplained  in  the 
following  section,  is  the  one  used  by  Blake  et  al.  (1986)  and  others  In  tks  method,  the 
boundary  conditions.  (4)  and  (10).  are  integrated  over  each  time  step  to  yield  the  new 
position  of  and  ilw  value  of  p  on  this  surface  To  proceed  on  to  the  next  ume  step, 
itu;  values  of  dp/Cn  on  5,  must  be  iktermined  This  problem  u  solved  with  a  well- 
known  boundary  integral  representation  derived  from  Green's  theorem: 


Cfp.f) 


2*P(p). 

4«P(/). 


pa5»u5. 

p*D. 


(19) 


where  p  is  a  field  point,  f  ts  a  source  point  varying  as  an  iniegratioo  variable  on  the 
surfaces  5,  u  S^,  d5,  ts  the  differcntul  area  ekmeni  of  u  a,  a  the  normal  to 
Sf  u  at  f  dircirted  outward  from  the  fiuid  and  the  kernel  G{p.g)  ts  equal  to  \f\p-g^ 
Equation  1 19)  u  often  called  the  conveniiooal  boundary  iniegraJ  equatKMi  (CBIE)  in 
the  sense  that  the  kernels  involved  arc  weakly  tmguiar  for  dip. f)  and  Cauchy  singular 
for  i)C{  p,  which  are  iniegrable  without  the  need  of  any  special  trsmtmeni 

Unfortunately,  the  above  approach  fads  when  the  re-entrant  jet  approaches  the 
opposite  surface  of  the  bubble  in  the  final  stage  of  the  collapse  iW  fadure  ts  caused 
by  two  problems  with  the  CBIE  First,  just  before  initial  impact,  an  equation  smiien 
for  a  point  on  the  lip  of  the  re-entrant  let  wiO  be  nearly  ideniicaJ  to  that  wniten  for  a 
corresponding  point  near  the  south  pole  of  the  bubble  Thus,  for  mstancc.  if  one  is 
solving  for  <^p/('n  with  known  p.  an  lU-condilioncd  or  nearly  singular  codRoeni  mainx 
will  result  in  the  boumlary  rlrtnenf  calculations  Scconsl.  )ust  afWr  intiiaJ  impact,  due 
to  the  nrialching  condilioo  (I)  (he  integral  of  «)p/Ai  along  5 *  and  S '  oO  caned  Tbits, 
additional  equations  art  netslcd  to  cakulaic  <?p/dt  akmg  the  rammon  surface  In  the 
following,  a  iww  ai^oach  is  presented  m  wlncll  the  CBIE  is  modified  to  aooount  foe 
the  comimm  surface  and  a  hypeniaguiar  bosmdary  integral  equaimo  (HBIE)  xt 
introduced  to  form  a  doted  equation  tysicia  With  thu  new  approa^  the  cakulaliottB 
based  on  the  bounslary  inkgrai  cqwiiion  method  can  be  earned  out  conttnuonily  from 
before  tntiial  impsKt  into  the  penetration  procesa 
Making  um  of  the  properties  of  tMigl»'  and  douWa-layer  pottmwb  (Cteicr  1967. 
Burton  It  Miller  1 97 1 )  as  wdl  as  the  matching  condibon  (I).  the  CBIE  ( 19)  a  moshfted 
m  Appendix  A  for  cases  with  a  common  vurface  to  yield 


ptS' 


In  thn  modified  CBIE.  the  equation  n  written  snth  respect  to  p9S‘  svhen  the  field 
point  p  ts  on  the  common  surface  5*  n  S'  In  the  fofiowing  metkm.  on  the  nmnmcal 
technique,  it  will  be  shown  that  during  pcnctrabcm  the  bosmdary  coodtuoia  can  be 


nw  TT 
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mtegrated  over  each  time  step  to  yield  the  new  positions  of  the  surfaces  and  S*  0  S~, 
the  values  of  ^  on  and  the  values  of  on  n  5".  With  these  values,  d^/dn 

on  and  on  n  S~  can  be  determined  from  (20).  However,  d^/dn  on  the 

sheet  is  still  unknown. 

In  order  to  find  an  analytical  expression  for  d^/dn  on  the  common  surface,  the 
modified  HBIE  is  derived  in  Appendix  A  by  performing  a  directional  derivative  of  the 
CBIE  with  p  inside  the  domain  D  and  then  letting  j»  approach  the  boundary  along  a 
direction  normal  to  the  boundary.  The  expression  of  the  modified  HBIE  has  Uk  form 


2*ad(/)/a»t^  fts^us. 


where  i.s  the  outward  normal  of  the  surface  at  p.  Like  (20),  this  modified  HBIE  is 
valid  fur  tltc  field  point  p  etthcr  on  the  common  surface  or  on  the  rest  of  the  boundaries. 
From  (21).  on  both  S*  (\S'  and  can  be  detesnuned  as  long  as  ^  on  the 
surfaces  u  5,  and  fl*  -  P'  on  5*  are  prescribed. 


2  5  Energy  eentideratknu 
The  equatton  governing  the  energy  of  the  Bow  is 

f  k*d»'*^*^(»yO'»WO))-0.  (22) 

Jrjuy  Jr/u  P 

where  the  integrauon  bauu  l^r)  and  i^O)  arc  the  DukI  volumes  at  tones  r  and  i  •  0. 
respectively,  and  F^r)  and  F«(0)  arc  the  volutnes  of  the  bubble  at  times  r  and  r  •  0. 
respectively  (see  Duncan  A  Zhang  1991,  cquatsoo  (12)).  The  first  two  lermt  on  the  left 
arc  the  kinetic  energm  of  the  fiind  at  the  two  tunes  and  can  be  calculated  from  surface 
integrab  over  the  bubble  and  the  common  surface  (Lamb  1945): 

where  5  »  the  micnial  botsidary  5»U 5*  u  S'  The  third  term  in  (22)  b  the  potential 
energy  defined  as  ths  work  dons  agamst  the  pressure  at  iaftntty  due  to  changes  in  the 
bubble  volutne. 

For  tunes  up  to  the  instant  before  inittal  unpact,  the  total  energy  of  the  system  b 
constant.  During  the  codapec  phase  before  m^aci.  the  poteniia)  energy  decreaaes  and 
the  kmctK  energy  increases  by  equal  amounts.  However,  there  b  a  loas  of  kinetjc 
energy  associated  with  the  bquid-liqwd  impact  and  thb  energy  b  not  converted  to 
potential  energy  Thusi.  the  total  energy  decreases.  Tibs  kinetsc  energy  loes  b  givmn  by 
(he  following  equation  whKh  a  derived  in  Appendix  B: 

-  I^K^PT-iiKvprdK-  r{V(#r-v(pr)  -.«i^  o*) 

Rogers  et  at  (1990)  and  Sxymetak  tt  af.  (1993)  also  noted  an  eneffy  iom  duruig  impact 
and  presented  a  abniiar  formula.  In  (he  above  cqtmtioa,  (he  vatae  of  /*  b  a  positive 
maximum  at  (he  impact  interfaoe  stnee  the  gmdi^  of  /  must  aooekrate  the  flibd  on 
both  sides  of  the  tni^ace  in  directinni  away  from  the  inlerface.  The  dififereace  in  the 
normal  components  of  the  velocities  inside  the  brackets  b  ahrays  pobtive  as  long  as 
there  b  an  impact.  Thus,  fiZ,  must  be  leaa  tlmn  aero  ft  should  be  noted  (hat  the  above 
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expression  was  derived  on  the  assumption  that  the  colliding  surfaces  stick  together 
after  impact.  It  is  this  assumption  that  causes  the  loss  in  energy. 

As  an  example  of  a  »mple  impact  problem  demonstrating  the  energy  loss,  consider 
two  parallel  liquid  layers  of  inlmite  extent  in  planes  normal  to  the  z-axis.  One  layer  is 
above  the  z  »  0  plane  and  has  a  uniform  velocity  v  ^  —  Vk  and  a  thickness  h*  while 
the  other  layer  is  below  the  plane  z  0  and  has  a  uniform  velocity  v  ^  Vk  and  a 
thickness  A'.  Impact  occurs  when  the  ‘inner’  surfaces  meet  at  z  >  0.  In  this  example, 
the  divergence  of  equation  (B  I)  yields 

(25) 

which  has  the  solution 

in  the  upper  layer.  Evaluation  of  (24)  in  this  case  yidds 

per  uiut  area.  Thus,  for  the  case  when  A*  »  A'  »  //.  the  kinetic  energy  change  is 
-py*H  per  unit  area.  This  change  is  equal  to  the  total  kinetic  energy  before  impact 
aiMi  indicates  that,  as  expected,  the  two  layers  will  come  to  rest  after  impact. 

3.  Numerical  scbctne 

The  numerical  schemes  to  be  discussed  in  this  sectioo  deal  with  two  issues;  the 
accurate  solution  of  the  integral  equation  system  (20)  and  (21)  at  a  given  time  instant 
and  the  time  advancement  of  the  bouixiary  condibons  (4).  (10)  and  (13).  For  the  first 
issue.  It  IS  imporunt  to  note  that  while  the  iniroductioo  the  modified  HBIE  (21) 
produces  a  well-posed  system  of  equatioru  during  penetration,  it  unfonimateiy  makes 
the  numencai  Kheme  more  comphaied  than  scheincs  that  use  the  CBIE  alone  in  cases 
before  penetration  These  complications  arise  out  of  the  need  for  rcgulannng  the 
hypersingular  kernel,  making  the  solutioM  unique  and  discretizing  the  geometry  and 
density  functions  properly  For  the  second  issue,  the  kinematic  boundary  condiuon 
must  be  modified  slightly  to  treat  the  node  points  on  the  vortex  sheet. 

3  I  Regahritaiion  of  the  AyperfAsgsder  (mtegrat 
As  can  be  seen  from  (21).  the  kernel  d*G(/.f)/de^an,  has  a  third-order  singularity 
( as  p  approaches  f.  which  makes  it  noo-intcgrable  n  the  ordinary  sense. 
Several  regularutation  techniques  to  treat  integrals  of  this  kind  exist  (Meyer.  Beil  4 
Zinn  1978.  ingber  4  Rudolph  1990.  Knshnasamy  et  ai.  1990).  la  this  paper,  the 
hypcmngular  kernel  has  been  transformed  to  a  Cauchy-singular  kernel.  Tte  rdatton 
between  the  two  kernels  can  be  expressed  in  the  identity  (Ingber  4  Rudolph  1990) 

V,d<f)l  I*,  *  V,<;(p.f)Jd5^  (28) 

where  the  gradient  operator  with  a  subscript  indicates  that  the  operation  d  carried  out 
with  that  subscript  as  a  variable.  The  decompoaitioo  of  this  iotegral  in  a  cyhndrkal 
coordinate  system  svith  axisymmetry  transforms  the  density  fimciioo  fig)  in  (28)  to  the 
(knsity  fHixtion  where  r,  is  the  ardength  alonf  the  surface.  The 

corresponding  derivations  related  to  this  decompoaitioo  and  expressions  for  other 
terms  in  (21)  can  be  found  in  Appendix  C 
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3.2.  Vnitfueness  of  soluiions  of  the  hypersingular  integral  equation 

V  g  the  hypersingular  integral  equation  (21)  alone  to  solve  the  Dirichlet  problem  o{ 
Laplace’s  equation  will  result  in  non-unique  solutions.  (Solutions  are  only  unique  up 
to  an  additive  consunt.)  This  non- uniqueness  can  be  easily  deduced  from  the  identity 
(28)  in  that,  if  is  a  constant  along  the  surface,  the  integral  with  the  hypersingular 
kernel  is  identically  equal  to  zero;  thus.  (21)  wilt  yield  d^/dn  >■  0  at  ail  points  on  the 
surface.  However,  this  contradicts  the  •veil-known  case  of  a  Rayleigh  spherical  bubble 
in  an  infinite  fluid  where  a  uniformly  distributed  ^  on  the  bubble  corresponds  to  a  non¬ 
zero  on  the  surface.  In  the  present  work,  this  non- uniqueness  is  resolved  by 
introducing  a  combined  scheme  in  which  the  modified  CBIE  and  HBIE  are  jointly 
used.  In  this  combined  scheme,  the  CBIE  is  responsible  for  recovering  the  omsunt  in 
^  along  the  surface  would  be  lost  if  the  HBIE  were  used  alone. 

Time  adeaneement  algorithm 

The  time  advancemen'  techniques  for  times  before  and  during  penetration  are 
discussed  separately  iu  .  so  . 'section.  All  of  the  temporal  integrations  are  performed 
by  the  following  predictor-corrector  scheme.  Given  an  ordinary  differcnlial  equation 
dy/di  *^/.y)  with  an  initial  coiwiuon  ><rj  •>  the  numerical  solution  for  y  at  step 
1+  I  (i  -  0. 1.  .  .  .)  is  given  by 

predKtorstep  y,*.!  •  .v. (29) 

corrector  step:  y,.,  “  I'l (/('•. (30) 

For  ease  of  presenutson.  only  the  predictor  step  is  ptcsroifU  in  the  foUowing. 

J  J.  I  Time  marching  before  autial  dnpact 

Let  us  assume  that  at  time  t  all  quantities  are  known.  To  proceed  on  to  r -t- Ar.  the 
boundary  conditions  (4)  and  ( 10)  are  integrated  following  the  fluid  panicle  p  on  the 
surface 

a,(/  +  A/)-a,(l)  +  V^a^l)A/.  (31) 

t  ■»•  Ai)  «  d(*^  0  »  a-  (32) 

These  equations  yield  the  new  position  of  5,  and  the  values  of  ^  on  this  surface  at 
t  *■  A/.  From  thu  mformatioa.  the  denvaitve  of  ^  in  the  threctioo  tangent  to  the  nirfaoe 
can  be  computed  In  order  to  proceed  to  iottgrate  (4)  and  (10)  over  the  next  lime  step 
the  values  of  are  required  These  values  arc  obtained  by  solving  the  integral 
equations. 

3.3  2.  Time  rnarehmg  after  initial  impact 

AAcr  intfiat  impact,  material  poiau  on  the  toroidal  bubble  are  irealcd  like  thoae 
before  impact  by  infegrating  (4)  and  (10).  The  lotcgratioo  of  the  boundary  condilioas 
for  points  on  the  common  surface  is  somewhat  more  complicated  since  two  fluid 
pnrtictcs.  p‘  on  S*  and  p'  on  S*.  occupying  the  same  location  on  each  tide  the 
surface  at  lime  t  will  in  general  not  be  together  at  the  next  time  step  (the  tangeotial 
vcloaties  are  not  equal  on  each  side  of  the  sheet).  The  relation  between  the  velocity  of 
a  fluid  particle  p  and  the  veloaty  of  its  projectioo  in  the  direction  normal  to  the  surface 

IS 


\dr  dr' 


(33) 
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where  x*  is  the  position  vector  of  the  projection  of  x,  in  the  normsl  direction 
Writing  this  relation  at  p*  and  p~  on  S*  and  5~  for  the  predictor  step  yields 

x;.(l  +  Ai)  -  x;^0 + Ai  ^  (M) 

and  x*-(r  +  A/)  -  xJ-fO+A/^r"^.  (35) 

respectively.  In  view  of  the  ouiching  conditions  (8)  and  the  fact  that  «*  »  -n~.  thg 
above  cquatioos  reduce  to  a  single  equation  yielding  the  new  position  of  the  common 
surface  at  time  i  -f  A/.  The  boundary  condition  (13)  integrated  for  the  predictor  step  is 

^:(/4.Ar)-^.{/  + Ai)  -  ^:(0-^;(0-y[(~)*-(^)*].  (36) 

where  the  subscript  n  indkates  the  values  of  ^  at  a  point  foUowing  the  normal  Bow. 

it  should  be  emphasized  that  it  is  the  values  of  ^  on  the  bubble  surface  (5J  and  the 
values  of  A^( «  —  b')  on  the  impact  interface  (5*  n  S')  that  are  advanced  in  time 
by  (32)  and  (36).  Both  quantities  are  conunuous  with  respect  to  time. 

3.3.3.  Time  step  determmaiion 

In  the  time  advancement,  a  variable  time  step  mchnique  is  adopted.  At  each  step,  the 
time  increment  A/  is  determined  by 


v'liere  is  the  maximum  vdodiy  on  the  bubble  surface  at  the  current  time  step  and 
C  is  a  constant  that  is  taken  as  004  before  penctratioci  svhea  the  CB1£  is  used  and  0.01 
during  penetration  when  the  combined  scheme  is  employed.  The  deiermioatioe  of  them 
valua  of  C  IS  explored  in  f4  3 

3.4  Suemrkut  mpkmentaham  ef  tW  rptafioHM 

The  modiAed  CBIE  (20)  and  HBIE  (21)  are  solwad  by  the  boundary  ekmeni  method. 
The  inflnite  rigid  wall  is  nmulafeed  by  an  imafB  bi^blc.  The  biMle  surface  is 
discretized  by  panels.  Given  the  and  r^coorthantas  of  %  4'  I  panel  nodes  along  the 
surface,  the  coordinates  r  and  r  alonf  each  panel  can  be  wriuea  as  Amcfioiis  of  a  cubic 
spbne  parameter.  (.  which  is  chosen  as  s  variable  aloof  the  chord  kagth  of  each  panel 
(Dcunmermuih  A  Yue  m7.  end  Prcee  et  el.  1919), 

r  -  r(C),  r  -  jfC)  (J«) 

Thus,  the  srekngth  coordinstc.  r.  eloog  each  panel  can  be  cakulaied  by 


Other  geometric  quantities  in  the  integrai  equations  such  as  Olp.g)  and  VG{p.g)  ere 
computed  from  the  above  equaiioos.  The  moat  sable  calctilatioos  were  performed  with 
the  density  functions  d  end  dd/bn  inssde  each  pand  imarpoteted  m  cubic  ^liioe  and 
linear  functions  of  r.  rcaqxctively 

The  spline  Atting  of  the  surface  during  penetration  ia  complice  ted  by  the  presence  of 
the  triple  point  where  the  emnmoo  surface  attaches  to  the  rii^  bubble.  la  the  preaent 
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work,  the  surface  is  fitted  continuously  from  the  north  pole  to  south  pok  by  a  path 
covering  S*.  S,  and  sequentially.  As  a  result,  the  normal  to  the  surface  directed  into 
the  fluid  changes  continurmsly  during  the  integration  around  the  surface  and  a  cusp  is 
formed  in  the  bubble  at  the  triple  point  (see  figure  1 6).  This  treatment  is  based  on  the 
fact  that  at  the  final  stage  of  the  bubble  collapse,  the  speed  of  the  surface  of  the  re¬ 
entrant  jet  is  generally  on  the  order  of  lO*-10HAP/p)^  while  the  fluid  near  the  wall  is 
moving  more  slowly  in  the  opposite  directitm.  Thus,  there  exists  a  strong  shear  layer 
in  the  region  close  to  the  triple  point.  In  experhnents,  this  shear  layer  contains  a  layer 
of  gas.  A  similar  flow  is  general^  when  a  liquid  jet  impacts  on  a  flat  water  surface 
air  entrainment  occurs  along  the  periphery  of  jet.  Surface  teimon  forces  have  the 
tendency  to  round  the  cusp,  but  in  the  present  case  this  does  not  occur  owing  to  the 
effects  of  inertia  and  the  short  timescale. 

Since  the  problem  is  axisymmetric  about  the  r-axut.  the  terms  in  the  integral 
equations  can  first  be  integrated  analytKally  with  respect  to  the  cucumferential 
variable  0.  The  resulting  terms  then  inv<^  etlipiical  iniegrab  of  the  first  and  second 
kinds  as  functions  of  the  arckngth  r  in  the  -•  0  plane  (see  Appendix  Q.  The  field 
points  (colJocatioo  points  or  nodes)  art  taken  at  edge  points  of  the  panels.  As  a 
result,  the  integral  equations  (20)  ami  (21)  can  be  written  in  discretaed  forms  within 
each  panel. 


2*4,.  . Ji*-»i4-l 

2«(#r  <-l. 


2 


I2*(d4/dn),;  <-m+l . 

i-1 . »«. 


(40) 


(41) 


where  m  is  the  indea  of  the  triple  point ;  1  and  /  repceeent  the  indeacs  of  the  field  point 
and  source  panel,  respectively ;  f.,  is  the  ardm^th  of  paad  /;  and  ^  are  the  terms 
corresponding  to  the  contribution  (roes  the  naaga  bubble;  and  /L  are 

functions  of  the  cihpCK  integrals  and  can  be  found  ir  Appendix  C.  (d4/dn/  arsd 
(d4/iSjy  are  functions  of  (be  ardength  lande  the  pond/,  and  4,  «t>d  (d4/h*),  are  values 
at  the  point  i.  Causa- Legendre  quadrature  formuiM  were  uaed  to  calculate  the 
integrals  in  (40)  and  (41),  m  which  the  regaiar  integrands  were  integrated  with  a  5>poiai 
formula  while  the  non-regular  micgrands.  which  contain  logarithmic  hogdarities. 
were  treated  with  the  formulattoo  given  by  Andenon  (1905).  The  foear  system  of 
algebraic  equations  formed  in  this  way  wese  solved  with  the  LDU  Algoritha  (Pices 
0ta/  1989). 

Various  combiaations  of  (40)  and  (41)  were  applied  at  the  nodes  ihuii^  dfferent 
phases  of  the  cakdabons.  For  casa  withotf  a  comnson  surface,  two  oombinatioiis 
were  used.  In  some  cases  the  CB(E  was  diphed  at  ail  (he  ooda.  la  other  canes,  the 
HBIE  wss  sppbed  st  the  first  %  aodo  on  fop  of  the  bubble  startup  enth  the  north  pole 
and  the  last  nodes  eadiag  with  the  south  pole  whde  the  CBIE  was  sppfiad  at  the 
remaininf  >  I  In,  nodes.  In  cases  during  penetistioq  with  m  doMe  nodes  along 
the  common  surface,  the  HBIE  was  apphed  st  the  first  1  -m  nodes  starting  with 
the  north  pole  and  the  CBIE  was  sppM  to  the  last  at  nodes  ending  with  the  sooth 
pok. 
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The  adjustment  of  the  time  step  during  the  impact  of  adjacent  nodes  was  found  to 
be  chtkal  to  achieving  an  accurate  calculation.  The  general  technique  employed  here 
was  to  adjust  the  time  step  so  that,  given  the  distance  and  relative  velocity  between  the 
nodes  at  the  current  time,  the  nodes  would  impact  at  the  end  of  the  time  step.  To 
implement  this  scheme  a  minimum  distance  e  was  chosen.  If  the  distance  between  one 
or  more  pairs  of  nodes  on  the  ring  bubble  adjacent  to  the  triple  point  was  less  than  e. 
the  lime  step  was  adjusted  so  that  all  of  these  pairs  collided  by  the  end  of  the  time  step. 
In  performing  the  calculations,  it  was  found  that  as  e  was  decreased  the  cakulation 
converged  initially.  However,  if  e  was  too  small,  an  overlapping  of  the  nodes  on  the 
ring  bubble  near  the  triple  point  occurred  at  the  next  time  step.  It  is  thought  that  these 
problems  arise  because  the  Green’s  fuiKtion  between  nearly  touching  nodes  from 
opposite  sides  of  the  bubble  becomes  singular  as  the  distance  between  the  nodes  tends 
to  zero.  Thus,  for  small  enough  c  the  solutions  of  the  bouiKiary  integral  equations  are 
probably  inaccurate.  After  a  number  of  test  calculations,  it  was  found  that  e  >  0.002 
wa.s  a  typical  minimum  value  that  produced  a  converged  calcubtion  without 
overlapping  of  adjacent  nodes.  This  value  was  used  for  all  the  calculatioru  presented 
in  this  paper 

3  5  Su0nerical  matabdities 

The  numcfKal  method  presented  above  exhibtu  unstable  behaviour  when  the  voluine 
of  the  ring  bubble  approaches  the  initial  volume  of  the  bubbk.  The  causes  of  the 
numerical  instability  are  not  ckar  There  is  no  theoretical  analysts  available  to  examine 
the  numerKal  instaNlity  becauie  the  boundary  conditions  (4),  (10)  and  ( 1 3)  are  coupled 
and  the  conditions  ( 10)  and  (13)  are  nonhnear  Several  researchers  (Longuet- Higgins 
k  Cokelet  1976,  Dommeimuih  k  Yue  1917,  OJui  k  Protpereiu  |9W)  have  reported 
similar  insiabihiies  encountered  m  boundary  ekment  cakulauom  employing  higher- 
order  ekmenis  when  simulating  nonlinear  waves  and  water  dropleu. 

To  cope  with  the  insiabilitiet.  a  S-poini  smoothing  technique  (MathemaiicaJ 
Handbook  1977,  pp.  907-908)  was  introduced  Given  a  data  set  ••  0, 1.2.  .m). 

the  modilkd  data  set  y,(i  •>  0. 1. 2,  ,iw)  ts  computed  by  the  foliowiog  smoothing 
formulations 

y;  •  jy-3<y,., ♦/,.*)+■  1 2</».,-»-y»,j)+ 17/ J.  <•2...  .lw-2,  (42) 


yi  •  A(3ly*>9yi  -  TV|  -  3y,+  3/J.  (43) 

y'l  •  1 3y I  ♦  *  -  5/ (44) 

y*-.  -  V— 

fm  •  -  5y*.»  -  3y—.  ♦’.r— ,  ♦  3>y«)  W 


Mmh  rtgridding  is  abo  adopted  to  keep  equal  pnnd  axes  durist  the  tune  stepping 

4.  Verttkstkm  of  ibc  niMuefknl  wodettiaf 

la  this  section,  the  results  of  several  static  and  dynamic  tests  designed  to  verify  the 
mathcmatkal  moskl  and  to  assess  the  perfonannee  of  the  combmed  numerical  scheme 
developed  in  9S2  and  3  art  presented. 

4  1.  A  sAeef  Mtaeked  to  a  toroid 

The  first  wst  of  the  numerical  model  is  to  exanune  the  accuracy  of  the  boundary 
element  solver  with  the  combined  scheme  on  a  static  problem,  fa  order  for  Urn  mst  to 
have  relevance  to  the  penetration  problem,  it  must  satisfy  the  followmg oooihtions:  the 
boumfary  geometry  most  mdude  both  regular  and  common  stufaoes.  acron  the 


160 


S.  Zhang,  J.  H.  Duncan  and  G.  L  Chahine 


r 


f'tCHflul  Cwiiy«rwo<Mol^iiJaofdwooi>i— dw6f«dn— lyttaiMliiBwfaf  »*oroi4il 
wrfltw  and  •  ftoit.  («|  Oaanoy  of  iIm  iImoi.  toroid  ood  aoA  dtatrfbobeoo  IA>  oodol 

poiMX  (*)  Cokoiiiod  <^)  ood  oaolyttEoi  ( - )  #  oo  ika  i6oh.  (r)  CalnlMid  (A)  oaolyiicol 

( - )  Ad/lH  oo  tiH  ilMa*  and  toroid. 


comnon  lurfiKo  ^  aad  onM  bo  diocostiatKMO  «bik  6#/do  arart  bo  ooetiiMiovi, 
|V^  most  voaiob  ai  inftoity,  and  d  >Mat  bo  MAdeaily  oootiaaoua  ONiik  tbo  dowia 
Tbo  boundary  gcomotry  of  iJm  cbooen  proWaw  ia  (bat  of  a  toroid  aboot  tbo  x-axia 
connoctcd  to  a  (bit  ctrodor  aboot  on  tbo  ploao  x  •  0  aa  ritown  in  Aforo  2(«).  la  tbo 
domain  exterior  to  (bia  boimdaxy.  Laploco'a  oquadoo  caa  bo  oaaily  aolwad  ta  toroidal 
coordioatoa  pma  by  (bo  roOoviat  txaaafonaatkma  (for  axiayaaaBatric 


proMaate): 


coob(f)->«oa(l^ 


(<7) 


X  • 


dain(^ 

ooab(f)~coa(f 


m 
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2.0 


Z  1.5 

10 


0.5 


0 


ic60«wfc>»tr0iMi!iyc»iiiBMtp«b!5Mi>raltprt0gi0000iig><'»0M*^i^«»O.laad2^»  IJ. Tte 
mtmbmt  I  to  I  cowpotid  w  dw  0oo-iiwiwiio0il  mm  t  •  O-iO.  1.707.  IJT7. 1.972. 2JI4.  2.0«3. 
2.001.  Md  2.010. 

whik  th0  CTO00  00ctt<wi  ci  Um  aiMM  it  ftvta  b]r0<9<9^9«±«  ood  #'•0  or 
0  < .(  nacorkfa-a/nBlif^/  *0  «ad  z  -  0  ia  tiM  two  dtlfaaiM  coorttotK  tyngntt. 
mpcctivoty  In  the  p««00ni  lot*,  f,  m  ehoacn  at  2.190454  and  •  «•  1.1 17657.  Frooa  the 
inA«M  number  of  pnnicular  tohmona  of  Lapteoe'a  aqunboo  in  ilw  (ftd,#)  lyffem 
(Moon  Jt  Spencer  1961.  pp.  360-572X  one  ic  cbo^  nadi  Ikai  it  aatiiHii  tlw 
requircmenu  of  the  nnnMficnl  Mata  ettad  above.  Tima,  fivea  #  on  the  alMat  and  ibe 
toroid  in  tbe  form 

d(f.d)*(cooh(v)~coa(#)}tMn<|dX  (49) 

the  corteapoodinf  eapraaaiBna  for  dp/ki  are,  mapactivaty. 

dd/fti«0  onibaalMat.  (50) 

dd/an  •  (coati(v)- 000 (d))t kali (y)9ia(|d)/(2n)  on  the  toroid.  (SI) 

la  the  atanarkaJ  enkniationa.  #  wna  tpaedtod  on  the  toroid  and  d*  -d‘  *»  ipociSed 
on  the  ibaat  from  iJm  aaalytkal  aotekon  (49).  TIm  iaiegra)  aqntfiooa  (20)  and  (21)  ware 
thaa  whod  with  the  comboMd  aehenM  for  entire  earAm  and  d  on  Ow 

aheet.  The  compariaon  between  the  aaalytknl  and  anaMifca)  calcolatione  of  d  on  the 
sheet  and  Ad/^  on  both  the  dMet  and  toroid  are  plotted  in  flgam  2(6)  and  2(r).  The 
reeidta  show  that  the  namerieal  odcalntkMa  afiae  wal  with  the  analyticttl  otMi  erdh  the 
errms  in  Ad/hv  and  d  •*  the  north  pole  laaa  ten  0.5H  and  0.2%.  laepectiealy.  The 
deviatioo  of  Ad/Aa  near  the  triple  poiai  bitneea  the  sheet  aad  toroid  h  as  rtpecied 
becaaeatenuwaricalschanMisconatnictedoatebnmiofaBBOothanrteifHiiBraled 
by  a  cate;-9pline  tttiaf  rather  tea  a  non  wnooth  coanactioa  at  dtat  poiM  as  in  thia 
MM  ease.  This  is  not  considefad  to  be  a  probhaa  dMoe.  m  te  kawdaiioa  of  the 
penetradoo  procase,  te  taafmt  alone  the  bnhbis  snrtee  h  always  astnmritf  to  vary 
raotnraoasly. 
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fmmt*  ytutornqmmtimtvlomd^mtmmatorf^hthkk  ciolipw  tftyiaad to >  («) TTw 

oi  Utt  Mfife  mi4  «o«dk  polai  MMtr - .  kImw;  cwBbMHd 

«JMaM.  <*)  Tlw  ««locfiy  powiwiiti  M  dM  aardk  a«l  wvdi  pt»m  vwpm  da*  - .  rni-  altral 

coaMiwd  iclMM  (f)  TlMt  tawfiM  ««««  tiai  lor  te  rnabitii  niiai:  totti 
MclMMical  tnvfy  - k  toaac  aap  (  k  —4  po— lart  wifp  ( - k 


4.x  A  gmHmttm  AnAMr  mldprtdt  mm  •  rtgU  wdi 
As  a  &rmmic  taH.  the  conbtaMd  schoM  «w  oHd  to  rnmfim  tlw  irowfli  tad  ooliapw 
of  a  caihtaiKm  b«Mla  a^^acwM  to  a  rifld  «•>  «p  to  ika  How  jwH  boTort  peatemkw 
bafins.  Bsoiiiw  tlwrv  ia  oo  a—lyticai  solattoo  avtitebit  for  tbia  aoo-aptoricaJ  ooBaiiae 
cast,  iha  Aanwrkal  cakaiatioaa  oab^  tlw  cocibiaad  adwow  arc  coByaicd  with  tboae 
witig  Iha  CBIE  KhoRW.  The  rcaciti  of  tha  pruani  CUE  adwaa  awre  oocBpared  to 
smiihr  okulatlooa  in  tlw  Kloctcra  aad  foaad  to  be  ia  eccejeat  agrceaBeat.  laitidhr, 
tha  babbla  is  spharkal  aad  caatrad  at  r»0  sad  Z,*  I  5  «itli  radtea  A, *0.1.  The 
combifwd  whwaa  «aa  oaad  with  %  •  )2  aad  i««  •  16. 1  iniar  toopanawiiic  deowiMs 
ware  emploTad  for  Iha  cooiwatioaal  sdwaw.  abo  with  %  •  3X  ta  Afwc  }.  the  biMbk 
pfoAles  at  «hffweat  tina  iaartaats  ia  the  ooSapae  phase  obtataad  by  both  the  ootabiaed 
aad  coaventtooal  schaow  are  ptofted  (opetW  Both  echwaee  g/vt  ahaod  the  — mw 
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Fwuu  5.  Coovvrino*  m  ■  taactioa  of  mb  mm  for  ibo  combowd  icbane  before  ead  efler 
poMtreiioii.  («)  Tbe  be^  of  tbe  aortb  pote  verwe  dme;  (b)  ibo  notmol  edoctty  of  Ibe  oonb  aad 
wotb  pol«  vofwe  ttme. - .  •>  )3: - .  -  4t.  aad - ,  0,-64.  r daaoiaa  ibe  iaetaat  of 

bubble  profiles  at  the  same  ome.  Tbe  heigfaa  of  tbe  oortb  and  south  poles,  tbe  velocity 
potentials  at  tbe  north  aad  south  poles  and  tbe  kinetic  and  potential  energies  of  the 
fiow  are  ptottcd  versus  time  in  figures  4(a).  4(b)  and  4(c),  respectively,  for  both 
schemes.  There  is  good  agreement  in  aU  cases. 

4.3.  Coimergmee  stmdks 

Several  computatioos  aimed  at  eaaniiiu]^  tbe  oonvergenoe  of  tbe  combined  scheme 
verms  pand  stn  and  time  step  sob  durtag  pcnetratioo  sonalatioos  were  also  made. 
Figure  S(a)  and  S(b)  show  the  baght  aad  velocity  of  tbe  north  pole  from  before 
pcnetratioo  throu^  the  penetratioo  process  for  vahous  panel  numbm  As  can  be  seen 
from  the  figure,  the  results  converge  as  tbe  omnber  of  panels  increases.  Figmes  6(a) 
and  6(b)  show  the  same  quantities  coo  verging  as  tbe  time  step  decreases.  The  oumlw 
of  paneb  and  time  step  amd  in  the  present  resuhs  are  given  in  the  foUowing  section. 
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Fioum  6.  Convergence  u  a  function  of  time  step  «i»  for  the  combined  scheme  before  and  alter 
penetration,  (a)  The  height  of  the  north  pole  versus  time;  {b)  the  normal  velocity  of  the  north  and 

south  poles  versus  time. - ,  C  -  0.06; - ,  C  »  0.04; . ,  C  «•  0.02; - ,  C  -  O.Ol.  The 

parameter  Cis  related  to  the  variable  time  step,  A/  >■  C/(l  +0.5K|^.  Tdenotes  the  instant  of  initial 
impact. 


The  tests  conducted  in  this  section  show  that  the  combined  scheme  developed  in  §$2 
and  3  is  valid  in  both  static  and  dynamic  cases. 


5.  SlinaJatlon  of  the  penetration  process 

The  calculations  presented  in  this  section  were  done  with  >■  64  and  «  0.1. 
From  the  initial  instant  up  to  the  time  when  the  distance  between  the  north  and  south 
poles  beonnes  less  than  0.03,  the  CBIE  method  is  used  for  all  nodes.  At  this  point,  the 
scheme  is  switched  to  the  combined  CBIE-HBIE  method  with  n^»yi.  When 
penetration  begins,  the  scheme  is  again  switched  to  that  described  in  §3.4  for  cases  with 
a  common  surface.  The  parameter  C  for  time  stepping  is  taken  as  0.04  before 
pemtration  and  0.01  during  penetration.  The  value  of  e  is  chosen  as  0.002  (see  §3.4). 
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of  the  sonlh  pole  hefon  impect;  K,:  edodty  of  the  north  (or  eondi)  pole  pm  efter  the  teMnl  impnet; 
r^;  drcolaiioa  aroond  the  ring  btfoMe  at  the  iwtMt  of  the  iaitini  intpact 
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in  the  following,  results  art  presented  for  Z,  «>  1.1,  1.2S.  1.5  and  1.75.  The  results  for 
Z,  «  1.5  and  1.1  are  presented  first  and  in  more  deutl  than  those  for  the  other  Z, 
values.  For  reference  throughout  the  discussion,  table  I  gives  the  time  (7^,  the  hei^t 
(ZJ.  the  velocities  of  the  north  and  south  poles  of  the  bubble  ( and  at  the  instant 
before  initial  impact  and  the  velocity  of  t^  north  pole  of  the  sheet  ( K)  as  well  as  the 
circulation  (r„,  defined  below)  at  tte  instant  after  initial  import  for  all  four  values  of 

5  1  Bubbk  proftks  and  cclocity  fields 

The  general  features  of  the  Aow  field  just  before  and  during  penetration  are  illustrated 
in  figure  7.  for  Z,  <■  15.  Figure  7(a)  shows  the  flow  fii^  one  time  step  before 
penetration  The  re-entrant  jet  has  formed  at  the  top  of  the  bubble  surface  and  is 
moving  toward  the  ngid  wall  The  fiuid  on  the  lower  side  of  the  bubble  has  not  yet 
sensed  the  >et  and  is  still  moving  away  from  the  wall  The  relative  normal  velocity 
between  the  north  and  south  poles  at  this  instant  is  1 5.05  (see  table  I ).  The  poles  of  the 
bubble  meet  at  i  <»  0  78  and  the  flow  field  soon  after  penetration  is  shown  in  figure 
7(6)  As  can  be  seen  in  the  figure,  the  geometry  of  the  bubble  surface  has  become  a  ring 
bubble  with  an  attached  sheet  The  flow  pattern  has  suddenly  changed  such  that  the 
flow  on  the  tower  side  of  the  bubble  has  reversed  direction  and  it  now  moving  toward 
the  wall  The  velooty  of  the  re-entrant  jet  is  still  directed  toward  the  wall  but  with  a 
much  smaller  magnitude  (4  08)  than  before  impact  (I  I  57).  The  vdoaty  componenu 
tangent  to  the  common  nirface  and  the  nog  bubble  surface  are  directed  mainly  toward 
the  axis  of  symmetry  on  the  jet  ude  of  the  common  surface  and  bubble  and  away  from 
the  axis  on  the  other  side,  ihu  tndicales  that  there  are  vortex  ekmenu  along  the  sheet 
and  in  the  bubble  that  arcle  the  :-axis.  The  mechaiusro  that  brings  about  this  sudden 
change  in  the  Row  field  is  the  liquid -IkiukI  impact  dunng  jet  penetration. 

Further  development  of  the  penetration  process  is  shown  in  figure  7(r).  The 
dominant  changes  m  the  bubble  profile  are  the  drastic  reductioo  in  the  volume  of  the 
ring  bubble  and  the  extension  of  the  vortex  sheet  due  to  continuing  impacu  of  the 
surface  panels  of  the  nng  bubble  There  is  also  tome  iranslauooal  motion  of  the  bubble 
and  the  sheet  in  the  direction  of  the  rigid  wall.  In  figure  7(<f),  the  volume  of  the  ring 
bubble  has  reached  about  0  72  times  the  imtial  bubble  vdittoe.  The  calculation  becomes 
unstable  soon  after  (bis  lime  It  is  presumed  that  if  gat  were  included  in  the  bubble,  the 
bubbk  would  begin  a  second  growth  phase  at  approximately  this  lime,  depending  on 
ilw  amount  of  gas  The  flow  pattern  in  (^pire  7(^  is  characterued  by  a  large  vortex 
sheet  attached  to  a  smalt  nng  bubbk  with  a  rotating  flow  conoentrated  in  the  area 
around  the  nng  bubbk  in  the  vsanity  of  the  Inpk  point. 

Bubbk  profiles  and  velocity  Acids  for  Z,  •  I  I  are  given  in  figure  8.  At  in  the 
previous  case,  the  impact  of  the  re-entrant  jet  resulu  in  the  formation  of  a  nng  bubble 
and  a  vortex  sheet  At  the  instant  before  initial  impact,  the  north  and  south  poles  of 
the  bubbk  are  much  closer  to  the  wall  (r  •  0.10)  than  in  the  previous  case  and  the 
relative  normal  veloaty  between  the  north  and  south  poks  is  9. 10  compared  to  1 5.05 
for  Z,  «  I  5.  see  tabk  I  The  remaining  bubble  voIimk  at  the  instant  of  impact  (46.19 
for  Z,  •  I  t)  IS  much  larger  than  in  the  case  for  Z,  »  15.  Later  in  the  penetratioa 
process,  the  Up  of  the  vortex  sheet  lats  the  rigid  wafl  for  Z,  •  1.1  (figure  Sc.d)  whik 
the  up  of  the  sheet  for  Z,  I  5  is  still  relatively  far  away  from  the  wail  even  at  the  end 
of  the  first  collpse  The  shape  of  the  vortex  sheet  also  shows  marfced  dtffereooei 
between  the  two  cases  For  Z,  ••  1.5.  the  vortex  sheet  is  'U*-sbaped  wink  for  Z,  «  l.l 
the  sheet  rolls  up  at  the  sides  due  to  the  itronger  influence  of  the  wall.  The  cakulaUoo 
for  Z,  «  I  I  is  terminated  when  the  bubbk  volume  is  reduced  to  about  7  ]  times  its 
initial  volume  because  of  numerical  instabilities 
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•**  ••Mi  far  Z,-  l.l  wM  •,-0.1:  (•)  i  -  2.I50S9.  (6) 

*  "i.  ^  TMhiiflMflf fa*»«teeity»wtor*mtcatodwiikrtip« 

to  IIM  flow  ipo«f.  .1  me  locatioo  (r  -  0.  »  -  0.7125)  ia  «k6  ptor.  TImk  Mde  an  5.16.  4 JO  3.24 


3.2.  ^tenure  fieUb 

The  preasurc  •(  any  point  in  the  fhtid  doaoain  wu  cooputed  rron  the  ooo-diineoiiofial 
Bernoulli  equation. 


The  required  spatiai  and  temporal  dernraims  of  #  irere  caioilaied  by  Unite  dilfeieoce 
from  local  values  of  ^  that  are  cakuiated  from  the  intefral  equatioos  (A  7)  and  (A  13) 

in  Appendix  A  using  values  of  #  and  d^/»i  on  the  surface  of  the  babble  and  the  vortex 

sheet.  Note  that  the  pressure  can  be  cooqmted  after  the  calcalatioa  of  the  babble 
motion  is  completed.  Unfortunatety,  during  penetration,  at  each  time  irmtant  when 
new  surface  panels  of  finite  si»  come  together.  #  goes  through  finite  jianps  as  can  be 


(C)  id) 


HR^  r/R^ 


Fkwm  9.  rnmmn  eomam  for  Z,  •  I.S  nd  X,  -  0.1  ;(«)/•  2.MS4S.  (»)  r  -  ZOnCl. 
(c)  r  >  2.09341  «ad  (d)  r  *  2.093SI.  Th*  bvbbfo  proMa  an  riwwa  m  •  doosd  Hae. 


teen  from  (IS).  These  jumps  cause  the  derivative  of  #  with  reflect  to  time,  and  thus  the 
pressure,  to  fluctuate  wildly.  If  the  panel  liae  were  inforiteMmai  these  jumps  in  ^  would 
also  be  infinitesimal  and  the  pressure  would  vary  rapidly  but  in  a  smooth  manner.  To 
remedy  this  problem,  a  linear  least-squares  fittn^  technique  was  used  to  snooth  ^  in 
a  given  time  interval  before  computing  d^/df  and  the  pressures. 

Corresponding  to  the  (km  Adds  in  figure  7(a-d)  for  Z,  >  l.S,  four  plots  of  the 
pressure  contours  are  presented  in  figure  9(4m/)»  respectively.  The  pressure  contours 
are  given  as  solid  lines  while  the  profiles  of  the  bubble  are  shown  as  dotted  lines.  The 
pressure  field  one  ^  before  peiielratton  is  given  in  figure  9(a).  The  highest  pressure 
region  in  the  field  n  within  the  contour  with  magnitude  29  which  is  located  on  the  z- 
axis  above  the  buM)le.  The  pressure  field  just  aftm  impact,  figure  9(h),  is  dramatically 
diffierent  than  that  before  impact.  The  highed  pressure  region  in  figim  9(h)  is  at  the  tip 
of  the  jet  where  the  magnitude  of  the  enclosing  contour  is  80.  This  high-pressure 
buildup  at  the  penetration  interface  in  turn  causes  a  large  deceleration  of  the  fluid  in 
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Pnuu  10.  Pwmiw  eoelovn  for  2^  «  1.1  aad  iL  »  0.1.  (•)  t  •  2.IS059  aad  (6)  t «  2.16400, 
(c)  /  >  2.11074  aod  (^  / «  2.19429.  TVs  bvbbli  pcoiUn  §n  ibowo  m  dotted  Hno. 


the  re-entnut  jet  and  an  aooeieratioo  toward  the  wall  of  the  fluid  between  the  sheet  and 
the  wall.  From  the  pressure  contours  in  figure  9(c.  d),  it  can  be  seen  that  the  pressure 
at  the  penetration  interface  continues  to  increase,  reaching  16S  in  the  final  fig^  The 
pressure  contours  far  from  the  bubble  are  nearly  circular  at  this  time. 

The  pressure  contours  corresponding  to  the  vdodty  fiehb  in  figure  8(a-d)  for  Z,  > 
1.1  are  presented  in  figure  IO(o-(/),  respectively.  As  can  be  seen  from  figure  lOfo),  at 
the  instant  just  before  penetration,  a  hi^pcessure  region  is  again  located  on  the  r-axis 
above  the  bubble.  The  maximum  pressure  contour  in  this  case  is  9,  considerabiy  less 
than  in  the  case  for  Z,  >  1.5.  Immediately  following  the  initial  impact,  figure  10(6), 
large  pressures  are  located  around  the  impact  interface.  The  pressure  contour 
surrounding  this  region  has  a  magnitude  of  30  and  intersects  the  waQ.  The  further 
devdoproent  of  the  pressure  fields  is  given  in  figure  10(c.  d)  from  which  it  can  be  seen 
that  the  pressure  nmches  more  than  45  at  the  penetration  interface  and  the  wall.  It 
should  be  noted  that  the  high>presMre  r^ion  on  the  wall  covers  a  smaller  area  for 
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Fioum  II.  Thci  duptoocmeatt  of  (be  aonh  pole  oo  the  eonmoa  mrtaoe  for  vanoaa  valuee  of  Z, 
ae  fwictioea  of  tiaw  eAer  iaitial  impact.  i-T^ZJ. 

1.1  compared  to  I.S.  ThiscoocentraUonmaybepartiaUy  respoBsbkfortlie 
weU-known  increate  in  the  potential  for  surface  damafe  as  Z,  is  decreased.  Also  of 
interest  in  figure  10(d)  are  the  two  pain  of  dosed  low>presnite  contoun.  The  upper 
pair  endoses  the  ring  ^bble  while  tte  lower  pair,  which  is  located  near  the  bend  in  the 
vortex  sheet,  indicates  the  presence  of  a  iocalixed  vortex>ring'like  structure.  This 
structure  is  also  visibie  in  the  velodty  crmtoun  in  figure  8(d). 

S.3.  Aiotkm  c/  iht  north  and  south  poks 

In  this  and  the  following  subsections,  selected  quantities  from  four  calctilatioos  with 
Z,  •  1.75,  I.S,  1.25  and  1.1  are  examined  as  functions  of  time.  In  order  to  make 
comparisons  of  various  quantities  aAer  initial  impact,  it  was  decided  to  define  a 
common  time  oripn,  7^  tte  time  when  the  north  and  sooth  poles  of  the  bubble  meet 
at  the  instant  of  initial  impact  From  the  data  in  table  I,  it  can  be  seen  that  3^  increases 
with  decreasing  The  hdghts  of  the  north  pole  for  the  four  cases  ate  plotted  in  figine 
1 1 .  After  initial  impact,  the  north  pole  is  ddBned  as  the  point  where  the  vortex  sheet 
intersects  the  r-axis.  As  can  be  seen  from  fl^ire  1 1,  the  north  pole  continues  moving 
toward  the  wall  alter  the  initial  impact  in  all  cases.  The  relative  vdodty  of  the  north 
and  south  poles  of  the  bubble  just  before  initial  impact  can  be  found  in  table  1  along 
with  the  velodty  of  the  vortex  sheet  just  after  initial  impact  The  relative  velodty, 
K-  Ki,  decreases  steadily  from  16.56  at  Z,  >  1.75  to  9.10  at  Z,  •  1.1 ;  however,  the 
speed  of  the  jet  tip  just  ato  initial  impact  is  between  4. 1  and  4.25  in  all  four  cases.  The 
slope  of  the  curves  in  figure  11  indicates  the  velodties  of  the  north  pedes.  As  can  be  seen 
from  the  figure  the  velodty  is  rdativdy  constant  after  inittal  impact  for  the  larger  Z,; 
however,  for  small  Z^  the  velodty  decreases  with  time  and  is  nnrly  aero  at  the  end  ^ 
the  collapse  for  Z,  •  1.1. 

5.4.  Pressure  at  the  centre  «/  die  wall 

In  figures  l2(<r)aod  l2(fiX  llte  velodty  potendaf^  and  the  pressure  on  the  wall  dtiacdy 
under  the  centre  of  the  tmbble  ((r.r)  « (0,0))  are  plotted  versus  time  for  diflerent  Z^ 
Note  that  the  plot  of  ^  surts  at  t  •  0  while  the  pim  of  the  pressure  starts  fairly  late  in 
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Fnuu  12.  («)  Hw  wlodty  potaaltal  aad  (ft)  Um  priufi  at  tkt  ocMn  of  Ifaa  rigid  wd  for 
variow  «alii«  of  ^  M  foactiow  of  ttne. 

the  oottepoe  phase,  f  1.80.  From  Bernoulli's  equation  (S2),  the  pressure  at  the  oentre 
of  the  wall  is  equal  to  -d^/df  stnoe  ■  0  at  this  location.  Thus,  the  pressures  plotted 
in  figure  I2(ft)  were  obtai^  by  differentiatinf  the  curves  of^  in  figure  12(e).  Before 
differentiation,  the  ^^lata  were  smoothed  with  a  running  40-point  least-squares  fit  of 
a  second-order  polynomial  in  order  to  eliniinate  the  jumps  in  ^  caused  1^  the  panel 
impacts.  Each  pressure  curve  has  a  short  gap  near  the  time  of  the  initial  impact  This 
gap  is  due  to  the  inability  of  the  seoood-ordCT  polynomial  to  fit  the  ^-data  well  due  to 
the  rapid  fiuctuatioos  at  that  point  in  time.  All  cases  show  sudden  rises  in  the  pressure 
during  jet  penetratioo.  For  the  case  «  1.1,  there  is  a  plateau  in  the  pressure  after 
initial  impact  at  about  the  time  when  the  vortex  sheet  reaches  the  wall. 

Figure  12(h)  provides  useftil  informatioo  of  the  time  history  of  the  pressure  at  the 
centre  of  the  e^.  However,  it  should  be  pointed  out  that  the  'maximum'  values  in  this 
plot  occur  while  the  pressure  is  still  risiog  at  the  point  when  the  calculatkms  terminate 
due  to  numerical  instabilities.  To  obt^  a  true  maximum  value  of  the  impulsive 
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Fioum  13.  The  totil  ctrcuhukm.  •  41.- ud  the  chcaktiM  ■worieted  with  the  rias 
bttbMe.  4r’-4i.  vema  time  amr  hti^  myct.  i-  TXZJ,  for  vuima  vehae  of  2^ 

pfctture  on  the  wall,  a  rebounding  mechaniatn  such  as  that  provided  by  a  non- 
condensible  gas  inskk  the  bubble  must  be  considered.  A  study  of  the  impulsive 
pressure  due  to  a  gas  bubble  coUapae  and  rebound  is  currently  underway. 

S.S.  Ctradatiom 

Before  penetration,  the  fiuid  domain  is  simply  connected  and  the  bubble  boundary  is 
a  tegular  surface.  In  this  case,  there  is  no  drctilation  along  any  closed  path  inside  the 
fluid.  However.  aAer  initial  impact,  if  a  dosed  path  is  drawn  such  that  it  piem  the 
vortex  surface,  the  drculatioo  along  this  path  is  not  aero,  and  the  fluid  domain  is  no 
longer  simply  connected.  The  feneration  of  this  ctrcuiation  is  due  to  the  liquid-liquid 
impact  rather  than  viscous  eflects.  If  a  closed  path  is  drawn  starting  from  the  south  pole 
and  ending  at  the  north  pole  of  the  bubble  arid  aidosing  the  sheet  and  ring  bubble,  the 
drculatioo  for  this  path.  k  given  by  (#^— #~)  evaluated  at  r  «  0.  From  (13)  it  is 
easy  to  show  that 

.0  (5J) 

since  d^/dr  «  0  at  r  •  0.  This  flnding  was  used  in  the  two-step  method  of  Best  (1991) 
to  choose  a  value  of  the  drculatioo  for  the  ring  bubble.  The  values  of  F^  are  given  in 
uMe  I.  As  can  be  seen  from  the  Uble  the  drculatioo  increases  moootooicaily  from  4.37 
to  S.40  as  Z,  decreases  from  I.7S  to  1.1.  It  is  also  interesting  to  examine  the  division 
of  the  source  of  the  drculation  between  the  vortex  sheet  and  the  ring  bubble.  This 
divisioo  can  be  seen  by  comparing  the  total  drculation,  F^  to  the  circulation  around 
the  ring  bubble,  F^,  whidi  is  obtained  with  a  path  that  starts  at  the  triple  point  on  die 
underside  of  the  bubble,  extends  around  the  outer  side  of  the  bubble  and  ends  on  the 
top  side  of  the  bubble  at  the  triple  point  Thus,  F^  «  #r~#r>  ^'here  the  subscript  T 
refers  to  the  triple  point  The  values  of  the  two  diculatioos  are  plotted  versus  time  in 
flgure  13  for  the  four  values  of  The  soUd  lines  in  this  figure  represent  the 
diculations  associated  with  the  ring  bubbles,  F while  the  differences  between  the 
dotted  and  solid  Una  are  the  drculatioos  associated  with  the  vortex  sheets  for  diffoent 
Z^  As  noted  in  the  previous  subsectioos,  the  step4ike  appearance  of  the  plots  is  due 
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FIouh  14.  («)  TIm  bttbWa  w>l—w.  (VoIhm/VoIJ,  tad  {b)  lha  tool  urtoniwl  aoargy  for  wriow 
viUw  or  2;  «  foKtfow  of  lioM  ate  WtW  iiiV^  r-QZ;).  Vol,  ia  ite  taital  IwbUB  votaBt. 

to  the  diacrete  panel  imiMcts.  Hus  figure  thowa  that,  for  iQ  four  CUM,  after  penetiatioii 
the  drculatioa  SMoctated  with  the  ring  babble  degases  with  tma  and,  rinoe  the  total 
drcolation  is  constant,  the  drculatioa  associated  with  the  sheet  increases  with  tiine.  As 
Z,  decreases,  the  rate  of  increase  of  ctrcuiation  associated  with  the  vortex  sheet 
increases.  At  the  end  of  the  shnuiatioos  the  percentage  of  the  total  ctrcuiation 
assodaled  with  the  sheet  is  on  the  order  of  50%  for  the  cases  with  larger 

5.6.  Emrgy 

The  potential  and  kinetic  mergim  of  the  fiow  were  cakulated  using  (22)  and  (23). 
Figure  4(c)  is  a  plot  of  the  potential,  kinetic  and  total  energy  versus  tim  from  r «  0 
up  to  the  instant  before  iidt^  inqioct  for  Z^  >  1.3.  As  can  be  seen  from  the  figure,  the 
total  energy  is  constant.  Figures  14(e)  and  14(h)  give  informatioa  on  the  energy  versus 
time  sfter  initiai  impect  The  potential  energy  is  proportional  to  the  babble  voimne, 
which  is  plotted  in  figure  14(e).  As  can  be  seen  from  the  figure,  the  volume  at  the  first 
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instant  of  impact  increase  with  decreasing  Z,.  For  example,  the  bubble  volume  for 
Z.  s  I.7S  has  reduced  to  almost  its  initial  volume  at  / «  7^  white  the  corresponding 
volume  for  Z,  s  1 . 1  is  about  48  times  as  targe  as  its  initial  value.  Note  also  from  figure 
14  (a)  that  the  bubbles  with  larger  volume  at  the  first  instant  of  impact  take  a  longer 
time  to  reach  minimum  volume  while  the  rate  of  decrease  in  volume  with  time  does  not 
vary  appreciably  with  Z,.  The  total  mechanical  energy  versus  time  after  initial  impact 
is  presented  in  figure  14(6).  As  was  noted  in  §2.5.  the  total  mechanical  energy  of  the 
system  should  decrease  with  time  for  r  >  7^  owing  to  the  liquid-liquid  impacts  of  the 
panels.  Energy  loss  should  only  occur  at  the  time  steps  whem  an  impact  between  two 
or  more  surface  panels  occurs.  This  behaviour  is  generally  evident  in  the  results  of  the 
calculation  as  is  shown  in  figure  14(6)  at  early  tintes  for  Z.  »  1 .25  and  1 . 1 .  It  is  believed 
that  the  changes  in  energy  between  impacts  in  the  other  calculations  are  caused  by  the 
extensive  regridding  of  the  surfaces  necessitated  by  the  movement  of  the  panels  from 
5*  to  5*  U  <5'  combined  with  finite  panel  sizes  and  time  steps.  In  general,  the  rate  of 
energy  l<m  with  time  increases  as  Z,  is  increased.  For  Z,  >■  1.75.  the  flow  loses  about 
l8*/«  of  its  total  energy  by  the  time  the  cakulation  becomes  unstable.  When  the 
calculation  for  Z,  -•  1. 1  becomes  unstable,  the  energy  loss  has  reached  only  7*/*  of  its 
original  value.  In  a  compressible  flow  this  energy  would  primarily  be  radiated  away  in 
the  form  of  sound  or  shock  waves.  In  the  present  incompressible  calculations  this 
energy  is  effectively  radiated  away  at  infinite  speed. 


6.  Conclualoiu 

The  final  stage  of  the  collapse  of  a  cavitation  bubble  near  a  rigid  wall  has  been 
simulated  with  a  boundary  element  method.  The  method  allows  for  the  simulation  of 
the  growth  and  collapse  of  the  bubble  including  the  re<eotrant  jet  impact  and 
penetration  processes  that  occur  toward  the  end  of  the  collaf^.  During  the  impact 
process,  the  bubble  is  transformed  into  a  toroidal-shaped  cavity  (ring  bubble).  This 
ring  bubble  is  attached  to  an  impact  interface  that  separates  the  fluid  masses  that  were 
initially  on  opposite  sides  of  the  bubble.  The  impact  interface  is  assumed  to  be 
infinitesimally  thin  and  the  pressure  and  the  normal  velocity  across  the  interface  are 
assumed  to  be  continuous.  This  modelling  allows  for  the  formation  of  a  vortex  sheet 
along  the  interface. 

The  tcsulu  of  the  calculation  show  that  the  impact  of  the  re-entrant  jet  starts  at  a 
single  point  on  the  north  and  south  poles  of  the  bubble.  As  the  process  continues,  more 
and  more  of  the  surface  of  the  bub^  participates  in  the  impact  process.  Before  initial 
impact,  the  fluid  in  the  re-entrant  jet  is  moving  toward  the  wall  with  high  speed  and 
the  fluid  on  the  other  side  of  the  bubble  is  moving  away  from  the  wall.  The  relative 
velocity  of  the  poles  of  the  bubMe  at  the  instant  before  initial  impact  increases  with 
increasing  Z,  (the  initial  disUnce  of  the  bubble  centroid  from  the  w^l).  During  impact, 
a  high-pressure  region  that  is  generated  around  the  vortex  sheet  dramatically 
decelerates  the  fluid  in  the  re-entrant  jet  and  forces  the  fluid  on  the  other  sde  of  the 
bubble  to  accelerate  toward  the  wall.  The  impact  process  generates  circulation  in  the 
potential  flow  system.  The  circulation  along  a  closed  path  that  starts  at  the  north  pole, 
ends  at  the  south  pole  and  encloses  both  the  impact  interface  and  the  ring  bubble  is 
constant  after  the  initial  instant  of  impact.  This  circulation  increases  arith  decreasing 
Z,.  Just  after  initial  impact,  the  source  of  this  circulation  is  a  bound  vortex  in  the  ring 
bubble.  However,  by  the  end  of  the  calculation  as  much  as  one-half  of  this  total 
circulation  is  associated  with  the  vortex  sheet.  The  liquid-liquid  impact  process  resulu 
in  a  loss  of  energy  in  the  potential  flow  system.  The  energy  loss  increases  with 
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increasing  Z,  and  its  value  at  Z,  -  1.7S  is  about  17%  of  the  total  flow  energy.  In  a 
compressible  flow  this  energy  would  prinurily  generate  pressure  waves.  It  is  thought 
that  in  the  potential  flow  system  this  energy  is  radiated  away  suddenly  by  the  infinite 
sound  speed.  When  Z,  is  small  (on  the  order  of  the  maximum  bubble  radius),  the 
impact  interface  forms  very  close  to  the  wall  and  the  pressure  on  the  wall  directly  uiKler 
the  bubble  irKreases  suddenly  upon  initial  impact.  This  high-pressure  region  is  quite 
small  in  radial  extent.  As  Z,  increases,  the  pressure  rise  at  the  wall  due  to  impact  is 
spread  over  a  larger  area.  This  may  explain  the  enhanced  potential  for  cavitation 
erosion  with  small  Z,  values. 
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Appendix  A.  Derivadona  of  the  integral  equations  with  regular  and  non¬ 
regular  surfaces 

Let  Z7,  and  D,  be  defined  as  the  interior  and  exterior  regions,  respectively,  in  a  three- 
dimensional  space.  An  interior  boundary  dividing  D,  atKi  D,  is  denoted  by  5.  The  field 
point  is  represented  by  p  which  can  be  inside  D,  or  D,  or  on  S,  while  the  source  point, 
f,  is  on  5  only.  Based  on  potential  theory  (Gilnter  1%7;  Burton  A  Miller  1971).  the 
single-layer  a^  double-layer  potentials  are,  respectively. 

n^)\  -  ^G{p.l)<riq)iiS^  (A  1) 


and 


(A  2) 


where  n  is  the  density  fuiKtion.  Assuming  that  a  is  sufficiently  continuous  on  5,  as  the 
field  point  p  approaches  the  boundary  S  from  D,  or  D,.  the  single-layer  potential  aiKl 
the  normal  derivative  of  the  double-layer  potenti^  are  continuous  across  the 
boundary. 


a»V)l  .3ifV)| 

IS  '••• 


(A  3) 

bW{(r)\ 

^p  L* 

(A  4) 

where  in  (A  3)  and  (A  4).  5.  int  and  ext  subscripts  represent  the  limit  values  of  a  function 
of  p  for  Uk  cases  o(peS,p-*S  from  D,  and  / -*’  5  from  respectively,  and  n,  is  the 
outward  normal  to  5  at  tlw  field  point  p.  However,  the  double-layer  potential  and  the 
normal  derivative  of  the  single-layer  polentiai  are  discontinuous  as  p  crosses  S.  These 
discontinuities  satisfy  the  following  relations: 


Is 

m<r)\s 


on,  on. 


+  2x<r. 


fn<r)  -  lfT[<T)  U,  -  2iw. 


(A  5) 
(A  6) 
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According  to  time  fundamental  relations,  the  modified  conventional  and  hypernnguJar 
boundary  integral  equations  with  omunon  points  are  derived  as  follows. 


A.l.  Modified  CBIE  with  a  eemnum  surface 

In  view  of  the  fact  that  the  surface  S  is  composed  of  a  regular  surface  and  a  common 
surface  S*  rt  (see  figure  1 6).  and  on  the  common  surface  is  imposed 


the  CBIE  (19)  can  be  rewritten  as,  for  paD^, 


-I 


'  (at) 

5*  on. 

As  p  approaches  S*  from  D^,  the  discontinuity  condition  (A  6)  requires  that 

Thus,  the  integral  along  5*  in  (A  7)  becomes 

is*  IS* 

-2«(d*(/)-#-(/)).  (A  9) 

The  substitution  of  (A  9)  into  (A  7)  yields  the  modified  CBIE  with  a  common  surface 
5*n5-  for/*5*. 


- J^^5^^(#*(f)~d-(f))d5;.  (A  10) 

For  5».  the  left-hand  side  of  (A  10)  becomes  2k^)  and  there  b  no  change  on  the 
right-hand  side. 

A.2.  Muddied  HBtE  with  a  cowmen  surface 

A  hyperstnguiar  inicgrai  equatioo  with  a  common  surface  can  be  derived  in  a  smular 
fashion.  Fust,  the  diiectiooal  differendatioo  of  (A  7)  with  respect  to  n,  with  p9D^ 
yields 


4n 


is,l 


(All) 

Then,  let  n,  be  an  outward  normal  to  the  boundary  Sat  the  inner  limit  of^  on  S and 
pass  the  limit  of  p  from  £>(  along  the  normal  n^  to  the  boundary  5.  From  (A  S),  only 
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Uie  derivative  of  the  single-layer  potential,  the  first  integral  in  (A  11),  has  a  jump 
according  to  the  relation 

,A.2) 

Js^p^f  Is 

while  the  other  two  integrals  along  and  S*  in  (A  1 1)  are  continuous  according  to 
(A  4),  Thus,  (A  1 1)  becomes 

(A  13) 


where  c,  satisfies 


0,  P€D, 

c,  -  2a,  paSp 

,4a,  paDfUS*. 


Apfwiuita  B.  Derivadoa  of  the  eqoatkm  for  the  eaerfy  Iota 
The  first  step  in  the  analysis  that  dcmoiutrates  the  energy  kws  due  to  impact  is  to 
lake  the  gradient  of  the  pressure  impulse  equation  (IS): 

(Bl) 

where  and  d*  (fia  velocity  potentials  of  any  point  inside  the  fluid  domain  at  the 
instanu  just  before  and  just  after  the  impact,  resp^vdy.  Neat,  the  diflcrence  in  the 
kinetic  energy  per  unit  volume  before  and  after  the  impact,  Ae^  is  calculated  by 
squaring  (B  I)  and  rearranging  the  terras: 

Ae,  -  -  ~V/.V#'+(V/)*/V  (B  2) 

Since  the  boundaries  of  the  flow  move  only  an  infinitesimal  anxrant  over  the  time  of 
the  impulse,  the  total  energy  loss  is  found  1^  integrating  e,  over  the  simply  connected 
volume  bounded  internally  by  Sp.  5*  and  S~  and  eaternaOy  by  5^  and  S^: 

A£,-J  e.dK- J  -V/.V#'dK+J  (V/)»/2pdK  (B  3) 

The  first  term  on  the  right-hand  side  can  be  manipahitad  using  the  chain  rule  to  obtain 

j  v/  vd'dK-J  V‘{tvp')dy-j  rpp'dv.  (B4) 

The  last  term  on  the  right  in  this  equatioo  is  equal  to  zero  smoe  the  fiow  fidd  is 
incompressible  before  (and  after)  impact  and  i)  is  a  simply  connected  region.  Usii^ 
OauM‘s  theorem  and  the  fact  that  imO  oa  Sp  and  on  and 

a.  •  and  A*  •  f*  on  the  coeamoo  surface,  the  first  term  on  the  right  of  (B  3)  can 
be  writtan  as 

J^w  v^  dK- r(V(#r- v(#r)  a.ds.  (b s) 
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The  second  term  on  the  right  of  (B  3)  can  be  manipulated  in  a  similar  manner.  Pint, 
the  chain  rule  is  used  to  obtain 


I  (V/Vd^'-  f  V-(/V/)dK-f  iVldV. 
Jo  Jd  Jo 


The  second  term  on  the  right  of  this  equation  is  equal  to  zero  since  the  Laplacian  of 
the  pressure  impulse  is  zero  in  D,  as  can  be  seen  by  taking  the  divergence  of  (B  1).  Using 
Gauss’s  theorem,  and  the  conditions  /  »  0  on  5^  and  S^, 

VI  n„  -  -  0  on 

(see  (B  I)),  and  /*  -  l~  and  —  -n^.  on  the  common  surface,  the  first  term  on  the 
right  of  (B  6)  can  be  written 


j  v  (/v/)dK-|  r{vr-vr)  n^ds. 


This  last  integral  can  be  further  manipulated  using  (B  1)  and  the  matching  condition 
on  the  common  surface  (8)  just  aAer  impact  to  obtain 

J  V•(/V/)d^'-pJ  r(V(^r-W)  «*d5-  (B8) 

Finally,  plugging  (B  5)  and  (B  8)  into  (B  3)  the  equation  for  the  change  in  kinetic 
energy  is  obtained : 

A£,  -  (B  9) 

Appendix  C.  Repreaenudon  of  the  hypersingular  integral  equadons  In 
terms  of  elUpdeal  integrals 

Assume  a  cylindrical  coordinate  system  (r,  $,  z),  and  let  the  three  unit  vectors  in  the 
r-.  6-  and  z-direetions  be  denoted  by  e,  and  e^  respectively.  Assume  that  both  the 
source  point  and  the  field  point  p{r^,  9^,  z^  are  on  the  surface  and  that 

9^  -  0.  Since  the  problem  is  axisymroetric  about  U»e  z-axis,  the  two  unit  vecton 
representing  the  outward  normals  to  at  /  and  q  are  given  by  n,(sina,,0,cosa,)  and 
n,(sin((,.  0,  cos  at,),  respectively,  where  a,  (or  a,)  is  the  angle  between  (or  n,)  and  the 
positive  f-direction.  With  the  above  assumptions  and  definitions,  (28)  can  be  written  as 

(Cl) 

The  above  equatk>n  can  also  be  written  as 

by  using  the  relation  V,G(p.q)  -  -V,C(/.f).  This  latter  equaUon  is  easier  to  treat 
than  (C  1)  as  r,-*0. 
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The  integral  equations  in  §2  can  be  integrated  analytically  in  the  direction  and 
represented  in  terms  of  elliptical  integrals.  Introducing  the  elliptical  integrals  of  the  first 
kind  K{m)  and  the  second  kind  £(m)  as 


£(m)  -  £^*(1  -m»sin^d^.  (C  4) 


where  m*  —  ^r^rJA  and  A  -  (r,  +  r^*  +  (r,— z,)*,  tlw  terms  resulting  from  the  6- 
integrations  in  (21)  are 

/,  -  AK{m)IAK  (C  5) 

/,  -  (8(£(m)- £(m))/m»-4/:(m)l/.4*.  (C  6) 

Substituting  these  relations  into  (19)  and  (21)  yields 


'  an. 


where  L  is  an  intersection  curve  between  and  the  plane  0*0.  and 

A* 

-  —r^bJi/bn^ 

£p,  -  r^bljbn^ 

--r^(— sina,a/,/3r,+cota,d/^0»^. 

With  the  relations 


dK{m) 

dm 

d£(m) 

dm 


£(m)— iC(m) 


(C7) 

(C8) 


(C9) 

(CIO) 

(Cll) 

(C12) 

(C13) 

(C14) 


the  partial  derivatives  of  /,  and  /,  needed  to  calculate  £^  and  can  be  expressed 
as  follows 


a/|  _  4(r  -fj£(m)  2(£(m)-£l(m)) 

3r,  .4^1  -nF)  A^  ’ 

a/.  4(z.-zJ£(m) 

s; 

3f,  4(r.- 0£(m)  HK{m)-Eim)) 

- W, — • 

a/i  _  4(z,-z^£(m) 
dx,  ^^1  —m*) 

a/j  _  8(x.  -  xj(ym)  -  fi(m))  4(z  - zj  £(m) 

az,  >4l(l  —  m*) 


(CIS) 

(CI6) 

(C17) 

(C18) 

(C19) 
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Abstract 

Some  aspects  of  the  interaction  between  bubbles  and 
shear  flows  were  simulated  experimentally  and  nu* 
mcrically.  In  the  experimental  set-up  the  shear  flow 
was  obtained  using  a  vortex  ring.  A  spark-generated 
bubble  is  produced  where  needed  and  interacts  with 
the  ring.  The  degree  of  interaction  between  the  vor¬ 
tex  shear  flow  and  the  bubble  is  modified  and  inves¬ 
tigated.  The  dynamics  of  both  the  vortex  ring  and 
the  bubble  are  observed  using  dye  ipjection  and  high 
speed  photography.  Bubble  deformation  is  seen  to 
significantly  increase  with  shear.  These  observations 
are  used  to  check  a  3D  numerical  method  developed 
to  study  large  bubble  duforinalions.  Goo<l  compari¬ 
son  between  the  model  and  tlie  experimental  obser¬ 
vations  can  be  seen. 

INTRODUCTION 

Practical  liquid  flows  contain  many  microscopic  bab¬ 
bles  which  respond  dynamically  to  the  flow.  These 
bubbles  can  grow  explosively  and  collapse,  leading  to 
cavitation  noise,  erosion  and  decrease  in  performance. 
A  better  understanding  of  the  bubble  dynamics  may 
give  new  solutions  for  delaying  cavitation  inception 
or  using  cavitation’s  destructive  effects  for  useful  pur¬ 
poses.  In  practice,  unlike  for  ntost  cavitation  mod¬ 
eling  studies,  the  bubbles  grow  and  collapse  in  non- 
uniform  flows  and  do  not  remain  spherical  or  axisym- 
metric.  Such  Sows  can  be  due  rither  to  the  presence 
of  nearby  solid  wails  flow  or  to  vorticity  shed  from 
obstaclesll].  In  this  paper  we  will  consider  bubble 
behavior  in  such  a  flow  both  experimentally  and  nu¬ 
merically.  To  do  this  a  fundamental  experinoent  con¬ 
sisting  of  the  observation  of  the  interaction  between 
a  vortex  ring  and  a  bubble  is  considered.  The  results 
of  the  experiment  are  then  compared  with  those  ob- 

*Studcnls  on  Practical  TVaiiiini  from  Ecoie  Navate,  Biwt, 
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tained  with  a  numerical  model  based  on  the  3D  free 
surface  dynamics  numerical  code  SDynaFS. 

experimental  study. 

A  Plexiglas  cylinder  equipped  with  a  2.5em  radius 
piston  was  attached  to  the  top  cover  of  a  Plexiglas 
tank  of  inner  dimensions:  37.6cm  x  37.6cm  x  27.3cm 
filled  with  water.  A  shall  is  attached  to  the  piston 
and  crosses  the  cover  of  the  tank  through  a  sealed 
hole  to  interact  with  an  electro-magnet.  A  magnetic 
plate  located  outside  the  tank  holds  the  piston/shaA 
assembly  in  its  high  position  when  the  electro-magnet 
is  powered.  The  pressure  on  both  faces  of  the  piston 
can  be  controlled  by  pumps.  Once  the  electro-magnet 
power  is  turned  off,  the  piston  moves  due  to  the  dilfer- 
ence  of  pressure  between  its  two  faces  and  pushes  the 
water  out  of  the  cylinder,  generating  a  vortex  ring. 
To  minimise  pressure  variations  behind  the  piston  an 
additional  reservoir  maintained  at  the  same  pressure 
is  connected  to  the  volume  behind  the  piston.  The 
cylinder  has  an  sharp  lip  exit  to  enhance  the  roll  up 
of  the  fluid  vortex  generated  at  the  lip.  This  results 
in  an  vortex  ring  with  a  diameter  slightly  larger  than 
that  of  the  cylinder  [2]. 

The  water  in  the  tank  is  degassed.  A  gap  between 
the  surface  of  the  water  and  the  tank  cover  is  left  to 
allow  air  evacuation  and  creation  of  a  partial  vacuum 
in  the  tank.  Moot  of  the  case  studies  presented  here 
were  conducted  with  a  partial  vacuum  (sSOOO  Pas¬ 
cals)  maintained  in  the  tank.  Two  manometers  are 
used  to  read  the  pressure  in  the  tank  and  behind  the 
piston. 

The  spark  generated  bubbles  are  produced  using 
two  tungsten  electrodes  submerged  in  the  tank  which 
can  be  manipulated  from  outside  the  tank  to  be 
placed  where  desired.  The  spark  is  produced  by  dis¬ 
charging  during  a  very  short  time  period  (=;  lO'^s.) 
a  high  voltage  (6000  volts)  from  a  series  of  capacitors. 
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The  pressure  and  temperature  of  the  plasma  gener¬ 
ated  by  the  spark  are  much  higher  than  those  of  the 
surrounding  water.  This  forces  a  vapor/gas  bubble  to 
grow  until  fluid  inertia  prevents  further  growth.  The 
bubble  then  reaches  its  maximum  radius  with  an  in¬ 
ternal  pressure  much  lower  than  the  fluid  pressure.  It 
then  starts  to  implode  and  its  behavior  is  governed 
by  the  pressure  differences  as  for  a  cavitation  bub¬ 
ble.  This  classical  way  of  generating  simulated  cav¬ 
itation  bubbles  allows  one  to  choose  precisely  when 
and  where  the  phenomenon  will  occur  which  is  es¬ 
sential  to  coordinating  the  positions  of  the  bubble 
and  the  ring  and  the  starting  time  of  the  high  speed 
camera. 

Measurement  equipment 

The  pressure  at  selected  locations  in  the  tank  was 
measured  using  a  BNC  model  101  AOS  transducer. 
The  pressure  signal  was  recorded  using  a  digital  stor¬ 
age  oscilloscope  and  a  PC  with  a  GPIB  interface. 
A  triggering  line  (Fig.  1)  allows  one  to  synchronize 
the  departure  of  the  piston  and  the  triggering  of  the 
spark  generator.  It  includes  the  piston  magnet,  the 
transducer  power  supply,  a  delay  generator,  an  am¬ 
plifier  and  a  power  generator.  The  operator  turns  off 
the  nugnet  power  supply  at  time  Tq.  As  the  piston 
starts  to  move  down,  a  pressure  pulse  is  creiUed  in 
the  tank  by  the  fluid  impulsive  motion  which  is  de¬ 
tected  by  the  transducer  probe  3.3  x  I0~*s  later  the 
time  to  travel  the  distance  (50cm)  between  the  piston 
and  the  probe.  This  delay  is  very  small  compared  to 
the  time  needed  for  the  ring  to  reach  the  electrodes 
(~  0.5s).  The  output  of  the  transducer  is  amplified 
to  trigger  the  delay  generator.  The  output  signal,  a 
very  short  pulse,  then  triggers  the  spark  generator. 

Visualization  was  obtained  using  a  high  speed  cam¬ 
era,  a  video  camera  and  a  regular  reflex  camera.  Hi^ 
speed  photography  was  employed  using  a  HYCAM 
2  camera  with  a  rotating  prism  capable  of  11,000 
frames  per  second.  Before  taking  a  film  with  the 
high  speed  camera,  a  video  camera  was  used  to  check 
each  case  and  to  determine  in  first  approximation  the 
characteristics  of  the  ring  (its  velocity,  diameter). 

The  pressure  signal  detected  by  a  transducer  lo¬ 
cated  on  the  axis  of  the  vortex  ring  was  used  to  deter¬ 
mine  the  correct  time  to  initiate  ^e  spark-generated 
bubble  for  a  given  vortex  flow  configuration.  After 
the  initial  pressure  signal  following  the  ‘impulsive’ 
ejection  of  the  water  from  the  cylinder  the  transducer 
detects  the  pressure  field  of  the  translating  vortex 
ring.  When  the  ring  plane  is  at  the  level  of  the  probe 
the  detected  pressure  is  at  its  minimum.  The  shape 


of  the  pressure  signals  depends  on  whether  or  not  the 
ring  is  cavitating. 

EXPERIMENTAL  RESULTS 

A  total  of  seventeen  high  speed  movies  were  taken 
covering  a  large  range  of  shear  rates  obtained  by  vary¬ 
ing  either  the  relative  distance  between  the  generated 
bubble  and  the  initial  vortex  ring  center  or  by  vary¬ 
ing  the  ring  circulation.  The  ring  diameter  varied 
between  6  and  6.4em  while  its  velocity  varied  be¬ 
tween  0.2  and  O.Sm/s  giving  ring  Reynolds  numbers 
between  1.2  x  10^  and  5  x  10^.  A  reference  movie  was 
also  taken  with  the  bubble  isolated  in  the  absence  of 
the  vortex  ring. 

On  three  of  the  films  and  on  many  of  the  videos 
very  small  gas  bubbles  were  left  under  the  piston 
when  the  movie  sequences  were  taken.  The  visual¬ 
ization  of  the  motion  of  these  bubbles  allows  one  to 
observe  their  trajectory  around  the  ring.  The  ex¬ 
istence  of  a  “viscous  core”  was  apparent  from  the 
velocity  profile  whether  or  not  the  vorte.T  ring  was 
cavitating.  For  the  cavitating  cases,  the  “viscous 
core”  surrounded  the  vaporous/gaseous  core.  A  typi¬ 
cal  trajectory  of  the  small  bubbles  is  shown  in  Figure 
2.  AIm  shown  in  this  figure  is  a  sketch  of  a  bub¬ 
ble  and  the  particle  trajectory  line  (T).  Figure  2 
also  shows  the  geometric  characteristics  of  the  bub¬ 
ble/ring  positions.  Di  is  the  distance  between  the 
bubble  center  and  the  viscous  core  center  when  the 
bubble  is  at  its  maximum  volume  and  has  the  equiv¬ 
alent  mariiniim  radius  Rm  .  D2  is  the  horizontal 
distance  between  the  bubble  and  the  center  of  the  vis¬ 
cous  core.  The  normalized  quantities  777  =  DijRm 
and  ^  =  Di/Rm  characterize  the  bubble  /  vortex 
ring  interactions.  It  is  expected  and  confirmed  be¬ 
low  that  smaller  ^and  7^  correspond  to  stronger 
interacti(»s  and  larger  bubble  deformations. 

Bubble  shape  deformation 
Figure  3a-c  drawn  in  the  ring  reference  frame  shows 
the  bubble  motion  and  deformation  with  time  for 
three  selected  cases  of  increasing  bubble/shear  inter¬ 
action.  The  electrodes  position  shown  on  each  gnq>h 
is  the  one  at  the  instant  of  the  spark  generation.  The 
vortex  ring  side  view  indicates  the  position  of  the  ref¬ 
erence  frame.. 

As  can  be  seen  from  the  pictures  in  Figure  4a  ( 
757  =  2.16, 7^  =  0,  Vring  =  0.28m/s)  and  from  the 
contours  in  Figure  3a  ,  the  bubble  remains  practi¬ 
cally  spherical  during  its  growth.  The  interaction  is 
weak  due  to  the  relatively  large  distance  between  the 
bubble  and  the  ring,  and  also  due  to  the  relatively 
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small  circulation  of  the  ring.  The  first  collapse  is  too 
fast  and  no  significant  deformation  of  the  bubble  is 
seen  until  the  rebound  when  a  reentrant  jet  appears 
on  the  bottom  face  of  the  bubble  followed  after  the 
rebound  by  an  outgoing  jet  on  the  top  face.  It  ap¬ 
pears  that  during  the  first  bubble  oscillation  period 
the  bubble  translation  velocity  is  smaller  than  the 
vortex  generated  fluid  velocity.  The  bubble  therefore 
sees  a  flow  moving  upward.  The  jet  direction  (includ¬ 
ing  the  reentrant  and  the  outside  jet)  is  on  a  path¬ 
line  of  shear  flow,  and  the  bubble  motion  after  the 
collapse  follows  a  particle  path  line  while  oscillating 
and  cutting  itself  in  two. 

In  Figure  4b  (757  =  2.38,  757  =  1.5,  Vka,  = 
0.78m/s)  the  bubble  first  grows  spherically,  then  it 
starts  to  stretch  into  an  ovoid  shape:  the  bottom  face 
is  less  curved  and  the  top  face  more  curved  than  in 
the  spherical  case.  Here  the  distance  ~n[  is  not  too 
different  from  the  previous  case  but  the  circulation 
in  the  vortex  ring  is  about  three  times  larger.  When 
the  bubble  volume  decreases,  the  stretching  due  to 
the  shearing  action  becomes  more  pronounced  and 
two  reentrant  jets  (or  rather  a  constriction  along  the 
bubble  periphery)  appear.  This  constriction  appears 
along  the  pathlines  (T)  around  the  bubble.  The  bub¬ 
ble  then  rebounds  with  a  dumbbell  shape. 

In  Figure  4c  (757  =  1.1,  757  =  0.37,  Vrim  - 
0.82m/s)  the  bubble  appears  to  be  stretched  more 
and  more  in  the  pathlines  direction  during  its  growth, 
with  the  top  repon  more  stretched  than  the  bottom 
one,  and  the  top  right  part  growing  more  than  the 
left  one.  When  the  bubble  collapses,  its  left  part 
continues  to  be  sheared  by  the  flow  into  a  pathline 
direction  and  a  beak  forms  at  the  top  left  part  and 
becomes  more  pronounced  once  the  volume  of  the 
bubble  starts  to  decrease.  Then,  there  is  a  constric¬ 
tion  all  around  the  bubble  which  appears  first  on  the 
top  face  of  the  bubble.  The  bubble  then  cuts  itself  in 
two  and  rebounds  as  two  side-by-side  very  distorted 
bubbles  (or  bubble  clouds).  The  left  one  then  toudies 
the  cavitating  ring  and  splits  again  into  two  parts. 
The  deformations  of  the  bubble  are  more  significant 
in  this  case  than  in  the  two  previous  cases,  because 
the  bubble  is  closer  to  the  center  of  the  ring  core  and 
sees  a  strong  shear  flow.  In  addition,  there  appears 
to  be  a  ‘Venturi  effect”  between  the  bubble  and  the 
viscous  core  that  further  increases  the  stretching  of 
the  left  part  of  the  bubble 

Within  the  margin  of  errors  of  the  measurements 
comparison  of  the  time  variation  of  the  average  ra¬ 
dius  of  each  bubble  shows  no  significant  effect  of  the 
presence  of  shear  on  the  bubble  period.  However, 


indications  of  a  lengthening  effect  of  the  bubble  pe¬ 
riod  can  be  seen  on  the  characteristic  distances  be¬ 
tween  the  bubble  ‘center’  and  the  two  upstream  and 
downstream  points  abng  a  particle  pathline  (direc¬ 
tion  (7^)  .  This  effect  however  seems  snudl  in  the 
cases  presented  here  and  should  be  investigated  fur¬ 
ther. 

Physical  explanations 

The  observations  made  above  can  be  explained  by 
considering  the  velocity  and  pressure  fields  around 
the  bubble.  The  motion  of  each  point  on  the  surface 
of  the  bubble  is  the  result  of  the  combination  of  the 
underlying  (shear)  fluid  velocity  and  of  the  velocity 
of  the  bubble  growth  or  collapse.  The  effect  of  the 
underlying  fluid  flow  (whose  characteristic  speed  is 
about  2m/s)  is  minor  during  initial  bubble  growth 
and  later  bubble  collapse  phases,  but  becomes  most 
important  at  the  end  of  the  growth  and  at  the  be¬ 
ginning  of  the  collapse  where  bubble  wall  velocities 
reach  a  minimum.  Indeed,  right  after  the  spark  gen¬ 
eration,  the  speed  of  each  point  of  the  bubble  surface 
is  very  high  (about  40m/s).  It  then  decreases  to  zero 
at  about  the  maximum  radius,  and  then  increase  dur¬ 
ing  the  bubble  collapse.  For  a  bubble  in  a  uniform 
flow,  the  existence  of  the  flow  reflects  on  the  bubble 
shape  by  a  larger  bubble  growth  in  the  downstream 
direction  and  by  a  flattening  of  the  bubble  shape  in 
the  upstream  direction.  Later  on  due  to  inertia,  the 
downstream  part  that  has  extended  further  collapses 
faster  forming  a  reentrant  jet  directed  upstream  in 
the  plane  of  symmetry  of  the  bubble. 

When  the  flow  is  not  uniform,  a  similar  phe¬ 
nomenon  occurs  but  is  stronger  on  one  side  of  the 
bubble  than  on  the  other  due  to  the  typical  asymme¬ 
try  of  a  shear  flow.  In  addition,  the  possibility  that 
the  underlying  shear  flow  becomes  at  some  point  dur¬ 
ing  the  bubble  history  stronger  than  the  bubble  wall 
velocity  creates  the  possibility  of  an  underlying  flow 
generated  jet  which  can  be  opposite  to  the  one  de¬ 
scribed  above  and  directed  downstream.  In  the  case 
of  the  figures  shown  here  the  velocity  profile  seen  by 
the  bubble  decreases  from  left  to  right.  When  the 
bubble  starts  to  grow,  the  speed  of  each  point  is  much 
more  important  than  the  velocity  of  the  fluid  flow: 
the  bubble  is  therefore  almost  spherical.  Then,  when 
the  speed  of  each  point  decreases,  the  influence  of  the 
fluid  flow  increases.  The  top  part  of  the  bubble  grows 
more  than  without  the  presence  of  the  basic  flow  and, 
due  to  the  shear,  the  left  part  grows  more  than  the 
right  one.  In  addition  the  top  part  is  more  stretched 
than  the  bottom  face  because  on  the  top,  the  speeds 
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add  up  while  they  subtract  oo  the  bottom.  The  op¬ 
posite  is  true  during  the  collapse  where  velocities  add 
up  on  the  bottom  part  of  the  bubble  and  subtract  on 
the  top. 

As  the  fluid  flow  is  moving  upward,  the  reentrant 
jet  is  expected  to  appear  on  the  top  face  [7, 10].  How¬ 
ever,  due  to  the  strong  shear  the  left  part  of  the 
bubble  is  prevented  from  colliding  forcing  a  com¬ 
pensating  middle  of  the  bubble  constriction  all  along 
the  bubble,  with  a  tendency  to  form  reentrant  jets 
on  both  ends  of  the  bubble  along  the  pathline.  This 
constricted  shape  of  the  bubble  is  similar  to  that  ob¬ 
tained  with  a  bubble  collapsing  between  two  walls. 


NUMERICAL  MODELING 

In  order  to  model  the  bubble/shear  flow  interac¬ 
tion  described  above,  Dynaflow’s  3D  Boundary  El¬ 
ement  Method  (BEM)  code  for  the  description  of 
free  surface  deformations,  SDynaFS  was  used.  The 
BEM  method  uses  Green’s  identity  to  solve  Laplace’s 
equation.  If  the  velocity  potential,  ^  ,  or  its  normal 
derivative  is  known  on  the  fluid  boundaries  (points 
M),  and  ^  satisfies  the  Laplace  equation,  then  ^  can 
be  determined  anywhere  in  the  domain  of  the  fluid 
(field  points  P)  using  the  identity: 

(1) 

where  av  =  D  is  the  solid  angle  under  which  P  sees 
the  fluid,  a  =  4,  if  P  is  a  point  in  the  fluid,  a  =  2,  if 
P  is  a  point  on  a  smooth  surface,  and  a  <  4,  if  P  is  a 
point  at  a  sharp  comer  of  the  discretized  surface. 

If  the  field  point  P  is  selected  to  be  on  the  bound¬ 
ary  of  the  fluid  domain,  then  a  closed  system  of  equv 
tions  can  be  obtained  and  used  at  each  time  step  to 
solve  for  values  of  d^/dn  (or  0)  assuming  that  all 
values  of  ^  (or  d^/dn)  are  known  at  the  preceding 
step.  The  method  was  described  in  details  in  previous 
publications  [4-7].  The  above  equation  is  subjected 
to  kinematic  and  dynamic  boundary  conditions  on 
the  bubble  wall.  In  absence  of  underlying  flow  the 
liquid  pressure  at  the  bubble  interface  is  given  by  the 
unsteady  Bernoulli  equation  which  is  used  to  solve 
for  D^/Dt,  the  total  material  derivative  of 
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Using  an  appropriate  time  step,  all  values  of  ^  on 
the  bubble  surface  can  be  updated  using  ^  at  the 
preceding  time  step  and  D^IDt.  New  coordinate 
positions  of  the  nodes  are  then  obtained  using  the 


position  at  the  previous  time  step  and  the  knowledge 
of  the  boundary  velocities. 

This  time  stepping  procedure  is  repeated  through¬ 
out  the  bubble  osciUation  period,  resulting  in  a  shape 
history  of  the  bubbles.  This  method  has  been  ex¬ 
tended  to  the  case  where  the  bubble  is  embedded  in 
an  underlaying  fluid  flow  characterized  by  its  veloc¬ 
ity  field  Vg  and  pressure  field  P,  .  If  we  then  define 
bubble  flow  velocity  and  pressure  variables,  and 
Pi,  as  follows; 


Vb  =  V-Vo,  Pi  =  P-Po.  (3) 

and  assume  that  this  bubble  flow  field  (Vj^  and  P*)  is 
potential,  we  can  use  the  BEM  to  study  the  bubble 
dynamics.  Within  this  restriction.  Equation  (2)  is 
replaced  by  a  modified  Bernoulli  equation 

V  i  I  Vb  p  +Vo  •  Vb  +  y]  =  Vbx(VxVo). 

(4) 


The  vortex  ring 

In  order  to  simuleUe  the  problem  at  hand  in  the  above 
described  experiments,  the  flow  field  of  the  moving 
vortex  ring  was  modeled  using  the  following  classical 
expression  for  the  velocity  potential  at  the  point  M 
produced  by  a  vortex  ring  (R): 


et-PM 

|PMj2 


dtp, 


where  F  is  the  circulation,  and  S  is  any  surface  lim¬ 
ited  by  the  ring  vortex  ring  line  (R),  and  ei  is  the 
tangential  direction  along  (R).  '^is  oaables  one  to 
determine  the  velocity  and  pressure  field  outside  of 
the  'Viscous  core”  region  of  the  vortex  ring.  The 
velocity  in  the  core  region  is  modeled  using  a  match¬ 
ing  solution  to  an  infinite  vortex  line  model.  Since, 
for  a  non-zero  value  of  the  viscous  core  the  velocity 
obtained  firom  the  inviscid  solution  is  not  the  same 
when  the  viscous  core  is  approached  &om  the  inside 
of  the  vortex  ring  as  from  its  outside,  the  pressure 
at  the  center  line  was  set  to  be  the  average  value 
between  the  pressure  at  each  end  of  the  core  diame¬ 
ter.  The  two  points  on  the  edge  the  viscous  core 
were  then  connected  to  the  value  on  the  axis  using 
two  sections  of  parabola  whose  tangents  are  horizon¬ 
tal  when  r  =  0.  These  approximations  were  needed 
to  start  the  computation  but  had  little  influence  on 
the  results  since  the  studied  bubbles  were  outside  of 
the  viscous  core  most  of  the  time. 


4 


NUMERICAL  RESULTS 

Iq  order  to  teat  the  code  the  conditions  of  Fig.  4c 
were  reproduced,  then  the  circulation  waa  reduced 
to  obtain  other  cases  in  the  same  physical  condi* 
tions  but  with  a  smaller  circulation  of  the  vortex 
ring.  This  simulates  qualitatively  only  the  two  other 
cases  shown  above.  The  cross-sections  obtained  with 
a  plane  perpendicular  to  the  ring  axis  and  which  con¬ 
tain  the  initial  bubble  center  are  shown  in  figure  Sa-c. 
The  viscous  core  radius  was  assumed  to  be  0.6cm,  a 
value  given  by  movie  analysis.  The  ambient  pres¬ 
sure,  ring  velocity  and  initial  position  of  the  bub¬ 
ble  are  those  of  Fig.  4c.  A  set  of  runs  waa  made 
with  the  bubble  discretized  with  162  nodes  and  320 
panels.  The  conditions  of  the  run  were  as  follows: 
ambient  pressure:12, 600Pa,  minimum  bubble  radius: 
1mm;  Maximum  bubble  radius,  Rmslc^,  gss  com¬ 
pression  constant  k  s  1.25,  initial  gas  pressure, 
Pfo  =  2  .58  X  lO^Pa,  viscous  core  radius,  Ae  =  0.6cm, 
Ring  radius,  Ao  =  0.031m,  ring  translation  speed: 
0.8m/s,  bubble  radial  distance  from  ring  :  0.042m, 
bubble  vertical  distance  from  the  ring  :0.025m  . 

Figure  3c  shows  simulations  for  these  same  ex¬ 
perimental  conditions  as  in  Figure  4c  with  T  = 
0.12m^/s.,  while  Figures  5a  and  5b  show  the  same 
conditions  but  for  F  »  0.25m*/a.  and  F  =  0.10m*/s. 
As  in  the  experiment  Figure  ^  shows  elongation  of 
the  left  side  of  the  bubble  in  the  shear  flow  direction. 
The  formation  of  a  beak  at  the  end  of  the  bubble 
growth  is  also  evident  but  not  as  pronounced  as  in  the 
experiment.  Later  a  constriction  in  the  bubble  shape 
along  the  fluid  pathline  is  also  apparent.  The  over¬ 
all  comparison  between  this  numerical  modeling  and 
the  experiment  is  encouraging.  However,  the  strong 
shearing  effect  on  the  beak  preventing  the  bubble  top 
from  collapsing  from  the  left  side  is  not  as  strongly 
reproduced  in  the  numerical  simulation.  This  is  most 
probably  due  to  the  fact  that  the  simulation  neglected 
the  bubble  vortex  ring  behavior  and  did  not  include 
any  modification  of  the  flow  due  to  the  growth  of  the 
ring  bubble  near  the  spark-generated  bubble  creating 
the  venturi  effect  we  mentioned  earlier. 

At  the  smaller  circulaticm  the  tendency  of  the  bub¬ 
ble  to  elongate  and  then  cut  itself  into  two  is  cleariy 
apparent  as  in  the  experiments. 

CONCLUSIONS 

The  study  presented  here  has  enabled  us  to  achieve 
two  main  objectives: 

1.  The  behavior  of  a  bubble  in  a  particular  shear 
flow  was  observed  and  tested 


2.  The  capability  of  the  program  SDynaFS  to  sim¬ 
ulate  such  a  flow  was  demonstrated. 

The  shear  flow  was  seen  to  significantly  infiuence 
the  bubble  behavior.  During  t^  colla{Me  and  re¬ 
bound  the  bubble  shape  deformation  was  seen  to 
always  be  significantly  affected.  During  the  bubble 
growth  the  bubble  behavior  and  shape  is  the  more  af¬ 
fected  the  larger  is  the  degree  of  interaction  between 
the  bubble  and  the  vortex;  that  is  the  closer  is  the 
bubble  to  the  vortex  core  center,  or  the  greater  is  the 
vortex  circulation. 
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abstract  - - -  ■ 

dyn&nuc  behavior  of  a  bubble  ia  a  nonuniforni  flow  U  ftad>  * 
lec  atlas  a  matched  asymptotic  expaoiion  method,  the  tmaS  p^ 
rameter  *  beiM  the  ratio  of  (he  initial  bubble  radius,  ro,  to  the 
■niti^  bubble  dis^ce  to  the  body  wall,  Iq.  The  theory  it  applied 
to  the  problm  of  a  bubble  collaptiDg  in  the  shear  region  near  a 
senu-mfioiie  blunbody  advancing  at  a  constant  speed,  llesalttob- 
tainM  at  ordm  e**  and  «  show  the  imposition  of  a  rotation  on  the 
nubble  and  the  formation  of  a  jet  directed  upstream  and  towaide 
tbe  w^.  As  the  order  of  the  expansions  increases,  more  eompleat 
••P*®**  “  interaction  between  the  babble  and  the  flow  are 
covered.  An^ytical  reeults  at  order  **  are  given  while  numeiKal 
SMutions  of  the  equations  at  that  orde'  are  still  not  completed  and 
are  given  up  to  order  <  for  the  uise  of  a  bubble  near  a  Rankine 
ogive  body. 


Introduction  i 

The  understanding  of  bubble  and  cavity  dynamics  has  preoccinied 
researchers  and  engineers  over  the  past  several  decades.  How* 
ever,  due  to  the  complexity  of  the  general  problem,  most  bub¬ 
ble  dvnanuc  studies  have  either  neglected  bubble  deformation  and 
***•?.  approach  on  isolated  spherical  babble  dynamics,  or 
considered  axuymmetric  deformations.  With  the  advent  of  com¬ 
putational  (uniques  and  facilities,  significant  attention  has  been 
«vcn  over  the  last  decade  to  the  study  of  axisymmetric  bub^ 
dynamic,  MUenlarty  in  the  vicinity  cif  a  solid  infiiuie  waO  or  a 
**  Gwrri  et  al.,  1981,  Chahine  et  sL, 

•*  Wilkerson.  1989,  Duncan, 

iSWOJ.  However,  deviations  from  this  simplifying  axisymmetry  as¬ 
sumption  wluch  render  the  problem  fully  three-dimension^  and 
*igi<ifieantly  affect  (he  results  were  not  consid¬ 
ered.  For  instance,  near  a  solid  wall  and  in  the  presence  of  a  pres- 
sure  gradient  or  a  nonuniform  flow  a  relative  velocity  between  the 
bubble  and  the  flow  exist  leading  to  significant  three-dimensional 
etrcris  on  the  bubble  dynamics.  To  address  this  general  prot^ 
a  ful.y  three-dimensional  approach  is  being  developed  (Chahine et 
al.  1989.  1990,  19911.  However,  this  method  is  purely  numerical 
and  should  be  supplemented  bv  an  analytical  approach,  even  if 
app.-oxjniate.  since  this  will  enable,  at  a  much  lower  cost,  a  better 
URdersiaiiding  of  the  influence  of  the  parameters  in  the  domain  of 
validity  of  the  method. 

In  thi;  paper  we  will  preset.:  such  an  analytical  study  of  the 
growU,  and  collapse  of  a  bubble  in  a  gciierJ  potential  flow  in  the 
vKiiiiij  of  a  solid  object.  This  approach  is  based  on  the  method 
ol  niatchee  asymptotic  expansions.  The  smaL'  parameter  of  the 
cxpansiot.  c,  it  cbosei.  to  be  the  ratio  of  the  initial  bubble  radius 
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to  its  distance  to  the  wall.  This  approach  follows  earlier  work 
by  Chahine  and  Bovis  (1983)  who  studied  the  axisyiniiiciric  case 
of  the  collapse  of  a  bubble  near  a  wall,  and  later  the  studies  of 
Chahine  et  al.  (19  )  who  considered  tbe  dynamical  behavior  of  a 
bubble  cloud. 

At  every  order  of  approximation  the  problem  is  dcfoniiiuseii 
into  two  tubproblemt:  an  mner  problem  where  the  rharacteritiic 
length  is  the  characteristic  bubble  radius  and  an  outer  iirohleiii 
where  tbe  characteristic  length  is  the  standoff  distance  oeiwre!i 
the  bubble  and  the  wall.  The  effect  of  the  wall  appears  only 
through  the  limit  condition  at  infinity  for  the  mner  pr^deui.  Pur 
the  outer  problem  the  bubble  appears  as  a  singular  periurlwlion 
M  the  origin.  The  calculations  are  performed  in  a  frame  of  ref 
•rence  attached  to  the  bubble  so  at  to  follow  its  bchaviur  over 
a  longer  period  of  time,  otherwise  tbe  matfaeinatical  espressions 
become  non-univocal  as  soon  as  any  bubble  wall  point  aosse*  the 
origin  of  coordinates.  The  babble  is  auunied  to  filled  with  va¬ 
por  of  the  host  liquid  and  non-condensible  gas  with  a  polytropic 
coepressioa  law. 

The  results  of  the  tbuory  presented  here  can  be  applied  lo  any 
potential  flow  which  bat  a  plane  of  symmetry  parallri  to  the  flow 
direction  (non  fundamental  assumption  only  used  to  siiiipliry  the 
analytical  exprettiont).  As  illustration  the  problem  uf  a  buhhle 
collapsing  near  a  seiiu-mfinile  Uuff  axisyniinetrir  body  in  a  uni¬ 
form  flow  field  is  considered.  In  that  case  tbe  basic  potential  fiuw 
ucd  it  that  of  a  source  in  a  uniform  flow  field. 


Problem  formulation 

Let  us  consider  a  basic  flow  field  (flow  in  absence  of  the  buhhlr) 
that  is  potential,  with  a  vcJocily  vector  1^(Af)  deriving  frum  the 
potent!^  do(  AT ).  Let  the  pressure  be  I  and  the  liquid  densii  y 
p.  Tbe  vdocity  potential  satisfies  the  Laplace  eqaation  and  the 
Ber:.ouUj  equation: 

^du  =  0,  (I) 

j(^do)’+  y  *  cofMlont.  l-’l 

The  no- flow  condition  across  the  submerged  bctdy  w«i;  is. 

{^dn  n)w./;  *  0-  l^i 

Let  d^,  V'  and  e  be  the  potential,  ihi-  speed  aiid  ;>res:ur>  in 
presence  of  the  bubble,  and  le:  r  s  It'll, F.w'/  be  ib<  buUi-'r 
wall  equation.  We  now  have  siniila:  cquaiiuiu  as  U  3>  w>!i  tin--)- 
complete  flow  variables  In  addiiion.  a  (ourtL  eqi:*iK>:  dcscnho 
tbe  coniuiuit)  of  the  normal  vdodtics  at  the  bubUe  wall 


«Bd  {w  »w«y  Cram  tk«  bubblt,  w«  b*v«  4f  •4^. 

W«  will  couidar  aow  tbt  baMl*  yolwifia^  4tt  difltrtBM  of  tb« 
pouotUU  4^  aad  do- 

d»»d'-do.  (&) 

Sine*  u  iafiaity  Vt  »ad  4%  decay  to  Mto,  aad  tb«  pnMuia  b  fo,  tb« 
BarnoulU  aquation  bacoma*: 

{^+5(Vd»)*+5V,>+Vd»  V.+ 

If  we  limit  the  ftudv  to  the  cam  where  the  tone  iow  it  (taady, 
^4ol4t  M  0,  the  right  hand  tide  of  the  equation  b  a  conitaat  « 
the  haeie  flow  Add,  which  can  b«  written  for  iaatanca  at  any  talectad 
reference  point,  O. 

Let  ut  chooae  now  a  general  frame  of  raferenca  It  with  rotation 
relative  to  the  flxad  frame  defined  by  w,  and  whoee  origin  O  ha*  a 
translation  velocity  9,  (aae  figure  1  for  dafinitiont).  Since; 

*  V^. +wxOlf.  (T) 

We  now  have  the  relationships: 

^  »  ^-9,  V4-{QxOlt)  V4.  («) 

pv  -  +  (•) 

where  4  is  the  MbU  ttlocity  aoUntitl  in  the  memitg  frama  X.  The 
system  of  aquationa  of  the  prouam  than  becomea: 

A#  -  0.  (10) 

limdwO,  (11) 

{Vd«)«ii-0.  (12) 

{V#  «}„r,  .  ^  +  {(1^.  - 1^,)  +  a  X  OV)  <}n.j|.  (13) 

{S  +  (<^o  -  -a  X  Old)  •  Vff 

+5(K?  “  Vo»(0.»))  +i]  .  fHiBlU.  (14) 

^  UrmR  P 


‘Mntchad  Asymptotic  Cxpaaniona 

We  consider  the  caae  where  the  ratio  r  between  the  bubbb  radiu* 
and  the  dbtanca  4  batwaan  the  canter  of  bubbb  and  the  wall  u  tinail: 

<wra/(t<l.  (Id) 

Using  the  matched  asymptotic  expansions  method  the  problem  can 
be  subdivided  mto  two  subprobbms;  an  mner  problem  where  the 
characteristic  length  b  the  bubble  radius  ep  oed  the  wall  is  coiuidciej 
to  be  at  infinity,  and  an  oeter  problem  where  the  characteristic  Irngih 
b  4  oxl  Mbble  appears  ()^y  as  a  singular  perlurbatiou  at  the 
origin. 

.  Outer  problem 

b  the  oeter  problem  we  only  have  Equations  (I0),(n  )  and  (1:1)  tu 
sausfy.  They  w  be  written  using  non-dimensional  variables  r  w  (p  ^ 

and  d  *  4^  as: 

Ad-0,  (IS) 


(21) 

Inner  problem 

In  the  mner  problem  we  noudimensionalite  Equaiiotis  (15)  thruugli 
(18)  using  the  following  normalizations; 

J|  w  ep  ik  fp ;  the  initial  bubble  radius 

p  « Ap#  Ap  :characteristic  preuure 

change  in  the  initial  flow 

t  K  Tp  t  Tp  '.characteristic  collapse  time 


Tpt 

rlilTo 

spVp 
■  U^Vo 
ApAp(l) 


so  :characlerblic  initial 
tom  velocity 

if  :chararterislic  initial  flow 
velocity  gradient 


A(0.»)-A.si  -ApAp(l)  _ 

Matching  coaditioBs 

The  matcluag  conditions  between  the  mner  and  the  euier  sulutiuns 
>  these  being  Mhing  but  tern  t^prasimations  of  the  sami-  vt  luciiy 
mteatial  d  which  are  valid  in  two  separate  regions  -  is  obiaiuni  by 
urmally  arriting  that  there  cxbta  an  intermediate  region  that  arteri red 
by  r*,  where  om  solutions  are  valid.  For  the  mner  prubb-m,  this 
regioa  miut  be  at  infinity  ao  that  r*  >  rp,  whereas  fur  the  outer 
problem,  it  must  be  dose  to  the  origin  to  r*  «  Ip.  This  can  hv 
writlea  as: 


Prenauro  innidc  the  bubble 

Wt  will  assume  that  the  pressure  inside  the  bubble  is  spatially  aaiferm 
and  thus  only  depends  on  time,  puii  bdng  the  initial  preuure  inside 
the  bubble,  we  can  write: 

P«M«»P.+pJ.  (15) 

where  p„  in  the  vapor  pressure  and  pj  the  initial  noacaedciisible  gu 
pressure  which  obeys  the  polytropic  law  PV*  w  cewslewl.  At  aay 
time  the  balance  of  pressures  on  the  surface  of  the  bubble  cm  be 
written; 

»(«.»)  =  P.+d,-27C  (16) 

where  C  is  the  local  curvature  of  the  bubble  surface  md  7  the  surface 
tension.  We  finally  obtain  for  oquation(14): 

+  5(  vd)*  +  (i7p  - 17.  -  a  X  olf  j  Vd+ 

+5(V'p’  -  Vo*(0,i))},,*  .  (Po(0,i)-P.«,)+ 

+(p.«.. -PvKl  -  ~)+ — (,oC- ^)  (IT) 

•o  'tt  •'p 


ro<r’<k 

4m»m{r)  «  ds«iar(r),  wktrt,  r  s  rpc  >  (pf 


r* 


(W) 

(2J) 

(24) 


Xiylor  ncrinn  expaiu ionn  of  the  bnntc  voiocity  field 

Since  we  arc  considering  the  case  where  the  size  of  thi-  mner  rcgnin 
is  small  compared  to  the  characteristic  length  of  the  taric  flow,  me 
can  express  the  velocity  field  in  the  tamer  region  as  a  Tnylur  tcrie* 
expansion  about  the  selected  origin  O. 

=  9^0)  +  F  V17b(0)  -y  If  VVV’ ,0;  ft-  Oirjjj  (») 

Let  Wi  be  the  cbarscteristic  velocity  of  the  flow  field.  If  ihr  rh«i«> 
tuistic  dinensioii  of  the  vdocily  gradirni  and  N  the  rh«i«ri<-rii.ii< 
dimension  of  the  velocity  bigradicni.  We  will  choow  an  orlbugi-i.al 
coordinate  system  fixed  to  a  streamUne  so  that  s  9^0\t)i  to  ih*: 
the  s-axis  is  parallel  to  Vp(Oj. 


^  s  l7#  *  •,{»)€, 


Note  that  1^  is  the  charactensiic  velocii)  of  the  luual  flow  and  >•  a 
constant  whereat  t,(r;  is  a  funcUoi:  of  time 

In  order  to  compute  the  various  terms  in  Equatioi.  (14;  we  narj 
the  following  quaciitias. 


-«>,)  ■  V*  .  ^  .  {MT^  ♦VUO)  •♦■  j  irTjf*  h 

•VWo(0)  •/+  .  .  .)  (M) 

5(<V(^  -  <^.*)  -  ^(i/  r,*5  f .  tvo(0)  ■  <Uo)+ 

+^ro«a  VVj4(0)  f  V^o(0)+5  {a  To  f-  ^V>a(0))V  -  XM) 

w«  coiuid«f  th«  CAM  wkcrc  the  pcobtem  U  tymoMthc*!  ftho«t  the 
(Ozt)  |»i«M  th«a 


^?o(0)  -  [  o'  0  0*  ] 

I  •»  0  -oi 


(30) 


Chocwiug  each  kB  whitr«/y  gradient  U  eoaiitteat  with  having  a  po¬ 
tential  flow  liace  we  ttill  have  V-l^wOaadVxl^wO.  Inwriiten 
alto  in  polar  coordinatet  we  have; 


^V'o(0>f  >  1 

I  ‘  J.-. 

I  ]  VV<>o(0)[  I  ] 


0|n  'f  oji 
0 

-oia-foa* 


f  ■tt**  +  iT»»a  ' 
0 

ten*  +  ai5*r 


where: 


.e* 


<?•(«.#) 

[l:L 


I  ■  -r— .  T»  ■  -r-i. 


tJ  ■ 


IT-  •»*- fc- 


prohieiB  haa  a  plane  at  ayAotetiy,  we  thall  take 

<3  X  old  >  w  e  (dy  X  A). 

and  deflne  0  an  the  eharacurielk  rotation  tpead  of  tte  fraoM 

w  ■  Hit. 


m 

(«) 

a- 

(»i 

(X) 


Dincunnioo  oo  the  relatiwo  niso  of  the  problnm _ 

prohlra  ban  au  nondiaenaional  paraaMtare  renroaanting  ratioa 
hMweaa  the  variona  acaka.  Theae  are  preaented  Mow  thair 
aeiected  aaae  relative  to  a  the  nain  naraaater  of  the  nrohieaa.  The 
chttce  the  relative  tire  waa  deterained  Irat  hjr  a  leaat  dageneracy 
principle  to  conaerve  the  maximeaB  tenna,  then  by  a  relaxation  of  thia 
conatraint  for  aome  paruneter.  i«  otd«u  be  ahk  to  obtain  aohitioo. 
IS  ioiB€  pncUcs]  pbyttcsl  cosA^urstiost. 


1.  The  characuriatk  length  of  the 
than  that  of  the  eoier  piobieni 

2- 


problem  ia  anch 


{») 


3.  The  characteriatk  velocity  of  the  iaitiai  low,  an.  la  of  aaae  order 
M  the  characiemtic  collapae  velocity,  ro/Te  ; 


tWieaM 


'P  ■  0(1) 


3.  The  charatehaiic  veiociiy  gTadiei.1  a  the  acale  of  the 
problem  ia  fv  aaaller  than  tnu  of  the  nhmt  problea; 


i#Te 


I  M  »  0(1) 


(») 


(r) 


4  Tht  charactehatic  velocit>  bigradieat  at  the  acale  of  the 
probiaa  ia  fa  taaSer  than  that  of  the  oanev  problem 


^Toeo 


Mtl 


•  Ht 


<  0(<’) 


(»i 


S-  The  characteriatk  rotation  apeed  at  the  acale  of  the  iniier  prob- 
lea  ia  far  aaaller  than  the  collapae  velocity: 


viTa- 


Oeo 


-0(a) 


(3») 


I.  The  rollapae  vefaxity  ia  directly  related  to  the  local  prcMure  by: 


(40) 


Tha  babble  ia  conaidered  to  be  dote  to  the  aabmergvd  bo<ty  ao 
that  at  leading  order,  r*,  in  the  ealer  prohlea,  the  body  i»  cuiuidvicd 
to  be  a  tat  plane.  At  tbe  next  orda,  the  carvaiaa  ia  ukvu  iutu 
nccoont.  Muheoatkally,  ihit  meant  that  the  ratio  of  ibr  bubblv 
ttandoff  dittance  to  the  weal  carvaaa  of  the  body  it  of  orJi-r  t.  In 
tbe  loaer  problem,  tbe  efhet  of  the  wall  it  teen  Irat  ordt* r  t  f«r 
the  potential  and  a  adar  a*  for  the  bubble  radiuk.  The  rffet  i  of  ilir 
carvatuie  only  iaterfora  a  order  r*  on  the  pountial  and  will  uuly 
add  a  coottant  a  the  cqumioat. 


R4esolution 

We  will  na  the  feflowiag  netakaa  for  the  expaatrona: 


♦  -  io  +  *^/(f.l,i)  +  r*dj/(f.l.i)  + ••• 

(41) 

i  -  i»  +  «^i(#,#,i)  +  e*dii(f,l,l)+  • 

(43) 

i  -  Je  +  ai/(f,l,i)  +  **iiil*>Oi*)+ •• 

(43) 

Order  «• 

Outer  pcobleai  »t  order  <* 

The  ayaea  of  egnation  (30)  to  (33)  for  the  order 

■cro  hecoaa: 

A^n  ■  0 

(44) 

(43) 

(4b) 

>  Thegen^idoljoniolhiaprohlealaaeoahinttlonofapbeiiiJ 
haraonia  which  decay  a  inlaiiy  and  indnde  the  imege  of  ibr  bubUe 
■yaaanc  with  rapect  to  the  wafl  u  adkunce  r'  (torn  the  icM  jMNni: 

(47) 

A.(e}  art  the  Ingaidre  polynoaial  of  d^ne  «. 

laaor  ptwbloa*  mt  ardor  •* 

;The  tytUa  of  oqoaifont  (10)  to  (M)  far  the  order 

aero  hecoarv: 

Ado  -  0, 

(40) 

^(ie)  -  Jto, 

(4«l 

1  V** 

From  (M)  wt  get  the  oohitiaa 

di  ■  j  with  f  - 

(511 

«ber«  i»(i)  It  deieraiaed  by  the  tayfoi^- Pteaaet  «|uniioai 

‘  w  j; 

witL  tbe  iat.a‘  coodittoaa  >  I  aad  ■  0. 


M«teUac  coadilioa  at  erdar  i 
It  w«  rtplac*  poUatiaU  by  tbair  wpaafiou,  E^uatioa  (2S)  b«> 


(M) 


To  ^  J ^ 

[♦o(^)  +  *#/(^)  +  «*^i/(^)  +  0(«*)j 

Th*  (olutioBs  no 

♦b  »  E  ^.(i)i».{eot#K~  + 

mMB  r 

» 

^  ^  -f  C  wA«r<  C  u  a  coactaai  to  b«  daUnaiaad 

iUpJact  ia  (M): 

*5! 

'-(«•»)  ;ii(»  +  •  ••)  («) 

At  Uadtag  ordar  mo  tbaa  kava: 

C  >  0 


(55) 

(56) 

■».{»)  -  Kjotii)  (57) 

To  obtaia  tba  limit  coeditioa  oa  it,  ««  eMtta**  tba  cxpaaaiaa. 

■*’  ■  I  ♦  Ir  *^7(£)+ 

_ ^  *0  2  4lo  *0 _ 

*/lo  to  of  Ofdar  a(t)  to  ogaaiiag  tarau  at  toa£ag  ordar  |)«t  aa: 


(56) 


(86) 


Ordar  c 

laaar  probkaa  at  ardor  < 

Siacr  lo  ^  oaly  dapaad  oa  Uam,  at  ordar  r  tba  oqoatioaa  of  tba 
probiam  bacoiM: 

Adi  ■  0 


^d, 


(60), 

I 

(61) 


(62) 


.6d»  a  6»do  ^  ddi  »do  ^  a  a 


(6J) 


vbart 


C,  •  2a,  cat#  toad  eMd-^a,{aa*«cea*d-cat’6)(64i 

f  m  Oi  ton d  (a«d 'f  O] card  (65) 


SaaolutioB  of  tba  ordar  a 

Tba  gaaarai  lolutioaof  tba  Laplaca  aqaatioa  can  ba  writuu; 
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are  tba  tpbaricaJ  barmonict: 

{J^(co»  d)  coa  md:  (or  m  >  0 

/’]"*(coa  d)  toa  |m|d:  for  m  <  0 

I  Tba  limit  condition  at  infinity  on  dl  la*6s  u*  to  take: 
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Since  the  problem  ir  eymmetrical  about  the  (Ore)  plum*,  iIk-k-  ur<-  i>ii 
term*  in  ton  d>end  we  do  not  have  to  concider  m  <  0.  Ukiiig  the  r<ii  i 
that 
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Equation  (18)  bacomee: 
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For  y  >  2  we  have  a  bomofeneoM  iineer  diflerential  eyiteiii  wlicre  the 
iaitiai  coaditioae  are  laro.  The  loiutioa  to  tberefora  Jl/n  s  Bijm  =■ 
0;  V>  >  2. 


Baaohition  for  m  >  y  >  0 

Wa  bava  to  wive  tba  foUowiag  difleiaatial  eyetam; 
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SMolution  for  /  «  1 

W«  hftvc  the  Min*  difftreatial  tytUa  to  lolvo  for  Jt/io  and  The 
only  diflereoce  U  ai  instead  of  oj. 

Eosolution  for  m  s  0  We  have  to  solve  the  following  dilTticatial 
syttcin: 
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E/io  is  the  solution  of  the  linear  differential  equation: 

^^/lo  +  3AoA;io  =  2ftAoOiPf  (80) 
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and  Bjio  is  computed  using; 

B/io  *  ~  Sitoffo^iio  (®) 

Eosolution  fbr  m  s  1  j^jn  and  Em  ***  computed  using; 

ijit  ~  2|iA3v,ojdl  (83) 
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Eoaohition  lor  y  >  2  j 

We  have  the  same  differential  system  to  solve  for  Mni  and  Mj.  The 
only  difference  is  that  we  have  |ai  instead  of  at  .  I 

E^Iutioa  for  m  X  1  We  have  to  solve  the  foDowing  differential^ 
system:  ^ 

-  1*001  (85)  i 
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A/31  U  tolutioo  of  ibe  Uomt  diffcrtAliAl  oqoAUoo: 
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and  Bjii  is  computed  using:  | 

E/a,  X  -^A/a,  -  |A2AoA;„  +  jAjoa  (86) 

^solution  of  the  coeffleient  in  front  of  Ti  kn  is  the  solution 
of  the  linear  differential  equation: 

kiiht]  +•  sAoA//  -  kokij  *  sAoAoo,  +  Ajd,  (89) 

and  Bij  it  computed  using 
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SA/a, sin 8  cos#  eost^  4-  A//(sin*#cos*t#-eoi*#)  (92) 

Outer  problem  at  artier  c 

At  this  order  the  outer  problem  sees  a  singularity  at  the  origin  due  lu 
the  presence  and  behavior  of  the  bubble,  and  also  the  curvature  of  tin- 
body  (see  Figure  2).  The  solution  can  again  be  obtained  by  placing 
an  identical  ungularity  symmetrically  about  the  wall  and  by  adding  a 
distribution  of  sources  on  the  body.  The  singularity  distribuiion  will 
induce  a  change,  L,  in  the  velocity  potential  at  the  origin.  The  outer 
problem’s  solution  at  order  s  is  then: 

*i  =  4-  i)  4-  UF)  with  L(0)  X  L  (W) 


Order  f* 

To  continue  the  uymptotic  expansions,  we  need  to  evaluate  the  bi- 
gradient  of  the  velocity  field. 

.  Matching  condition  nt  order  c 

Using  the  solution  of  the  outer  problem  at  order  t,  (94),  where  the 
I  oonstaat  C  has  been  evaluated 

+  (W) 

we  obtaia;: 


'which  leads  to  C  x  E/no. 
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Rosolution  of  the  inner  problem  at  order  e* 

I^r  the  following  order  we  need  to  calculate  the  terms  of  order  r*  for 
the  foUowiag  expressions; 
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At  4ad  ii  ue  function*  of  iphcricnl  harmonics  up  to  tlie  order  Kja. 
Tn*  products  of  these  functions  give  u*  harmonics  up  to  tlie  oidt-r  -I, 
which  leads  to  IS  independent  linear  differential  equations  to  solve. 

Application  to  Bubble  Dynamics  near  a  Head- 
form 

In  this  section,  we  put  into  application  the  asyinpiotir  r.v|>«iiaiuii  l>y 
studying  the  collapse  of  a  bubble  near  a  semi-infinite  biulf  body.  I'lie 
velocity  potential  considered  is  that  due  to  a  superposition  of  a  uni¬ 
form  flow  and  a  source  of  intensity  Q: 

+  ^  (115) 

It  simulates  the  flow  around  the  Rankine  ogive  of  radius  X  at  infinity: 


The  stagnation  point  occurs  for  X  =  -RI2. 

At  order  s*’,  the  outside  pressure  np(<)  is  taken  to  be  the  preaaure 
‘in  the  fluid  in  absence  of  toe  bubble  along  the  trajectory  of  a  fluid 
Iparticle.  At  higher  orders  of  s,  the  cradient  and  bigradieni  are  also 
taken  into  account  while  following  a  fluid  particle.  Figure  3  shows  the 
streamlines  around  the  beadform. 

A  fourth  order  Runge-Kutta  procedure  is  used  to  solve  iht-  dilft-r- 
cntial  equations  presented  earlier.  To  illustrate  the  method,  a  lUnkine 
body  with  a  radius  of  10  centimeters  advancing  at  a  constant  velocity 
of  1  m/s  was  selected  .  Figures  4  througli  7  show  some  results  obtained 
on  bttoble  behavior  near  the  Rankine  body.  Figures  4a  through  4d 
show  a  case  where  the  interaction  between  the  bubble  and  the  ogive’s 
flow  field  is  significant.  The  initial  bubble  radius  is  ro  =  1  cm.  and 
It*  distance,  It,  from  the  wall  is  such  that  t  =  ro/lb  i*  equal  to  OJ. 

j  Figure  4b  shows  the  traJjKtory  of  the  bubble  center  along  the  body, 
and  figure  4c  shows  the  variations  of  the  pressure  in  time  imposed  on 
the  bubble.  In  the  initial  phase  t  <  1.7  the  bubble  sees  a  pressure  drop 
and  a*  a  result*  it  grows,  later  on,  the  prcuure  rises  back  towards 
the  ambient  preuure  and  the  bubble  collapse.  Figure  4d.  shows 
tbe  velocity  of  the  fluid  along  the  bubble  trajectory.  This  velocity  is 
also  that  chosen  for  translating  the  origin  of  coordinates  in  which  the 
bubble  shape  is  prescribed.  Figure  4a  shows,  overlaid  on  each  other, 
the  bubble  contour*  at  different  times  during  the  bubble  growth  and 
collapse.  Tbe  orientation  of  tbe  bubble  relative  to  the  body  is  the  same 
as  illustrated  in  Figure  4b  which  shows  bubble  positions  versus  time. 
It  is  apparent  from  the  contour  plots  that  the  bubble  moves  toward 
the  body  wall  during  its  collapse.  Due  to  the  velocity  and  pressure 
gradient  around  tbe  body  the  bubble  elongates  and  in  fact  rotates 
around  its  center  of  mass.  Initially,  tbe  tide  of  the  buhbit-  surface 
lacing  an  intermediary  direction  between  the  dowustreani  dirvction 
and  Hie  wall  direction  flattens  out.  A  reentrant  jet  is  then  produced 
perpendicular  to  that  face.  Tbe  iRreclion  of  the  jet  appears  to  change 
witn  time  in  a  fashion  indicating  increased  iniiuence  of  the  presence 
of  tbe  wall  with  time.  The  computations  shown  in  the  figure  si»|>ped 
when  tbe  bubble  waU  touched  the  origin  of  coordinates.  This  iiiomviit 
can  be  delayed  in  future  computations  by  adding  a  coniiKinvnt  to  the 
translation  of  the  origin  of  coordinates  that  is  perpendicular  to  the 


Figure  5  shows  the  influence  of  the  distance  of  tin-  buUhii  to  ihe 
wall.  or  c,  on  its  shape  history.  In  all  three  case.-,  show  it  c  =  U  1,0.3 
and  0.7  only  bubble  collapse  contours  are  shown.  .4s  expei  u-<l  deem 
tioi.  from  sphericity  is  enhanced  with  the  proximity  to  lie-  w.l!  Din- 
to  stronger  shearing  action  closer  to  the  body  approve h mg  ih.-  wsll 
has  tbe  effec:  of  increasing  bubble  stretching  ai.d  elungain.i  during 
its  growth,  ther.  reinforcing  the  reentrant  je;  forinatn.i.  dui.iig  the 
collapse.  For  e  s  0.3  and  c  s  O.T  tbe  computation  sto,.)M-.‘  wi.ei,  the 
bubble  surface  touched  the  origrt.  of  coordl^ate^  Hi.".-.ei  dn-  the 
weak  nature  of  tin  interaction  fo:  r  =  O.i  tin  rollapN-  l^  run.;.h  '-  -l 
will,  no  recr.traii;  jet  arid  is  followed  by  a  bubble  rebuui..!  or  m-um! 
growth  that  is  not  shown  oi.  the  figure 

Also,  as  expected,  a  sinuia'  effect  as  ii.  Iig  .'-  5  i.-  ol.:...i..  J  it  tie 
distance  to  the  body  is  maintained  con-tai.'  wi.m  lie  bul.i.  .  i.i/- 
cbac.ged  Figure  6  show- such  a  case .  when  lie  flistai  •  - 1" ‘w.- ;  it.. 
bubble  cenie."  ai.d  the  wall  is  maintained  at  10/3  cn..  whur  the  bulbh 


tiM  is  chugcd  from  O.S  cm  (s  *  0-15),  to  1  em  («  »  0.3),  to  2  cm 
(«  »  0.6).  Here  too  the  jet  is  seen  to  route  to  become  closer  sad 
doser  to  4  perp«ndicul4r  to  the  well. 

Conclusions  and  suggested  improvements 

We  have  presented  in  this  pnper  mn  nndyticnl  approach  bns^  on  a 
matched  asymptotic  method  to  study  the  behavior  of  a  bubble  in  a 
nonuniform  potential  flow  field.  The  analysis  was  conducted  up  to  or¬ 
der  s*  where  t  is  the  ratio  initial  bubble  site  to  initial  bubble  distance 
to  the  nearby  wall  generating  the  nonuniform  flow  field.  Numencal 
results  calculated  up  to  the  order  c  show  the  formation  of  a  jet  moving 
opposite  to  the  bubble  trajectory  and  towards  the  wall  on  a  euwed 
trajectory  which  approaches  a  perpendicular  to  the  wall  with  time. 
A  lengthening  effect  on  the  bubble  period  is  observed  as  well  as  an 
imparted  rotation  of  the  bubble. 

Improvements  on  the  numerical  approach  should  include  using  a 
motion  of  the  frame  of  reference  which  incorporates ,in  addition  to  the 
motion  parallel  to  the  fluid  panicle  tujectory,  a  component  perpen¬ 
dicular  to  this  trajectory  so  as  to  account  for  the  bubble  motion  to¬ 
wards  the  wall  and  retard  as  much  as  possible  crossing  of  the  oripn  of 
coordinates  by  the  bubble  surface.  This  will  ^able  the  descriptiM  of 
the  bubble  dynamics  for  a  longer  period  of  time  in  the  west  phasm 
of  the  collapse.  The  results  of  this  approximate  analytic  method 
should  also  be  compared  with  those  obtained  with  the  available  three 
dimensional  boundary  clement  method  SOynaFS. 
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anurtes. 
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appUcaiioa 
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abstract 

The  flow  lurroundinc  «  bubble  in  the  flow  fleld  of  a  Kae 
vortex  i«  iaveitigated  by  «"»«««  of  aa  aeytaptotic  aaalywa. 
The  flow  is  potential,  aad  the  length  scale  eaaraeteristic  of 
the  babble  is  assumed  to  be  much  smaller  than  the  distaaoe 
from  the  bubble  to  the  vortex.  The  analysis  is  performed  in 
a  coordinate  system  naoving  with  the  bubble.  Preliminary 
results  show  that  the  bubble  moves  with  the  flow,  at  a  rate 
^ter  thu  the  regular  flow,  and  that  a  jet  on  the  side  away 
from  its  direction  of  motion,  directed  towards  the  vortex  axis 
it  formed. 

I 

1  Introduction 

The  pmblem  of  the  interaction  between  bubbles  and  vortical 
flows  it  of  relevance  to  several  fluid  engineciing  problems.  - 
Important  examples  include  cavitation  in  shear  layers,  tip 
vortex  cavitation,  bubbles  in  regions  of  flow  separation,  and 
bubbles  in  boundary  layers.  In  these  flows  it  has  been  pot* 
tulated  that  the  babbles  cause  several  dramatic  effects  {c.g. 
noise  graeration,  material  erosion,  drag  reduction)  (Young 
1989,  Rood  1991,  Bammit  1980,  Blake  and  Gibson  19871. 
However,  the  mechanisms  by  which  the  bubbles  play  a  toM 
have  not  been  fully  understood.  While  a  number  of  stu&cs  in 
the  past  have  elucidated  important  mechanisms  in  acoustic 
cavitation,  in  the  field  of  flow/vortex  cavitation  not  modi 
progreu  has  been  made.  In  tms  paper  we  hope  to  obtain 
some  understanding  of  the  interaction  of  bubbles  and  vortex 
structures  by  studying  a  relatively  simple  problem  —  the 
interaction  between  a  Rankine  line  vortex  and  a  gas  babble. 

hen  a  bubble  approaches  a  region  of  high  vortidty  in  a 
fluid,  it  is  accelerated  towards  the  center  of  the  vortex  struc¬ 
ture  because  of  the  pressure  gradient  it  sees.  The  bubble 
undergoes  a  corresponding  increase  in  volume  and  may  split 
because  of  the  dynamics  of  its  motion,  ^plosive  growth 
may  occur  if  the  bubble  pressure  drops  below  its  critical 
pressure.  This  phenomenon  was  recently  numerically  simu¬ 
lated  by  Chahine  (1990)  using  a  l^undary  element  method. 
This  nudy  is  intended  to  complement  that  work. 

We  present  preliminary  re^ts  from  an  analytical  study 
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of  this  problem.  The  study  assumes  that  the  bubble  is  out¬ 
side  the  viscous  core  of  the  vortex.  Consequently  the  flow 
may  be  assumed  potential  -  aa  assumption  standard  in  cav¬ 
itation  bubble  dynanaics.  The  assumption  that  the  ratio  of 
the  bubble  radius  to  its  distance  from  the  line  vortex  is  a 
small  quantity  (c)  then  allows  us  to  treat  the  problem  using 
aa  asymptotic  technique.  The  results  ate  accurate  to  0(e*). 

The  novel  feature  of  our  analysis  is  that  it  represeats  one 
of  the  flrst  analytical  studies  of  the  motion  of  a  deforming 
bubble  in  a  flow  fidd  where  the  vdodty  is  not  negligible. 
Indeed  in  our  scaling  the  velocity  of  the  flow  and  the  bub¬ 
ble  collapse  velocity  ate  of  the  same  order.  The  crucial  part 
of  the  analysis  is  in  performing  the  analysis  in  a  coordinate 
system  which  approximates  the  bubble  motion.  This  is  in 
contrast  to  earner  studies  which  relied  on  aa  approxiiiiatc 
model,  c.g.  Bovis  fl9W),  where  the  Rayleigb  Plcsict  equa¬ 
tion  was  combinen  with  a  model  of  a  spherical  bubble  in 
the  flow  field  of  a  vortex.  Pte&miaary  rewts  arc  presented, 
which  malitatively  agree  with  observations  and  the  simula¬ 
tions  of  Chahine  (1990). 

2  Problem  formulation 

Consider  an  initially  spherical  bubble  in  an  incompressible, 
inviscid  liquid  of  density  p,  in  an  infinite  domain  at  adisiance 
d  from  a  line  vortex  «  strength  T.  The  bubble  is  initially 
at  rest  with  a  radius  Xq  and  has  cas  at  pressure  The 
pressure  at  infinity  is  and  the  fluid  is  at  rest  there.  The 
velocity  due  to  the  vortex  aloac  (iA.  excluding  any  bubble 
effects)  is  denoted  V. 

Figure  1  indicates  the  sitnation  considered.  The  sire  of 
the  bubble  is  assumed  small  compared  to  the  distsAce  d.  To 
perform  the  calculations  we  shut  consider  two  coordinate 
frames.  The  first  is  the  fiteJ  frame  which  it  convenient  fur  de¬ 
scribing  the  overaU  flow,  and  through  the  origin  of  wlorh  the 
vortex  passes,  while  the  second  is  the  moving-  frame  which 
has  its  origir.  initially  at  the  center  of  the  bubble  and  ntuves 
at  the  rate  the  liquid  would  in  the  absence  of  (he  bubble. 
We  denote  the  location  of  the  moving  origin  by  b. 

We  choose  a  cylindrical  coordinate  system,  (p,  i.  r;,  wuh 
the  vortex  axis  along  the  s  axis,  and  the  origin  in  a:,  ortbug 
oca  plane  containing  the  initial  bubble  center.  Sii.rr  the 
motion  is  irrotational  we  may  de^e  a  potential  0{x.()  so 
that 


««  V#. 

Tht  •qualioat  of  motion  nrt 

V  •  tt  ■  V*4  ■  0, 


Poo  -  P 


Th«M  tquntion*  nre  subject  to  the  conditions  that 

lim  B  -•  B—  lim  n  s  0  (4) 

'  |«|— 

The  equntion  of  the  surface  of  the  bubble  may  be_  assumed  to  be 
represented  in  the  form  0(x,t)  s  0.  Determining  this  function  is  an 
objective  of  this  study. 

The  bubble  is  assumed  to  undergo  deformations  according  to  a 
polytropic  law.  Thus 

yV*  ~  constant,  (5) 

where  V  is  the  volume  of  the  bubble,  and  k  the  polytropic  exponent. 
The  mass  of  the  gas  in  the  bubble  is  assumed  to  remmn  constant 
and  equal  to  m.  The  kinematic  boundary  condition  requires  that  the 
bubble  surface  be  a  material  surface 


The  balance  of  the  normal  stresses  at  the  interface  yields 

Pln=Pf+K-*C. 

where  p,  represents  the  pressure  of  the  gas  inside  the  bubble,  fn  the 
vapor  pressure,  o  the  surface  tension  coefficient  and  C  the  ewature 
of  the  surface  B.  The  normal  to  the  surface  B  is  pven  by  i 


(«)| 


The  curvatuK  may  then  be  computed  from  the  formula 


C  =  V  -as  V  •• 


ijV'B  +  V, 


Since  we  are  interested  in  the  modification  in  the  flow  by 
the  presence  of  the  bubble  it  is  convenient  to  introduce  the  reduced 
potential  tfi  defined  by 

If (W) 

where  fi  is  the  angular  cylindrical  coordinate  in  the  fixed  frame.  The 
quantity  tf  represents  the  change  to  the  potential  of  the  flow  because 
m  the  presence  of  the  bubble.  Mcause  of  linearity,  the  function  tf  also 
satisfies  Laplace’s  equation.  The  boundary  conditions  it  is  subject  to 
on  the  bubble  surface  are 

■  (Be,- VU].B,  (II) 

which  is  a  restatement  of  the  kinematic  boundary  condition,  and 

(it  ^  ^  +  5^*]  *  Pw  -  »s  - 

which  is  a  restatement  of  the  dynamic  boundary  condition.  Here  we 
have  used  the  symbol  V  to  indicate  the  quantity  V^.  Additionally, 
far  from  the  bubble,  the  potential  it  expected  to  reduce  to  that  of  the 
vortex,  and  to  we  require 

lim  tf  =  0  (13) 

|xi-« 

We  now  consider  a  moving  system  of  coordinates.  The  coordinates 
are  initially  coincident  witli  the  bubble  center,  and  move  at  tbe  rate 
tbe  flow  at  that  location  would  have  in  the  absence  of  the  bubble.  In 
tbe  moving  frante  we  let  tbe  Cartesian  axes  remain  paraDel  to  those 
in  the  fixed  frame.  Lei  x  denote  a  vector  referred  to  the  fixed  frame 
and  x'  tbe  same  vector  referred  to  the  moving  frame.  Then 


with  the  new  coordinates  changing  with  time.  We  may  thus  write  a 
pven  function  tf{x,t)  as 

tf(x,f)«tf(z'-fb,t)s  i'(x'.t)  (15) 

where  the  functions  tk  and  t  have  the  same  values  at  a  given  physical 
location,  but  have  diflerent  functional  form  (and  are  hence  indiraied 
with  different  symbols).  To  clarify  the  behavior  of  ibis  reprcsnnutiou 
of  the  pountial  we  note 

(lb) 


(17) 

flt  *  fit  fl*i  flt  *  flt  ■  Bn.  fit 

Thus  in  what  follows  all  conservation  equations  are  written  in  an  iner¬ 
tial  system  of  coordinates,  but  tbeualar  repreMiitation  of  the  prohlim 
(in  terms  of  tbe  potential)  may  be  expressed  in  icniis  of  cooriliuales 
belonging  to  a  moving  system.  In  p^irular  this  implies  that  iner¬ 
tial  acceleratioiis  (tuen  as  cciitrifugu  or  Coriolis  forces  etc.)  will  no< 
have  to  be  considered.  Tbe  potential  *  may  be  called  a  “inixi-J"  pi>- 
tential,  and  we  mutt  be  careful  to  reverse  tbe  transforuiations  while 
interpreting  results. 

The  velMty  V  it  expressed  in  the  moving  frame  at 

where  •(  it  a  unit  vector  along  the  shortest  line  joining  the  potni  at 
which  tbe  velocity  it  to  be  measured  and  tbe  s  axis  of  the  fixed  system, 
and  )  the  length  of  this  line.  Tbit  quantity  it  evaluated  explicitly  in 
tbe  appendix.  At  tbe  origin  of  tbe  moving  system  it  it 


V©  =  ;^(-s5Bn»t  Bi*  +  cnenrt  By), 

2X0 

'  where  wre  denote  tbe  Velocity  ot  the  basic  flow  at  the  origin  of  tbn  inov- 
iag  coordinate  system  by  V©.  Tbe  advantage  of  defining  the  moving 
system  it,  of  course,  that  tbe  equation  of  the  bubble  surface  may  be 
represented  in  n  single-valued  closed  form  more  convMieutly.  Ideally 
tueb  ntyttem  titonld  be  centered  at  tbe  bubble  centroid.  However  for 
.this  asymptotic  study  it  is  sufficient  to  let  the  origin  of  the  moving 
■  system  initially  at  tbe  bubble  center,  and  let  it  move  with  the  ve- 
'locity  a  liquid  particle  at  that  location  would  have  had  in  the  absence 
of  tbe  bubble.  This  restriction  could  perhaps  be  lifted  at  the  ex|M<use 
of  more  complicated  analysis.  Let  F(x',l)  represent  the  equatmu  of 
the  bubble  in  tbe  moving  system.  In  tbe  fixed  system  tbe  cquatiou  of 
.the  bubble  may  then  be  written  as  F(x  -  b,f).  Thus  tbe  condition 
that  the  babble  surface  is  a  material  surface  requires 


which  may  be  written  as 

In  the  moving  frame  we  introduce  a  spherical  coordinate  sysiein  (r,#,  ip), 
centered  at  the  point  b.  The  equation  of  the  bubble  free  surface  may 
then  be  written  as 

rwR(fi,w,l).  ('‘“i 

Tbe  governing  equations  may  then  be  written  as 
V'’*  =  0,  subject  to 

.£t  La.  ('•)*. 

[  p,.  \  V  y  P;^  Ps.  J 

Un.  #  s  0 


.3  Dimensional  Analysu 

Tk«  Sow  U  •Mttmtd  to  b«  divid«<i  into  two  rtcfaMu,  na  nstarnal  i 
whtrt  thn  dfncu  of  tko  vorUx  doininnt*.  while  th«  racioB  ciom  to  Un 
bubble  U  domineted  by  its  dynnmics.  The  lensth  scm  chnracteiutK 
of  the  bubble  resioa  is  Jto,  the  initini  bubble  rwus.  The  time  senie  is 
taken  m  To  (to  be  determined),  nnd  the  scale  of  the  pteMure  is  takn 
to  be  the  initial  value  of  the  imposed  pressure  Seld  at  iannj&.  1m 
idea  it  to  exploit  the  fact  that  tne  bubble  tim  is  much  smaller  than 
the  length  seme  associated  with  the  vortex  Sow,  by  nsing  perturbation 
techniques.  j  ■ 

The  physical  quantities  entering  the  problem  arep^  and  Xp  (uom 
the  bubble),  and  Pw,  F,  and  pi  from  the  liquid.  The  distance  betwen 
the  bubble  and  the  vortex,  d  it  taken  to  be  the  lentfh  scale  of  the 
“outer”  problem,  while  the  initial  bubble  radius  is  uaracteiistic  of 
the  “inner”  one.  We  define 

. .  ^  <  1,  (a) 

and  will  use  it  at  the  small  parameter  in  the  asymptotic  treatment. 


S.l  Th«  inner  problem 

We  non-dimensionalirc  the  inner  problem  first,  using 

x'sjfoi'  t-To(  psp.»p  twdof-  (a) 

In  what  follows,  primes  denoting  relative  variables  will  be^  dropp^ 
when  we  are  concerned  with  the  inner  problem.  Upon  substitution  in 
the  equationt  of  motion  we  have 

»  0.  (a) 

The  problem  scaling  it  determined  by  the  boundary  conditions.  The 
kinematic  boundary  condition  leads  to 


^n-^*«(V-Vo)n+^in,n. 

We  are  interested  here  in  situations  where  the  initial  bubble  nucleus 
grows  quite  rapidly.  Consequently  the  proper  scaling  is 

i 

We  shall  reftra  to  the  scaling  of  the  velocity  difference  term  on  the 
right  hand  uide  after  detersuning  the  proper  time  Kale.  Upon  us^ 
the  above  scaling  for  the  potenum  the  dynamic  boundary  condition 
yields 


Balancing  terms. 

To  = 

VPo6 


(26) 


which  is  the  Kayleigh  Kaling  for  the  time.  The  principle  of  least 
degenerKy  leads  to  the  condition  that  the  scaling  for  the  velocity  V 
be  such  that  it  it  of  the  same  order  at  the  bubble  deformation  velocity 


|V|  -  —  ~ 

'  '  2*d  To 

(27) 

Wc  denote 

n- 

(28) 

The  Dondimentional  velocity  it-tben  defined  by 

v.nvj; 

^0 

(29j 

Returning  to  the  kinematic  boundary  condition,  since  the  vdocity  it 
assunied  to  be  regular,  and  the  bubble  sire  small  in  compariMt  to 
its  Kair  of  variation,  the  veiocity  difference  term  it  seen  to  be  O(i'). 
Formally  this  imposes  the  foliowing  restriction  the  gradient  of  the 
vortex  velocity  fide 


(V|,-Vo)~R,lWl-€g. 


Denoting 


V-Vo*s^nVu, 


(30) 


(31) 


where  we  have  used  the  symbol  Vp  to  denote  the  nondiniensioual 
velocity  difference  term,  and 


)v=-^  T,  .as  T,.^, 

PmMo  *  Pm  Pm 


133) 


(where  W  is  a  Weber  number),  the  complete  inner  problem  may  be 
written  as 

V**  .  0  (33) 

(34) 


4^  +  i  Vi .  V*  +  ,nvs  •  tri  +  5n*v*] 

'  Jr.* 
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-^v  +  wc] 


(35) 


An  important  quantity  is  the  rotation  frequency  of  a  particle  around 
the  vortex  line.  This  is  given  by 


2tr 


(2»)/(r/2»d)  2xd*‘ 


(30) 


In  the  current  scaling  the  ratio  of  this  frequency  and  the  Rayleigh 
frequency  is  sMn  to 


_  Jto  r/2»d  , 


(HI 


S.2  The  outer  problem 

Since  the  outer  problem  for  t  has  no  boundary  conditions  except  reg¬ 
ularity  at  infinity  and  matching  with  the  inner  solution,  the  solution 
can  be  obtained  easily  by  rcplaciag  the  inner  variable  with  the  outer 
one,  and  retaining  terms  of  ^propriatc  order.  Thus  it  need  not  be 
considered  separately.  To  enfom  regularity  we  just  add  the  condition 

lim  4 . 0,  (36) 

to  the  inner  problem.  With  this  in  view,  and  for  ease  of  exprussinn, 
the  tildes  inoicating  non-dimensional  variables  arc  dropped  in  what 
fellows. 

j4  Asymptotic  expansions 

The  above  equations  are  solved  up  to  and  including  terms  of  0(c ) 
though  some  of  the  work  for  the  0(t*)  proUeiii  has  been  dour,  and 
these  results  are  alto  given  where  available.  We  write  the  poieutial 
and  the  expression  for  the  bubble  surfMe  as 

*  *  *o  +  r*, +e**i +  o(t*)  (3*Ji 

f  «  n(f)  +  s1t,(*.9,l)  +  s*Xi(»,p,l)+o(**).  140) 

It  has  been  assumed  here  that  the  leading  order  terni  in  the  cxp«n>i>-» 
for  the  bubble  radius  it  indrpeiideul  of  the  angular  variablo.  ae  a  ill 
be  jutlified  s  fofteriori.  Additionally  we  tuppoM-  that  the  functions 
Xi  and  Hi  are  regular  so  that  we  may  axpand  ibeni  at 


.  I 
1.1  mm-l 

Witt  the  surface  tpherica!  harmonics  (tee  tin  s|>;u’iiJi»  fo< 

de:«.'.i  - 


Ord«r  ^ 

Upoa  introducing  tbc  uxpnnaiou,  tlm  InnHing  ordnr  proUnm  »t  tkin 
ordnri* 

V*#o  ■  0,  («*) 

■ubject  to 

^1 _ i  rust 


lim  •(>  *  0.  (^) 

Th«  spherical  symmetry  of  the  problem  is  obvious,  and  this  justifies 
our  previous  expansion  for  the  bubble  shape  function. 

This  problem  has  solution 

♦o  =  («) 

Application  of  the  kinematic  boundary  condition  yields 

go  =  — a*a,  (^8) 

where  the  dot  indicates  a  time  derivative.  Substituting  the  ahovc 
solution  in  the  dynamic  boundary  condition 

yields  the  following  equation  for  a 

This  may  be  recognised  as  a  variation  on  the  convuntional  ^yl«^- 


This  may  be  recogiuted  as  a  variation  on  tne  convauonm  unw- 
Plesset  equation  (Plesset  and  Prosperetti,  1977)  for  ■phaiical  bubbln 
dynamics.  _ 

Order 

The  aquations  at  0(s)  are 

V**| «  0  W 

subject  to 

‘"’i 

and 

^ +4^  +  11.  +i^ +«V,  »+V,  V.|^ 

Introducing  the  expansion  for  the  function  Xi,  setting 

•.-EE 

imO  mm»l 

and  taking  scalar  products  with  a  generic  spherical  harmonic,  the 
kinematic  boundary  condition  may  be  written  as 

-(i  + 1  )^  -  =  'It-  +  (“J 

Here  A  and  A*  are  complex  constaiits  (functions  of  time),  giv«n  is  the 
appendix,  and  fi,"*  it  the  Kronecker  delta  in  two  indices,  will  value 
unity  if  m  s  n  and  i  x  j,  and  it  sero  otherwise.  From  this  equation 

we  get 

hl4m  »  ('•*"  +  +  Oldirt*  +  d'dJJ’  *)j  ■  (W) 

Substituting  in  the  dynamic  boundary  condition  we  get 


|ni-  +  2  (jni-  -  (;)  ns.  ♦  +  0  (aIS*+ 

+d*C*)}  +  iTT  (^«*- + *  ^•<«‘*))  (“) 

/e**  .L  ut-D  X  fl- 

~  V  j  *  +  VT 

(I-IXU-  D)  ^  ^  A'Q'-*)  +  Q’(s»<,7'  +  «'<»•■' ). 

where  the  coefficienU  A,A*,o,a'  are  given  in  the  appendix.  Here  * 
ia^cAtet  compltx  coajuc&tion.  ,  a  . 

CuouaatioD  of  tbc  aoovttquotion  roveut  that,  except  lor  (ft  m)  » 
(2,2),  (2,-2),  (1,1),  and  (1,-1)  the  equations  arc  homogeneous  sec 
ond  orto  linear  differentia  equations  (initial  vdue  problems).  Siin  c 
we  have  assumed  the  bubble  starts  from  a  spherical  shape,  auu  is  ini' 
tially  at  rest,  the  solutions  to  these  equations  will  vanish  identicallv. 
For  the  four  non-trivia]  cases,  the  differential  equation  satisfied  by  the 
particulw  radial  component  may  be  written  as  fallows 

•Tin  +  3uriu  -  d-j-rm  x  4  ■  +  2fl*o  |5b) 

*#11,-1  +  3«eji._i  -  X  4^'^j^  +  211 V  (47) 

^2^  +  5*j  nm  »  +0  (|d«  -  jAojcSb) 

i 

The  coefficients  A,  A*,  a,  a*  are  complex  numbers,  and  it  would  l»c 
convofticBt  to  ttflf  i^utions  of  itnl  conibiaotioiu  of  Ibciii.  An 


Consequently  if  we  ^fine  instead  the  new  variables 


^iii  *  t'ui  +  ni.-i  • 


nil  -fn.-t 


ri»  ^is.-a 


Jti«  »  r,„  +  r„..,  ) 

we  obtain  four  equations  in  real  quantities.  These  are  given  by 

«jl„,  +  3«Ji»,  -  4  X  4^5!^  -  2t/5ft**co.wt  (02) 

-4^*11.-!  =  4^*""-  ■y2v^*«sini..t(03) 

|ff,a  +  •Jtia  -  ^2^  +  Him  »  t 

2^il  lin  Tut  -  a»2u^  ••'^1 

o  ••  ^  /-O* 

~  1 2—  +  j*j  HiJ.-r  =  "  "*■ 

2y|o  eo>2tai«  +  sin2-;/j  (O  " 


In  terms  of  these  new  coefficieiits  the  surface  of  the  bubble  (in  the 
moving  coordinate  syttem)  is  given  by 

r  X  0+  cKiliii  COSi?  -  ff|...|SIM?>SJi.#  (bO; 

•«-(ffiacoi2ts-  iliJ.-j«»2pitir.’#j  tOic’j. 


6  Results  end  Conclusions 

W*  present  here  some  results  from  •  numerical  study  usins  the 
e^uetions.  The  equntions  involved  pnrsineiers  -  Wnnd  the 

pcrturbntion  pnrsroeter  s.  In  the  foUowins  we  hnve  not  nttempted  to 
mnp  the  pnrnmeter  spnee  of  the  above  equations,  but  rnther  draon- 
strste  the  characteristics  of  their  solutions  for  a  ^ticular  choice  of 
the  parameters  and  show  that  they  male  physical  tense.  We  choose 
the  following  for  the  physical  parameters: 


a  1.03  X  10*J>o. 


d  a  5  X  10”*m 


r  a  I.2m*/S.  i>,  a  2  X  10*i'a.  o  a  7  x  10“'if/m. 

/V>  =  3  X  10^i»a  p  a  10*  *  s  1.4. 

This  yields  the  following  for  the  non-dimensional  parameters 

a  2.9126  X  10“‘  a  1.9417  X  10*’  W  a  6.7961  x  10"^ 

n  a  3.764  X  10*‘  To  a  9.85  x  10**  «  *  7.53  x  10'*. 

The  equation  systems  at  0(1)  and  0(»)  are  integrated  using  a 
simple  fourth-order  accurate  Runge-Kutta  scheme  (Press  e<  sf,  1989). 
The  equations  at  0(f)  are  linear,  and  consequently  do  not  pose  a 
diflicult  numerical  task  to  integrate.  , 

The  results  from  this  trial  run  are  shown  in  Figures  2-7.  The 
results  indicated  that  the  expression  for  the  bubble  becomes  multiw- 
ued  for  times  after  4.6To,  i.e.  the  origin  of  the  local  coordinatm  lies 
outside  the  bubble  after  this  time.  Thus  results  of  the  integratioa  to 
this  time  are  shown.  Figures  2-4  show  the  behavior  of  the  radius  eoe^ 
ficients  a,R|  i,R|..|,Jt2  j  and  Rj,-j  as  functions  of  time.  The  growth 
of  the  nonspnerical  mooes  with  time  indicates  the  asymmetric  nature 
of  the  bubble  behavior.  . 

Figure  5  shows  a  cross-sectional  view  of  the  bubble  in  the  a,  p 
plane.  The  bubble  motion  and  deformation,  and  the  formatiM  «  »e 
jet  are  clearly  seen.  The  bubble  initially  collapses  almost  spbencally 
(while  moving  with  the  vortex  flow),  and  readies  a  minimum  ^  V* 
proximately  l.SSTo,  and  grows  till  it  reaches  a  maximum  size  at  2.fl7e. 

It  subsequently  collapses  and  shows  the  formation  of  a  jet  on  the  side 
opposite  to  its  direction  of  motion,  and  directed  towards  the  vortex 
axis.  The  computations  are  stopped  at  4.6To  when  the  bubble  no 
longer  contains  the  origin  of  coordinates.  Figure  6  shows  the  motion 
of  the  tp  =  0  and  ^  s  v  points  in  this  cross-section.  Finally  Figun  7 
shows  crou-sectional  views  of  the  bobble  at  the  same  Umes,  but  in  a 
normal  plane.  This  plane  contains  the  z  axis  and  the  line  connectii^ 
the  moving  coordinate  origin  and  the  vortex.  The  fMt  that  the  jet  is 
directed  towards  the  vortex  axis  bedimes  apparent  in  this  view. 

Quite  obviously  a  more  systematic  study  of  the  parameter  spMS 
is  required.  Also,  as  in  Chahine  and  Duraiswami  (1992)  the  results 
of  the  asymptotic  analysis  and  of  the  3D  boundary  element  program 
SDynaFS  must  be  compared.  Qualitatively  the  same  type  of  results 
are  observed.  The  expression  used  for  the  motion  of  the  moving  co¬ 
ordinate  system  must  m  refined  to  prevent  bubble  function  becoming 
multi-valued  to  early  in  the  oi^apsc.  These  and  related  aspects  are 
items  of  current  research. 
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Appendix 

The  pretence  of  the  non  uniform  flow  field  makes  the  analysis  a  liiile 
involved.  Here  we  present  a  summary  of  the  relations  used  to  (K-rform 
the  analysis.  McRobert  (1967)  and  Greengard  (1988)  were  useful  lot 
material  regarding  the  spheriem  harmonics. 

:  Spherical  Harmonics 

Laplace’s  equation  in  spherical  coordinates  (r,t,ig)  may  be  wntten  as 

f*  sin*#  Bit* 

'  The  finite  solutions  of  Laplace  equaiioas  in  an  unbounded  region  may 
be  represented  as 

tmOlm-m 

where  the  coefficients  AJ  are  constant,  and  l|**(fl,  p)  the  spherical 

harmonics.  These  are  defined  by 

’  We  note  that  and  y,*”'!#,^)  are  complex  conjugates. 

The  part  of  the  Laplacian  operator  with  differentiation  over  the 
angular  variables  is  denoted  V|,  i.e 


=  r^iTi  (“"•(»)) 


Betause  of  the  form  of  Laplace's  equation,  the  spherical  bariuonict 
satisf)  the  foUowing  identity 

V5>:.'*(«,ir)= -(ii.HX«  +  2).  (71) 

Al}'  regular  fu&ciioD  cart  be  expanded  on  ilu-  hurfaueof  the  umi  hpltt  rr 
in  iennt  of  ibe  spberiraj  barmoaich.  lii  parucul*r  ibe  exprew»ioiit  (or 
tbc  voriex  velocity  field  involve  exprexsiont  iu  ibe  caiiesiai  coordi 
nateft  s,|r 


ExpMMion  for  tbo  normol 

nt  l^lor  MriM  for  tb«  •xpNMkw  lor  tk«  aoiaMl  to  tkt  mUc»  B 
givw  by 

r  >«(t)-«X|(#,p)-«Xi(«.p)B0  (») 

about  tb«  tttifac*  r  s  «  U 

Exprossion  for  the  Curvature 
Consider  the  equation  of  the  surface  given  by 

B:  r»a  +  e«,(d,v)  +  «*«j(#.  »)  +  •(«*)  («) 

The  expression  for  the  curvature  of  the  surface  is 

where  A  =  |V51  (75) 

We  estimate  the  terms  in  the  above  equation  upto  e(s*).  The  gradient 
of  the  surface  is 

”  -  [*'-;a  (•"■  ‘-dji  (•*• 

The  quantity  A  s  |V5|  may  be  estimated  as 


[i  +  ^(*!.  +  ^)] +•(•■)■ 

I 

i  '  ^-53  +•(**)• 

Consequently, 


The  second  term  on  the  right  hand  aide  of  eq.  (75),  denoted  C/i,  may 
be  estimated  as 

The  first  term  in  eq.  (75),  denoted  Cj,  may  be  written  as 

where  V|  denotes  the  part  of  the  spherical  Laidadan  operator  con¬ 
taining  derivatives  with  respect  to  the  angular  variables,  and  is  defined 
in  Eq.  (70).  Combining  the  expressions  for  Cj  and  Cir,  we  get 


C  =  C,+Cn= 


The  above  expression  is  to  be  expanded  in  Taylor  series  about  r  s  a. 
The  final  formula  for  the  curvature  then  is 

The  terms  involving  the  spherical  surface  Lapladan  may  be  simphfied 
by  use  of  the  identity  (71 


Bubble  volunw 
The  radius  is  expanded  as 

r-o+s«,(#.ip)  +  s**,(#,p)-he(s*)  («) 

The  volume  of  the  bubble  may  be  written  as 

♦•’i” [5  *  ?]} 

If  the  functions  1l„i  s  1,2  arc  expanded  in  terms  of  spherical  har- 
moikics  as 

» viso + 22  52  rumyr(*.v)> 

tal  mm-t 

then,  using  the  orthogonality  of  the  harmonics,  we  may  write 

^+4„:^+4«*i:s+.*g  i  (>rr^)*j(«7j 


Asymptotic  dcvelopmeat  of  the  basic  flow  velocity 

The  equations  (33)  involve  several  expressions  Uu  the  vortex  induced 
vriodty  expressed  in  the  moving  system  of  coordinates.  These  expres- 
sions  arc  devdoped  in  asymptotic  seriss  here. 

Jn  tlm  fixed  q«tcm  of  coordinates 

V*:^es.  (*») 

2rp  ' 

To  express  this  in  the  moving  system  at  a  point  P,  we  dcnMe  the 
intersection  of  the  sp  plane  through  P  with  the  s  axis  as  O.  Then 

Performing  the  indicated  cross-product 

„  r  -(»sin»cos»4-siny>l)e,-f (»iiM»iiii»-f co»wt)e, 

“  2»d  1  -f  2^sin#coe(w(-p)-f  ^sin*# 

We  introduce  the  non-dimensionalixation  of  {3.1,  bat  drop  the  tilde 
notation  for  the  non-dimensional  variaUcs. 

^  — (sr  sin  dcosy'f  sin  wl)e,  tier  sin  fsiny^  cos  wt)e, 

1  -f  2erain#cas(iid  -p)  +  c*r*  sin*# 

Expanding  the  denominator  binomially 

V  =  (-(sinwt  +  srsin#sia^)cz-f  (oosuri  +  srsin#tos(p}e,J{90) 

|l  -  2ersin  dcas(wr  -  p)  +  r*  |-r* sin*#  +  r*sin*#cos*(wl  -  p))|  • 

■This  expression  has  to  be  expanded  in  Taylor  series  about  the  surface 
‘|x|  s  s  -f  tHi  +  f*7Jj.  Such  vectorial  manipulatioiis  arc  most  easily 
done  in  a  Cartesian  representation,  and  accordingly  we  express  the 
a^ve  as 

V  =  (-(sinuri  +  ry)e,  +  (coswt  +  c»)e,)  (81) 

X  |l  -  2r  (sGOSwt  +  ysinwl)  -  f*(«sinud  -pcosurt)*j  +  «(**)• 

Expressing  the  above  to  consistent  order 

V  »  {(-  sinwte,  +  eoswte^]  ■+  t  [(-y  +  2siLudi*cos«rt  +  psinatritej 
+  («  -  2coSit>t{r  coswl  -f  ysiniWjie^}  +  **  j(sii»urtlxsin»»l  -  pco»»;f)* 
2y.e  coswf  <f  ysinur(})ei  -  (cosi^ticsinurf  -  peos«»r)’  (92; 
4-2S(r  coswt  t  ysinw())c^]}  -f  e(<^)- 


XvaluMios  •!  0(«) 

At  0(c)  tba  ttprauioBC  for  the  quoatitici  nquirod  uo 

(V-Vo)*«r  »  (-*  +  2«l»«*(«eoc«i»t  +  fiUw»))^4 
(«  >  2cai«c<(«  trniiit  -I-  f  cUort))  ^ 

«  ciB(2M«)  -  ^  coc(ay»«).  (M) 

Thu  CM  b«  Mpraitcd  ia  tarnu  of  the  tphcrical  hannoaica  by  aciaf 
the  rdatioos  given  prcvioucly  u 

(y  -  Vo)l,„  o,  -  Ay,»(*.^) + A*y, ->(•.»).  (M) 

whtr* 

Am*^(iin2ut-¥ie(»2uit),  (95) 

m4  tb«  •uperscript  •  indicatcc  complex  conjugation. 

The  other  exptecaioa  requiring  evaluation  at  thic  order  U: 

Vo*V||^«  -neoewt'f  yiintvll, 

«  ^  |(cocwt-taiawt)l^'(#,^)4'(eaciid-f«ciakd)y(''\#tU)](99) 

Thu  may  be  written  in  the  form 

Vo  •  V,|,^  »  («y,‘(#.  + a*yf  »(#.  p)) . 
whue 

a  w ‘^(cocwt-tcinuU).  (97) 


Radius  vs.  normaiizad  tims 


TigBie  2:  Kadlec  compoocat  a  at  0(c*)  plotted  ve.  aormalUad  Uioc. 


Figurt  3:  Kadiut  componenu  at  0(t),  Ku  (lelid  baej  and  Sj..i  (duiunl 
lUe)  Vi.  aormaliaad  time. 


R22  and  R2  ^  vs.  normalized  time 


Motion  o(  points  initiaHy  fanhast  and  ciosett  from  vortex 


Vi|(ura4:  Rxdiiu  compoacBU  at  0(().  Zjj  (*oUd  Uac)  and  Zj,.!  (dMiad' 
iiaa)  va.  aormalitad  tima. 


^giu*  S:  Motioa  af  tba  poiata  iaitiaJly  fartkaait  (roan  aad  cliwt  1 
j  vorttt  axil.  Tha  vortax  paaaaa  ittrouth  (a.ir)  s  (U,(l)  aluii 


Bubble  cross-section  in  the  xy  plane 


Bubble  cross-section  in  the  iz  plane 


Ficurv  S;  Craa*-irction  of  the  pradicled  bubble  kb«|t«  ia  ikc  *  ~  v  plaac 
(norm*!  10  ibt-  vortex  axi*).  Tbt  vortex  paucx  ihrougb  C*.p)  — 
(0,0j  alub|(  ibc  X  axit  taonnal  to  ibc  plane  of  the  paper). 


Figure  7:  Croax-tecUon  of  the  predicted  bubble  kL^pe  iu  » |J  «iar 

tbe  vortex  line  and  the  center  oT  the  moviua  couiUittuU  kyxtvi 
The  vortex  axi*  ia  at  -20,  ou  the  uUcum. 


n  c. 
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Abstract 

The  presence  of  eaniies  in  a  eon  kaae 
significant  effects  on  its  behavior  and  its  flam 
eharacleristics.  In  pmetieat  fiote  situations,  these 
effects  cannot  be  fidlg  understood  or  predicted 
without  addressing  eomplieated,  but  nonetheless 
fundamental  phenomena  associated  with  the  dg- 
namics,  interactions,  and  deformation  of  bub¬ 
bles.  The  importance  of  these  phenomena  has  ■ 
long  been  recognised,  but  has  largelg  been  ne¬ 
glected  due  to  the  diffieuUg  of  the 
mathematical  problems.  In  this  contribution, 
bubble  shape  oscillations  in  response  to  nonmni- 
form  flow  fields  and/or  due  to  their  kUeroetion 
with  other  babbies  are  eonsidersd  using  both  a 
matched  asymptotic  eepensions  teehnigue  end  a 
fully  three-dimensional  boundary  mte)^  methods 
Results  from  both  approaches  in  a  few  par¬ 
ticular  eases  are  compared,  and  the  Rmits  of 
application  of  these  methods  for  these  coses  is 
assessed. 

Nomenclature 

rto,  characteristic  bubble  sue, 

no,  characteristic  bubble  time  scale 

Lo,  outermost  characteristic  flow  length  scale 

To,  characteristic  flow  time  scale 

lo,  bubble/boundary  distance  scale 

70,  interaction  time  scale, 

e,  ratio  between  and  lo 
1,  time 

bubble  velocity  potential  in  moving  (rame 
bt,  bubble  velocity  potenUal  a  ^  ^ 

,  total  velocity  potential 
basic  velocity  potential 
ff,  velocity  gradient  scale 

71,  velocity  bigradient  scale 

Ri,  ith  component  of  the  bubble  radius 


Introduction 

The  presence  and  dynamics  of  bubbles  and  cavities  in 
a  flow  field  can  have  significant  effects  of  relevance  to 
enpneenng  applications.  These  effects  include  erosion, 
noise  generation,  damping  of  acoustic  signals,  degrada¬ 
tion  of  pet'ormance...etc  [1. 2, 3, 4).  This  has  instigated 
a  great  interest  in  the  study  of  the  problem,  and  thou¬ 
sands  of  publications  have  been  devoted  to  the  study 
of  cavity  flows  since  the  early  work  of  Rayleigh  [5]  and 
Besant  [6],  Due  to  the  complexity  of  the  general  math¬ 
ematical  and  physical  problem,  most  approaclies  have, 
however,  been  limited  to  the  study  of  spherical,  isolated 
bubbles,  or  to  elongated  tinearixed  two-dimensional  cav¬ 
ities.  More  recently,  with  the  advent  of  new  maihentat- 
ical  and  computational  tools,  increasing  attention  has 
been  given  to  the  study  of  more  practical  cavity  con¬ 
figurations:  namely  noospherical  bubbles  and  bubble 
clouds.  Nonspherical  axisymmetric  bubble  dynamics, 
such  as  in  the  vidnity  of  a  solid  wall  or  a  free  surface 
were  most  particularly  studied  [7,  8,  9,  4|.  AU  these 
studies  were  restricted  to  the  simplified  case  where  the 
bubble  is  in  a  quiescent  fluid  and  where  external  forces, 
if  any  are  potential,  and  act  in  a  direction  perpendicular 
to  any  nearby  rigid  or  free  boundary.  Advantage  was 
taken  of  the  axisymroetry  of  the  resulting  problem.  De¬ 
viations  from  these  simplifying  assumptions  could  sig¬ 
nificantly  influence  the  results.  In  fact,  in  most  practi¬ 
cal  cases  bubbles  are  neither  isolated,  nor  in  a  uniform 
flow  or  in  a  quiescent  fluid.  Common  examples  include 
cavitation  bubbles  near  propeller  blades,  large  cavity 
dynamics  near  complex  geometries  in  a  gravity  field, 
dynamics  of  bubble  clouds,  and  bubble  dynamics  in  a 
shear  or  boundary  layers. 

The  dynamics  of  bubble  clouds  have  also  recently  re- 
cdved  a  lot  of  attention  (10, 11, 12, 13],  especially  since 
they  have  been  observed  to  produce  dramatic  ddeteri- 
ous  effects,  which  cannot  be  explained  with  approaclies 
based  on  single  bubble  dynamics. 
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All  these  studies  but  (9,  11|,  have  considered  only 
the  contribution  of  the  bubble  volume  change  on  the 
cloud  dynamics,  and  have  either  neglected  bubble  fluid 
relative  motion  and  bubble  deformation,  or  restricted 
their  approach  to  acoustic  perturbations. 

In  a  Rrst  approach,  based  on  the  method  of  matched 
asymptotic  expansions,  we  consider  these  effects  in  the 
limiting  configuration  where  the  bubble  size  is  small 
compared  to  inter-bubble  distance  (small  void  fraction), 
or  where  the  bubble  size  is  much  smaller  than  some 
characteristic  length  sca'-i  of  the  surrounding  flow. 

These  include  problems  of  bubble  dynamics  in  nonuni¬ 
form  flow  fields  (bubble  dynamics  in  the  flow  Reid  of  a 
vortex  or  near  a  headform)  and  the  inclusion  of  com¬ 
pressibility.  In  these  cases,  the  small  perturbation  is 
chosen  to  express  small  but  not  negligible  interactions. 

This  limitation  is  removed  in  a  second  parallel  ap¬ 
proach  where  a  fully  three  dimensional  numerical  method 
is  developed,  '^his  method  has  been  tested  for  bubble 
dynamics  in  a  quiescent  fluid  (14,  IS],  and  has  been  re¬ 
cently  used  for  the  investigation  oi  bubble  dynamics  in 
complex  flow  fields  such  as  vortical,  boundary  and  shear 
flows  [16,  17]. 

In  this  contribution  we  will  present  Rrst  the  model 
used  for  the  bubble  dynamics  (Section  1).  We  will  high- 
lig.V*  ‘‘ffects  taken  into  account  and  attempt  to  describe 
the  limits  of  validity  of  the  model.  We  will  then  describe 
in  general  terms  the  asymptotic  approach  used  (Section 
2).  In  Sections  3  to  S  bubble  behavior  in  nonuniform 
flow  fields,  particularly  the  flow  about  a  headform  and 
in  a  vortex  flow  are  described.  In  Section  6  the  same 
method  is  used  to  describe  the  particular  configurations 
of  muitibubble  clouds  with  a  particular  note  on  the  ex¬ 
tension  of  the  method  to  the  case  where  the  bubbly 
medium  is  slightly  compressible.  In  the  following  sec¬ 
tions  the  studies  described  above  will  be  extended  to 
very  large  deformations  and  interactions.  The  numer¬ 
ical  method  used  will  be  described  in  Section  7  while 
Sections  8  will  consider  the  particular  cases  of  bubble 
behavior  in  a  sheared  flow  field  near  a  solid  wall,  in  a 
vortex  flow,  and  for  a  multibubble  cortfiguration.  Fi¬ 
nally  some  conclusions  are  drawn  from  the  results. 

1  Bubble  Dynamics  Model 

We  will  consider  mostly  cavitation  bubbles  where  rel¬ 
atively  large  bubble  wall  velocities  are  involved  and 
where,  as  a  result,  viscosity  has  no  appreciable  effect 
on  the  growth  and  collapse  of  the  bubbles.  The  study 
will  also  be  restricted  to  the  case  where  the  flow  veloc¬ 
ities  remain  small  compared  to  the  speed  of  sound  in 
water,  and  as  a  result,  we  can  neglect  or  approximately 
account  for  compressibility  effects.  This  is  usually  valid 
until  the  latest  collapse  phase.  The  above  two  ass.’ op¬ 
tions,  classical  in  cavitation  bubble  dynamics  studies, 
result  in  a  flow  due  to  bubble  dynamics  that  is  poten¬ 
tial  (velocity  potential,  ^(x,())  so  that  Us  =  and 


which  satisfies  the  Laplace  equation, 

VV»=0.  (1) 

In  our  numerical  work  this  assumption  is  not  imposed 
on  the  “basic  flow,”  i.e.  to  the  underlying  flow  existing 
in  absence  of  the  bubble,  .  In  addition,  compressibility 
of  the  liquid,  or  of  the  bubbly  medium  in  the  case  of  a 
bubble  cloud,  can  be  considered  in  an  “ad-hoc"  fasfiion 
through  a  delay  time  for  the  propagation  of  information 
between  the  source  and  a  field  point,  as  well  as  throiigli 
a  compressible  model  for  the  spherical  compottenl  of  the 
bubble  oscillations.  The  solution  must  in  addition  sat¬ 
isfy  boundary  conditions  at  infinity,  at  the  bubble  wails 
and  at  the  boundaries  of  any  nearby  bodies.  At  all 
moving  or  fixed  surfaces  (such  as  a  bubble  surface  or 
a  nearby  boundary)  an  identity  between  fluid  velocities 
normal  to  the  boundary  and  the  normal  velocity  of  the 
boundary  itself  is  to  be  satisfied.  For  instance,  at  the 
bubble-liquid  interface,  the  normal  velocity  of  the  mov¬ 
ing  bubble  wall  must  equal  the  normal  velocity  of  the 
fluid,  or, 

•  n  =  V.  •  n,  (2) 

where  n  is  the  local  unit  vector  normal  to  the  bubble 
surface  and  V,  is  the  local  velocity  vector  of  the  mov¬ 
ing  surface.  This  equation  expresses  the  fact  that  the 
bubble  surface,  B{r,9,ip,t),  is  a  material  surface  of  the 
liquid 

The  bubble  is  assumed  to  contain  noncondensibic 
gas  as  well  as  vapor  of  the  surrounding  liquid.  The 
pressure  within  the  bubble  at  any  given  time  is  con¬ 
sidered  to  be  the  sum  of  the  partial  pressures  of  the 
noncondensible  gases,  P,,  and  that  of  the  vapor,  P„. 
Vaporization  of  the  liquid  is  assumed  to  occur  at  a  fast 
enough  rate  so  that  the  vapor  pressure  remains  constant 
throughout  the  simulation  and  equal  to  the  equilibrium 
vapor  pressure  rtt  the  liquid  ambient  temperature.  In 
contrast,  since  time  scales  associated  with  gas  diffusion 
are  much  larger,  the  amount  of  noncondensible  gas  in¬ 
side  the  bubbles  is  assumed  to  remain  constant  and 
the  gas  is  assumed  to  satisfy  the  poly  tropic  relation, 
=  constant,  where  V  is  the  bubble  volume  and 
k  the  polytropic  constant,  with  fc  =  1  for  isothermal 
behavior  and  k  ~  <v/c,  for  adiabatic  conditions.  In 
previous  studies  the  influence  of  heat  transfer  [18],  and 
gas  diffusion  [19]  on  the  dynamics  of  a  bubble  cloud  was 
considered.  We  will  neglect  these  effects  in  this  presen¬ 
tation. 

The  pressure  in  the  liquid  at  the  bubble  surface, 
Pi,  is  obtained  at  any  time  from  the  following  pressure 
balance  equation: 

Pl  =  P,  +  Ps,{^)‘‘  -C<T,  (4) 

where  and  Vo  are  the  initial  gas  pressure  and  vol¬ 
ume  respectively,  a  is  the  surface  tension,  C  the  local 
curvature  of  the  bubble,  and  V  the  instantaneous  value 


t 


of  the  Ki'ibble  volume.  Here  and  Vo  are  known  quan¬ 
tities  at  t  =  0.  The  curvature  and  the  normal,  n,  to  the 
surface  B  are  given  by; 


C  =  V  •  n  n 


ivsr 


(5) 


2  Asymptotic  Theory  for  Bub¬ 
ble  Flow  Interactions 

The  asymptotic  method  that  we  have  developed  is  cen¬ 
tered  on  the  following  approach.  Whether  the  prob¬ 
lem  considered  is  that  of  bubble  interactions  in  a  cloud 
or  that  of  the  interaction  between  bubbles  and  a  non- 
uniform  complex  How,  the  problem  is  addressed  by  a  de¬ 
composition  of  both  time  and  space  domains  into  mul¬ 
tiple  scales.  For  instance,  the  dynamics  of  any  bubble  is 
obtained  by  considering  an  inner  problem  of  scales  rjo,  a 
characteristic  bubble  size,  and  no,  a  characteristic  bub¬ 
ble  time  scale.  The  overall  flow  field,  on  the  other  hand 
is  addressed  by  considering  an  outermost  problem  with 
scales  Lo,  a  characteristic  flow  length  scale,  and  To.  a 
characteristic  flow  time  scale.  Using  the  same  proce¬ 
dure,  an  intermediate  outer  problem  is  introduced  with 
outer  scales  such  as  a  characteristic  length  scale  of  inter¬ 
bubble  distances  or  bubble/boundary  distances,  /q,  and 
an  interaction  time  scale,  tq.  Finally,  a  far-field  acoustic 
field  scale  can  be  introduced  based  on  the  length,  cn*, 
where  c  is  the  s'»und  speed  in  the  liquid. 

An  asymptotic  analysis  of  the  problem  can  be  de¬ 
veloped  when  these  various  scales  are  of  different  orders 
of  magnitude.  For  instance,  for  bubble/bubble  interac¬ 
tions  in  a  cloud  or  for  bubble/flow  interactions  near  a 
boundary  an  asymptotic  approach  can  be  introduced 
when  r(o  is  much  smaller  than  Iq,  in  which  case  one 
could  use  the  ratio  between  r^o  and  Iq  as  the  small  per¬ 
turbation  parameter,  t. 


The  outer  problem  is  associated  with  the  macroscopic 
behavior  of  the  bubbles  in  a  bubble  cloud  or  in  a  com¬ 
plex  flow  geometry.  A  bubble  then  appears  as  a  super¬ 
position  of  singularities  of  various  orders.  If  more  then 
one  bubble  is  involved,  the  summation  is  to  be  carried 
out  over  all  the  bubbles.  The  inner  problem  obtained 
when  the  lengths  are  normalized  by  tm,  provides  the 
microscopic  details  of  the  behavior  of  the  flow  in  the 
vicinity  of  an  individual  bubble  center  (Bi).  The  pres¬ 
ence  of  the  other  bubbles  or  boundaries,  all  considered 
to  be  at  infinity  in  the  inner  problem,  is  sensed  only  by 
means  of  the  matching  condition  with  the  outer  prvb~ 
lem.  The  boundary  conditions  at  infinity  for  the  inner 
problem  are  therefore  obtained  at  eacli  order  of  approxi¬ 
mation  by  the  asymptotic  behavior  of  the  outer  solution 
in  the  vicinity  of  Bi-  Thus,  if  one  knows  the  behav¬ 
ior  of  all  bubbles  except  B^,  the  motion,  deformation 
and  pressure  field  due  to  this  cavity  can  be  determined 


by  solving  linearized  forms  of  the  equations  presented 
in  the  previous  section.  At  the  lowest  order,  t  =  0, 
each  bubble  (of  index  i)  behaves  spherically  as  if  in 
an  infinite  medium  and  the  time  dependence  of  its  ra¬ 
dius,  ao((),  is  given  by  the  Rayleigh-Plesset  equation  if 
the  medium  compressibility  is  neglected,  [20],  or  by  the 
Keller- Herring  equation  [21,  24]  for  example  if  a  slight 
compressibility  of  the  medium  is  taken  into  account  (see 
section  6). 

The  combination  of  all  these  first  approximations  of 
each  inner  problem  provides  a  description  of  the  whole 
first  order  flow  field  (i.e.  a  distribution  of  sources  or 
sinks  representing  all  bubble  oscillations).  The  behavior 
of  this  outer  flow  field  in  the  vicinity  of  each  bubble 
sets  the  boundary  conditions  at  infinity  at  the  following 
order  of  approximation,  t,  for  the  corresponding  inner 
problem.  The  same  process  is  then  repeated  for  tin- 
successive  orders. 

At  all  orders  solutions  of  the  Laplace  equation  are 
expanded  in  general  form  as  spherical  harmonics  and 
the  bubble  radius  equation  is  expanded  in  surface  har¬ 
monics: 

Hr,ff,^,t)  =  £  Z  (‘■^O’nr'  +  (7) 

j=0  m=-j  ’’ 

r  =  1l(0,ip,t)  =  Z  t.  (S) 

i=0m=-; 

In  what  follows,  quantities  indicated  with  a  superscript 
are  inner  variables,  while  those  with  a  superscript 
refer  to  outer  variables.  The  are  given  by; 

Y  =1  for  m  >  0 

>"*  I  pj'"*(cos  9)  sin  [mji,?-,  for  m  <  0 

Then  all  quantities,  x>  particularly  i,^,andR,  arc  ex¬ 
panded  in  powers  of  e  as  follows; 

X  =  Xo  +  eXI(^^.V’.0  +  ^*X^(^,®.V’.0  +  0(e^).  (10) 


3  Bubble  Behavior  in  a  Nonuni¬ 
form  Flow  Field 

Let  us  consider  a  basic  flow  field  (flow  in  absence  of 
the  bubble)  that  is  potential  and  steady,  with  a  veloc¬ 
ity  vector  Vq  deriving  from  the  potential  <bo-  Let  the 
pressure  be  po  and  the  liquid  density  p.  The  velocity  po¬ 
tential  satisfies  the  Laplace  equation  and  the  Dernoulli 
equation: 

=  0,  V^)*  -h  5“  =  constant.  (11) 

2  p 

Let  and  pf  be  the  potential,  the  speed  and  pressure 
in  presence  of  the  bubble.  We  now  have  similar  equa¬ 
tions  as  (11-12)  with  these  complete  flow  variables.  In 
addition,  far  away  from  the  bubble,  we  have 

4'  =  <bo^ 


uid  the  continuity  of  the  normal  velocities  at  the  bubble 
wall  can  be  written: 


(12) 


We  will  consider  now  the  bubble  potential,  differ¬ 
ence  of  the  potentiab  and 


—  4>  —  •k' 


(13) 


Since  at  infinity  14  rmd  decay  to  zero,  and  the  pres¬ 
sure  is  Pa,  the  Bernoulli  equation  becomes: 


(14) 


wiiere  we  have  limited  ourselves  to  the  case  where  the 
basic  flow  is  steady.  The  right  hand  side  of  the  equation 
is  a  constant  of  the  basic  flow  field. 

At  this  time  we  can  transform  the  above  equations 
to  those  in  a  coordinate  system  with  origin  o  moving 
with  a  velocity  prescribed  Vm,  and  decompose  this  ve¬ 
locity  as 


V*/  =  "VtX+Q  X  oM, 


(15) 


where  V<  is  the  translation  velocity  of  o,  and  u  is  the 
rotation  velocity  with  respect  to  the  fixed  frame. 

Making  the  transformation,  the  system  of  equations 
of  the  problem  becomes,  d  being  the  velocity  potential 
of  the  bubble  flow  in  the  moving  frame: 

=  0;  lim^  *  0;  (Vd  •  n}«.H  =  0, 


{ 


+  (V,  —  Vo)  -h  w  X  oM  •  n 


}  . 


+  o('^0)  +  (Vo  -  V,  -  w  X  oM)  -  Vd+ 


+|(V4*-K’)  +  j}  = 

^  PJrmJt 


Po(o) 


(16) 


The  matching  conditions  between  the  inner  and  the 
outer  solutions  is  obtained  by  formally  writing  that  there 
exists  an  intermediate  region  characterized  by  r*.  ro  < 
r*  <  lo  where  both  solutions  are  valid.  This  leads  to: 


d  ^L)  =  ^(1). 

io  To  lo 


(17) 


The  pressure  at  the  bubble  wall  and  the  pressure  inside 
the  bubble  are  related  through  Equation  (4). 


Taylor  series  expansions  of  the  basic  velocity 

Since  we  are  considering  the  case  where  the  size  of  the 
inner  region  is  small  compared  to  the  characteristic 
length  of  the  basic  flow,  we  can  express  the  velocity 
field  in  the  inner  region  as  a  Taylor  series  expansion 
about  the  moving  origin  o. 

Vo(f)  =  Vo\o  +  f  •  VVol  +  if  •  VWol  •  f  +  (Hc^) 

M  io 

In  order  to  compute  the  various  terms  in  Equation 
(16)  we  need  the  following  quantities: 

Vo(r)-V.  =  grof-VVo(o)-h 

ir2KfWVo(o)r+.- 

(18) 


(Vo(r)-V.)-W  =  j|Vd(aTof-Wo(o)  + 

i  WoVof  VWo(o)  f-f  - 

5(V2(r)-V.>)  =  ^({;r*^f.VK,(o).Vo(o).f 

2  Id  ro 

1  ro*uo«fVWo(o)r.Vo(o)-f 

I  (erofWo(o))*-f-..  (19) 

where  t\>  is  the  characteristic  velocity  of  the  flow  field, 

Q  the  characteristic  dimension  of  the  velocity  gradient 
and  H  the  characteristic  dimension  of  the  velocity  bi¬ 
gradient. 

4  Problems  with  a  Plane  of  Sym¬ 
metry 


Nondimensionalizations 

All  equations  can  be  normalized  using  the  following 
scales.  In  the  outer  problem: 

r  =  lof  lo:  the  initial  bubble  wall  distance 
•b  =  dcx  ^  ^«x( :  outer  velocity  potential  scale 
In  the  inner  problem: 

R  =roR  ra  :  the  initial  bubble  radius 
p  =  Ap  p  Ap :  pressure  change  scale 

f  =  To  (  To  :  characteristic  collapse  time 

^  =  rld^lTo  rl/To  :  inner  velocity  potential  scale 

Vo  =  voVo  Vo  :  basic  flow  velocity  scale 

VVo  =  C  VVb  C  :  basic  velocity  gradient  scale 


We  now  consider  the  problem  of  a  bubble  in  a  flow  in  the 
case  where  there  is  a  plane  of  symmetry.  This  assump¬ 
tion  is  not  fundamental  and  has  been  made  to  simplify 
the  analysis.  The  general  theory  is  first  developed,  and 
is  then  applied  to  the  problem  of  a  bubble  collapsing 
near  a  semi-infinite  bluff  axisymmetric  body  in  a  uni¬ 
form  flow  field. 

Problem  formulation 

We  will  choose  a  coordinate  system  Oxyz  fixed  to  a 
streamline,  V«  s  Vo(o(()),  so  that  the  z-axis  is  parallel 
to  Vb(o);  Vq  s  Us(()ec.  If  we  consider  the  case  where 


the  problem  is  symmetrical  about  the  (Ozz)  plane  then 

r  Q,  0  a,  1 

VVo(o)  =  0  0  0  (20) 


oj  0  — oi 


As  a  result  r- Wo(o)  and  f- WVo(o)-r  can  be  written: 


VVo(o).  » 


•x.ey,«s 


aiZ  +  Oji 
0 

— Qi*  +  ajx 

■  Gr(«.V-)  ' 
r  Gt(ff,  V») 


VVVo(O)  y 


7i2*  +  273x2 

0  =  H, 

74**  +  27312 

where  we  have  transformed  the  quantities  from  carte¬ 
sian  coordinates  (z,  y ,  z)  to  spherical  coordinates  (r,  6, 
with  the  polar  axis  along  the  z  2txis.  In  the  above  equa¬ 
tions: 

doi  da^ 

'"‘IT'  -"‘IT' 

dott  dori 

=  -d-  (21) 

Since  the  problem  has  a  plane  of  symmetry,  we  shall 
take  a;  =  u{t)eY, 

a  X  oM  =  w  r  (ey  x  e,).  (22) 

We  nondimensionalize  w  as  w  =  nw,  where  il  is  the 
characteristic  rotation  speed  of  the  frame. 


Domain  of  validity  of  the  asymptotic 
solution 

The  choice  of  the  relative  sizes  of  the  six  nondimensional 
parameters  of  the  problem  to  consider  was  determined 
first  by  application  of  the  least  degeneracy  principle. 
This  was  then  relaxed  in  order  to  obtain  solutions  in 
some  practical  physical  configurations.  The  analytical 
and  numerical  solutions  presented  below  are  based  on 
the  following  sizes  of  these  parameters  relative  to  e. 

1.  The  characteristic  length  of  the  inner  problem  is 
smaller  than  that  of  the  outer  problem,  ro/fo  «  1. 

2.  The  characteristic  velocity  of  the  initial  flow,  vo, 
is  of  same  order  as  the  characteristic  collapse  velocity, 
vq  =  0(ro/7o)- 

3.  The  characteristic  basic  velocity  gradient  is  of  the 
order  of  e  in  the  inner  problem:  QTq  =  0(e). 

4.  The  characteristic  velocity  bigradient  at  the  scale 
of  the  inner  problem  is  far  smaller  than  that  of  the  inner 
problem:  HToTo  =  0(c*). 


5.  The  characteristic  rotation  speed  at  the  scale  of 
the  inner  problem  is  smaller  than  the  collapse  velocity: 
nTo  =  0(c). 

6.  The  collapse  velocity  is  directly  related  to  the 

local  pressure  by  =  0(1). 

The  bubble  is  considered  to  be  close  enough  to  the 
submerged  body  so  that  at  leading  order,  c^,  in  the 
outer  problem,  the  body  appears  as  an  infinite  flat  wall. 
At  subsequent  orders,  the  curvature  is  taken  into  ac¬ 
count.  This  means  that  the  ratio  of  the  bubble  standoff 
distance  to  the  local  radius  of  curvature  of  the  body  is 
of  order  c.  In  the  inner  problem,  the  effect  of  the  wall 
is  seen  first  at  order  c  for  the  potential  and  at  order  c^ 
for  the  bubble  radius.  The  effect  of  the  curvature  only 
intervenes  at  order  c^  on  the  potential  and  only  adds  a 
constant  to  the  equations. 

Order  c® 

The  system  of  equations  described  above  reduces  at  or¬ 
der  £**  in  the  inner  problem  to  that  of  an  oscillating 
spherical  bubble: 

•  .  2  • 

=  q/f  with  q  =  -Ro  Ro,  (23) 

where  ^  is  determined  by  the  Rayieigh-Plesset  equa¬ 
tion 

^Ao  +  |Ao  =  v(^Rc~^'^~lj  (24) 

-  2W-‘ j 

where  W  =  APRo/ff  and  "P  =  (poo  —  p,)/AP,  with  the 
initial  conditions:  .%  =  I  and  ^  =  0.  In  the  outer 
problem  the  general  solution  (7)  reduces  to 

00  =  Bo(t)  Po(cos  0)  ( ^  -I-  3^)  (25) 

r 

The  matching  condition  between  the  two  problems 
can  be  written 

^  [^(r)  +  e0/(r)  +  e*0//(r)  +  = 

[^(r)  +  e0f(f)  +  +  0(e’)]  (26) 

which  leads  to: 

Bo(i)  =  9(t);  =  J  (27) 

1 0  f—00  z 


Order  e 

After  accounting  for  the  solution  at  0(e'’)  the  equations 
of  the  problem  at  0(e)  become: 

A01  =  0;  Urn  01  =  I 


\af 


+  01 


{ 


9^1  .  .  .  X  ,  /oa\ 


AoG,~  +  /iv,(t)  A)  F(tf,  0)1  =  3/f?>0,^=*'^-‘ 

»»■  i  #-Ao 


where 


Gr  =  2QjcosOsintfco5  0  +  ai(sin*tfcos*0-co8*®) 
F  =  a\  sin  9  cos  0  +  oj  cos  fl  (29) 


Resolution  of  the  order  e 


Using  the  general  solution  of  the  Laplace  equation,  the 
limit  condition  at  infinity  on  0i  leads  us  to  take: 


Aijm  =  6jfl  q/2. 


(30) 


Since  the  problem  is  symmetrical  about  the  (Oxz)  plane, 
there  are  no  terms  in  sin  0,and  we  do  not  have  to  con¬ 
sider  m  <  0.  Equation  (16)  becomes: 


2q 


+J 


—  -I- o:i  Ao(?m - ^), 


4  ,  xy 
2 


J12)  Be 


q  ^  ,Y22 


-  Jowl'll  + 


_  Yjo) 

Bo  6 


-1-  nBQVx{aiY\\  ■¥  azYiv,) 

=  BiooYooiKV^^'^-'  (31) 


For  j  >  2  we  have  a  homogeneous  linear  differential  sys¬ 
tem  where  the  initial  conditions  are  zero.  The  solution 
is  therefore  Bijm  =  Bijm  =  0;  Vj  >  2. 

The  equations  for  the  non-zero  terms  at  order  t  as 
well  as  all  equations  obtained  at  order  e*  can  be  found 
in  Reference  (22).  At  order  c  the  bubble  behavior  is 
modified  by  both  the  presence  of  the  wall,  which  at 
this  order  only  appears  as  a  flat  plate,  and  the  presence 
of  a  pressure  gradient.  At  the  following  order  t*  the 
curvature  of  the  wall  comes  into  play  as  well  as  the 
velocity  bigradient. 


Application  to  Bubble  Dynamics  near 
a  Headform 


We  consider  now  the  dynamics  of  a  bubble  near  a  semi¬ 
infinite  bluff  body.  The  velocity  potential  considered 
is  that  due  to  a  superposition  of  a  uniform  flow  and  a 
source  of  intensity  Q  located  at  the  origin: 


Q 

.  =  v;ox  +  - 

r 


(32) 


This  simulates  the  flow  field  about  a  Rankine  body  of 
radius,  R  =  and  stagnation  point  at  X  =  -/i/2. 


At  order  e**,  the  outside  pressure  Ap(t)  is  taken  to  be 
the  pressure  in  the  fluid  in  absence  of  the  bubble  along 
the  trajectory  of  a  fluid  particle.  At  higher  orders  of  e, 
the  gradient  and  bigradient  are  also  taken  into  account  | 
while  following  a  fluid  particle. 

A  fourth  order  Runge-Kutta  procedure  is  used  to 
solve  the  ordinary  differential  equations  presented  ear¬ 
lier.  To  illustrate  the  method,  a  Rankine  body  with  a 
radius  of  10  centimeters  with  flow  at  infinity  advanc¬ 
ing  at  a  velocity  of  1.15  m/s  was  selected.  Figures  1 
through  4  show  some  results  obtained  on  bubble  be¬ 
havior  near  the  Rankine  body.  Figures  la  through  Ic 
show  a  case  where  the  interaction  between  the  bubble 
and  the  flow  Reid  is  signiRcant.  The  initial  bubble  ra¬ 
dius  is  To  =  1  cm.  and  its  distance,  fo.  from  the  wall  is 
such  that  £  =  ro//o  is  equal  to  0.3. 

Figure  lb  shows  the  trajectory  of  the  bubble  cen¬ 
ter  along  the  body,  and  Figure  Ic  shows  the  pressure 
and  velocity  variations  with  time.  In  the  initial  phase 
t  <  2.0  the  bubble  sees  a  pressure  drop.  Later,  the 
pressure  rises  back  towards  the  ambient  pressure.  This 
velocity  is  also  that  chosen  for  translating  the  origin 
of  coordinates  in  which  the  bubble  shape  is  prescribed. 
Figure  la  shows,  overlaid  on  each  other,  the  bubble  con¬ 
tours  at  different  times  (from  t  =  O.lTo  to  2To  during 
,  the  bubble  growth  and  collapse.  The  orientation  of  the 
;  bubble  relative  to  the  body  is  the  same  as  illustrated 
in  Figure  lb  which  shows  bubble  positions  versus  time. 

It  is  apparent  from  the  contour  plots  that  the  bubble 

moves  toward  the  body  wall  during  its  collapse.  Due  to 
the  velocity  and  pressure  gradient  around  the  body  the 
bubble  elongates  and  in  fact  rotates  around  its  center 
of  mass.  Initially,  the  side  of  the  bubble  surface  facing 
an  intermediary  direction  between  the  downstream  di¬ 
rection  and  the  wall  direction  flattens  out.  A  reentrant 
jet  is  then  produced  perpendicular  to  that  face.  The 
direction  of  the  jet  appears  to  change  with  time  in  a 
fashion  indicating  increased  influence  of  the  presence  of 
the  wall.  The  computations  shown  in  the  Rgure  stopped 
when  the  bubble  wall  touched  the  origin  of  coordinates. 
This  moment  will  be  delayed  in  future  computations  by 
selecting  an  adequate  translation  of  the  origin  of  coor¬ 
dinates  that  is  perpendicular  to  the  wall. 

Figure  2  shows  the  influence  of  the  distance  of  the 
bubble  to  the  wall,  or  £,  on  its  shape  history.  Bubble 
collapse  contours  are  shown  for  c  =  0.15, 0.3  and  0.6.  As 
expected,  deviation  from  sphericity  increases  with  the 
proximity  to  the  wall.  Due  to  stronger  shearing  action 
closer  to  the  body  approaching  the  wall  has  the  effect 
of  increasing  bubble  stretching  and  elongation  during 
its  growth,  then  reinforcing  the  reentrant  jet  formation 
during  the  collapse.  For  e  =  0.3  and  e  =  0.6  the  com¬ 
putation  stopped  when  the  bubble  surface  touclied  the 
origin  of  coordinates.  However,  due  to  the  weak  nature 
of  the  interaction  for  e  =  0.15  the  collapse  is  completed 
with  no  reentrant  jet  and  is  followed  by  a  bubble  re- 


bound  or  second  growth  that  is  not  shown  on  the  figure. 

Also,  as  expected,  a  similar  effect  as  in  figure  2  is 
obt^uned  if  the  distance  to  the  body  is  maintained  con¬ 
stant  while  the  bubble  size  is  changed.  Figure  3  shows 
such  a  case,  where  the  distance  between  the  bubble  cen¬ 
ter  and  the  wall  is  maintained  at  3.333  cm,  while  the 
bubble  size  is  varied  from  0.5  cm  (e  =  0.15),  to  1  cm 
(c  =  0.3),  to  2  cm  (e  =  0.6).  Here  too  the  jet  is  seen  to 
rotate  to  become  closer  and  closer  to  perpendicular  to 
the  wall. 

5  Bubble/ Vortex  Interaction 


the  fixed  frame.  The  quantity  represents  the  change 
to  the  potential  of  the  flow  because  of  the  presence  of 
the  bubble.  Because  of  linearity,  the  function  o*  also 
satisfies  Laplace’s  equation  and  conditions  described  in 
Section  3. 

We  now  consider  the  moving  system  of  coordinates. 
The  coordinates  are  initially  coincident  with  the  bubble 
center,  and  move  with  the  flow  at  that  location  in  the 
absence  of  the  bubble  while  the  Citrtesian  axes  remain 
parallel  to  those  in  the  fixed  frame.  Let  d  denote  the 
bubble  velocity  potential  in  the  moving  frame. 

^k(x,  t)  =  ^*(x'  +  0,0  =  0  (3-1 ) 


One  of  the  most  fundament<d  phenomena  observed  in 
flow  cavitation  is  the  capture  of  bubbles/nuclei  by  vor¬ 
tices.  The  problem  of  the  interaction  of  a  single  gas  bub¬ 
ble  and  a  Rankine  line  vortex  is  amenable  to  treatment 
via  analytical  techniques.  Here  we  also  apply  to  this 
problem  the  method  of  matched  asymptotic  expansions 
described  above.  To  do  so  we  assume  that  the  length 
scale  characteristic  of  the  bubble,  is  small  compared 
to  the  initial  distance  from  the  bubble  to  the  vortex,  d. 

The  analytical  results  have  been  tested  for  a  plau¬ 
sible  set  of  parameters,  and  yield  physically  reasonable 
solutions.  The  solution  shows  that  the  bubbles  are  at¬ 
tracted  towards  the  vortex  center,  and  that  a  jet  ap¬ 
pears  on  the  side  of  the  bubble  opposite  to  the  flow 
direction.  Further  investigation  of  the  parameter  space 
and  computation  of  higher  order  corrections  are  cur¬ 
rently  underway. 

Problem  formulation 

Consider  a  spherical  bubble  initially  at  rest  in  an  in¬ 
compressible,  inviscid  liquid  at  a  distance  d  from  a  line 
vortex  of  strength  F.  The  pressure  at  infinity  is  Peo 
and  the  velocity  due  to  the  vortex  alone  (i.e.  excluding 
any  bubble  effects)  isVo.  To  perform  the  calculations 
we  consider,  as  in  the  previous  section,  two  coordinate 
frames.  The  first  is  a  fixed  frame  which  is  convenient  for 
describing  the  overall  flow,  one  axis  of  which  coincides 
with  the  vortex  axis.  The  second  is  a  moving  frame 
which  has  its  origin  initially  at  the  center  of  the  bubble 
and  moves  at  the  liquid  velocity  in  the  absence  of  the 
bubble.  We  denote  the  location  of  the  moving  origin  by 
o. 

With  the  same  assumptions  as  in  the  previous  sec¬ 
tion  the  equations  of  the  problem,  both  for  the  flow 
and  the  boundary  conditions  on  the  bubble  are  the  ones 
presented  in  Section  1.  Since  we  are  interested  in  the 
modification  in  the  flow  caused  by  the  presence  of  the 
bubble,  it  is  convenient  to  introduce  as  in  Section  3  the 
reduced  or  bubble  potential  defined  by 

^6  =  0'-^/9  =  0'-d.,  (33) 

where  <bv  is  the  velocity  potential  due  to  the  isolated 
vortex  and  0  is  the  angular  cylindrical  coordinate  in 


where  x'  is  x  referred  to  the  moving  frame.  The  velocity 
V  is  expressed  in  the  moving  frame  as 


V  = 


r 

^e..  X  e,. 


(35) 


where  e/  is  a  unit  vector  along  the  shortest  line  joining 
the  point  at  which  the  velocity  is  to  be  measured  and 
the  z  axis  of  the  fixed  system,  and  I  the  length  of  this 
line.  The  velocity  of  the  moving  coordinate  system  is 
then: 


Vo 


r 

2xd 


{—  sinwf  ei>  +  cosuif  ej-) , 


(36) 


By  maintaining  the  moving  cartesian  axis  parallel  to 
the  fixed  frame  axis  we  obtain  the  same  equations  for 
0  as  in  Section  3,  with  s  0. 

Dimensional  Analysis 


As  in  the  previous  section  the  flow  is  assumed  to  be 
divided  into  two  regions,  an  external  region  where  the 
eifects  of  the  vortex  dominate,  while  the  region  close  to 
the  bubble  is  dominated  by  its  dynamics.  The  length 
scale  characteristic  of  the  bubble  region  is  the  initial 
bubble  radius,  while  the  outer  problem  has  as  scale  d. 
We  will  consider  the  case  where  «  =  r^^/d  is  small.  The 
physical  quantities  entering  the  problem  are  Pgo  and 
(from  the  bubble),  and  PeeiF,  and  pi  from  the  liquid. 

The  matching  between  the  inner  and  outer  problem 
and  the  application  of  the  principle  of  least  degeneracy 
leads  to  the  condition  that  the  scaling  for  the  velocity 
V  be  such  that  it  is  of  the  same  order  as  the  bubble 
deformation  velocity 


To' 


(37) 


The  nondimensional  velocity  is  then  defined  by 


V  =  nv^  with  n  = 

•*0 


(38) 


This  imposes  the  following  restriction  on  the  gradient 
of  the  vortex  velocity  field 

(V|«-Vo)~rUW|~e^.  (39) 

•<0 

We  will  denote 

v-Vo  =  e^nv„ 

io 


(40) 


An  importnnt  quantity  ii  the  roUUon  frequency  of 
particle  around  the  vortex  line.  This  U  given  by 


(41) 


The  ratio  of  this  frequency  and  the  Rayleigh  frequency 
is  seen  to  be 


rt,  r/2yd 

wTo  =  -T — 7—^—  ~  0(e). 

®  \/Poo/Pl 


(42) 


Asymptotic  expansions 

After  expanding  the  equations  of  the  problem  described 
earlier  as  indicated  in  Section  2  these  are  solved  up  to 
2uid  including  terms  of  0(e).  As  in  the  previous  sec¬ 
tion  problem  upon  introducing  the  expansions,  the  lead¬ 
ing  order  problem  e°  reduces  to  the  spherical  oscillating 
bubble  problem.  This  problem  has  solution 

•A)  =  90/r  =  ~I^Ro/r,  (43) 


which  yields  the  following  Rayleigh-Plesset  equation  for 
Ro 


Rc^  +  |fio'  =  ^  +  {v,  -h  -  l)  ,{44) 

where 


V  —  EsS.- 

Poo 

Order  e* 


(45) 


The  equations  at  0(e)  are 

VVj  =  0 


subject  to 


d<t>\  „Ro  p 

and 


rsRo 


=  ^-hnv,.e„ 


+R^{lVi  •  e,  -h  Vo  •  V,|^^  =  -I- 


(46) 

(47) 


(48) 


Introducing  the  expansion  for  the  function  iZ|  and  ^ 
similar  to  that  in  Section  2,  with  the  difference  that  the 
yim{Ofip)  are  defined  here  as 


Yr((f,<p)  =  |i^^^P‘"'(co.fl)exp(.mv»). 

the  dynamic  boundary  condition  becomes: 

Rq  f  -  ( ^\  j.  ^  ^ 

7TT 1’*“"  +  2 


-hfKA^S*  +  A-iS-*))  -h  A. 

+{l{ASf^*  +  *))  —  ^2^  +  rii«  = 

...priootfr  2Wrw,  /,  (f-l)(l  +  l)\ 

[I - 2 - J  + 

+n(Ai5>  +  A-ij--*)  +  n*(fio,i,T‘  +  Ri^rr'l 


where 

~Rc  /  ... 

a  =  — ^{coawt  —  tsinwf). 


(49) 


Examination  of  the  above  equation  reveals  that,  ex¬ 
cept  for  (l,m)  =  (2,2),  (2,-2),  (1,1),  and  (1,-1)  the 
equations  are  homogeneous  second  order  linear  dilfcr- 
entied  equations  (initial  value  problems).  Since  we  have 
assumed  the  bubble  starts  from  a  spherical  sliaiie,  and 
is  initially  at  rest,  the  solutions  to  these  equations  will 
vanish  identically.  For  the  four  non-trivial  cases,  the 
differential  equation  satisfied  by  the  particular  radial 
component  may  be  written  as  follows: 

RoRiii  +  3RoRin  —  4^P»»  ~ 


WR 


111 


Ri 


—  2'/2Cl^RoCoaut; 


PoPii.-i  +  2RoRii,-i  —  4— = 


VVA 


11,-1 


Ri 


-I-  2v^n’/b  sin  ut; 


(50) 


(51) 


^R\n  +  RoRin  —  PtM  ~ 


Ri 


■  sin  2u;t  — 


co8  2u;t  I  ;(52) 


^Ri7,-7  +  RoRi7,-7  —  ^2^  +  3^^  Ri7,~7  — 


(^cos2wt  +  ^sinTut^  ,(53) 

where 

«iii  —  nil  +  ni,-i  «ii,-i  — - j - . 

n  n  ^IJS  **  ^12,— J  fg  ,  \ 

«1M  =  nw  +  >*12.-2  "12.-2  =  - ^ 

In  terms  of  these  new  coefficients  the  surface  of  the 
bubble  (in  the  moving  coordinate  system)  is  given  by 

r  =  f^-t-e[(Atii  cos  ^  -  Au,-i  sin  ^)  sin  $+ 

(Ri27  cos  2^  —  Rt7,-7  sin  2^)  sin*  fij  -|-  0(e*).  (55) 


I 


Results  and  Conclusions 

We  present  here  some  results  from  &  numerical  study 
using  the  above  equations.  The  equations  involve  4  p»> 
rruneters  -  P,,Pv,n,  W  and  the  perturbation  parame¬ 
ter  £.  In  the  following  we  have  not  attempted  to  m^ 
the  parameter  space  of  the  above  equations,  but  rather 
demonstrate  the  characteristics  of  their  solutions  for  a 
particular  choice  of  the  parameters  and  show  that  they 
make  physical  sense.  We  choose  the  following  for  the 
physical  puruneters:  Poo  =  1*03  x  10*  Pa,  Rq  =  I0“*m, 
d  =  5  X  10"*m,  r  =s  1.2m*/s,  P,  =  2  x  10*Pa,  = 

7  X  10-*W/m,  P^  =  3  X  10*  Po,  p  «  10*ij/m*,  k  =  1.4. 

This  yields  the  following  for  the  non-dimensional  pa¬ 
rameters:  P,  =  2.9126  X  10-',  P,  =  1.94174  x  10'*, 
W*  =  6.7961158  X  10"*,  fl  =  3.764  x  lO'*,  To  = 
9.85  X  10-*,  e  =  0.05u;  =  7.53  x  10-*. 

The  equation  systems  at  0(1)  and  0(e)  are  inte¬ 
grated  using  a  simple  fourth-order  accurate  Runge-Kutta 
scheme.  The  results  from  this  trial  run  are  shown  in  Fig¬ 
ures  4-6.  The  results  indicate  that  the  expression  for  the 
bubble  becomes  multivalued  for  times  after  4.67o,  i.e. 
the  origin  of  the  local  coordinates  lies  outside  the  bub¬ 
ble  after  this  time.  Thus  results  of  the  integration  up  to 
this  time  are  shown.  Figure  4  shows  a  cross-sectional 
view  of  the  bubble  in  the  x,y  plane  at  various  times. 
The  bubble  motion  and  deformation,  and  the  forma¬ 
tion  of  the  jet  are  clearly  seen.  The  bubble  initially  col¬ 
lapses  almost  spherically  (while  moving  with  the  vortex 

flow),  and  reaches  a  minimum  at  approximately  1.557o, 
and  grows  till  it  reaches  a  maximum  size  at  2.97o-  It 
subsequently  collapses  and  shows  the  formation  of  a  jet 
on  the  side  opposite  to  its  direction  of  motion,  and  di¬ 
rected  towards  the  vortex  axis.  The  computations  are 
stopped  at  4.67o  when  the  bubble  no  longer  contains 
the  origin  of  coordinates.  Figure  5  shows  the  trajectory 
of  the  ip  =  0  and  <p  —  it  points  in  this  cross-section.  Fi¬ 
nally  Figure  6  shows  cross-sectional  views  of  the  bubble 
at  the  same  times,  but  in  a  normal  plane.  This  plane 
contains  the  z  axis  and  the  line  connecting  the  moving 
coordinate  origin  and  the  vortex.  The  fact  that  the  jet 
is  directed  towards  the  vortex  axis  becomes  apparent  in 
this  view. 

Quite  obviously  a  more  systematic  study  of  the  pa¬ 
rameter  space  is  required.  Also,  as  in  Reference  [28] 
the  results  of  the  asymptotic  analysis  and  of  the  3D 
boundary  element  program  SDynaFS  must  be  com¬ 
pared.  Qualitatively  the  same  types  of  results  are  ob¬ 
served.  The  expression  used  for  the  motion  of  the  mov¬ 
ing  coordinate  system  must  be  refined  to  prevent  bubble 
function  becoming  multi-valued  so  early  in  the  collapse. 
These  and  related  aspects  are  items  of  current  research. 


6  Bubble  Cloud  Study 

Consider  a  cloud  of  N  bubbles  of  radius 
immersed  in  a  liquid.  The  bubbles  are  initially  assumed 
to  be  at  rest  and  at  equilibrium  with  the  surrounding 
fluid.  The  characteristic  radius  of  the  bubbles  is  rto. 
We  denote  the  distance  between  bubbles  t  and  j  as  l.j, 
which  we  take  to  be  of  the  order  of  the  characteristic 
distance  Iq.  We  define  as  before  c  as  ru/kt- 

The  matched  asymptotic  expansions  nieiluxl 
described  in  the  previous  sections  was  implemented  ear¬ 
lier  in  [11,  25]  to  study  the  behavior  of  such  a  bubble 
cloud.  Here  we  will  only  sketch  an  outline  of  the  model. 
We  assume  that  the  characteristic  geometric  scale  of 
the  cloud  (/o),  is  small  compared  to  the  outside  driving 
pressure  field  scale  (£o)<  but  is  much  larger  than  the 
typical  bubble  radius  r^.  Therefore,  to  first  approxi¬ 
mation,  the  same  driving  pressure  is  assuiiie<i  to  be  fell 
at  the  same  time  by  all  bubbles  in  the  cloud.  Varia¬ 
tions  of  this  pressure  due  to  the  position  of  each  bubble 
are  only  seen  at  the  higher  orders.  In  a  more  general 
case,  the  pressure  felt  by  each  bubble  is  dependent  on 
the  bubble  location  and  on  the  modification  of  the  out¬ 
side  flow  field  by  the  presence  of  the  bubble  cloud.  We 
are  presently  implementing  such  an  approach  which  ac¬ 
counts  for  the  compressibility  of  the  two-phase  bubbly 
medium. 

Since  e  is  the  ratio  rto/fo,  it  is  directly  related  to  the 
void  fraction  here  assumed  to  be  low.  At  the  lowest  or¬ 
der,  <  =!  0,  each  bubble  (of  index  *)  behaves  spherically 
as  if  in  an  infinite  medium  and  the  time  dependence  of 
its  radius,  aQ(t),  is  given  by  the  Rayleigh  Plesset  equa¬ 
tion,  [20|.  If  the  compressibility  of  the  medium  is  to  be 
included,  then  an  equivalent  equation  such  as  in  [24]  can 
be  used.  This  first  approximation  of  the  whole  flow  field 
(a  distribution  of  sources  or  sinks  representing  all  bub¬ 
ble  oscillations)  sets  the  boundary  conditions  at  infinity 
at  the  following  order  of  approximation.  The  same  pro¬ 
cess  is  then  repeated  for  the  successive  orders.  Up  to 
the  order  0(e*),  one  can  show,  [11,  25],  that  the  influ¬ 
ence  of  the  remaining  bubbles  on  each  bubble  B;,  can 
be  schematically  replaced  by  the  influence  of  a  single 
equivalent  bubble  centered  at  G,.  The  growth  rate  and 
position  of  this  equivalent  bubble  are  determined  by 
the  distribution  and  the  growth  rate  of  the  other  cavi¬ 
ties.  In  general,  this  fictitious  bubble  equivalent  to  the 
“rest-of-the-cloud"  and  the  corresponding  “cloud  cen¬ 
ter”  and  “equivalent  bubble  intensity”  are  different  for 
each  bubble.  If  is  the  angle  between  the  centers' 
direction  B|G|  and  the  direction  of  a  field  point  B|M, 
the  equation  of  the  surface  of  the  axisymmetric  bubble 
Bi  can  be  written  in  the  form: 

R(0i„,p,t)  =  oi(f)  -I-  eo;(f)  +  £*(ai(t)  -I-  y5(l).cosf>.,] 
+‘"14(0  +  Ait)- cos  Oi,  +  5j(f)7>,{cosfl.,)]  -I-  o(£*), 

where  Vo  is  the  Legendre  polynomial  of  order  2,  and  ar¬ 
gument  cos  Oij.  The  components,  a\,  and  g'^,  satisfy 


linear  Mcood  order  differentiai  equation*  which  can  be 
written  in  symbolic  form  as  follows: 

^  . y'n-McOB  Oi,).  (56) 

Here  represents  a  dilferential  operator  of  the  sec¬ 
ond  order  in  time  acting  on  the  radius  component  ( 
one  of  of  the  bubble  t  ;  1^^  is  the  initial  dis¬ 

tance  between  the  bubbles  Bi  and  Bj',  ^(yo.-— 
is  a  known  function  of  the  temns  (yj^),  determined  at  the 
preceding  orders;  m  is  an  integer  indicating  the  order  of 
the  spherical  harmonic;  is  the  polar  angle  measured 
wth  respect  to  the  line  connecting  the  center  of  the  bub¬ 
ble  i  and  the  center  of  the  equivalent  bubble  Bg\  and  n 
is  an  integer  indicating  the  order  of  the  approximation. 

The  detailed  expressions  can  be  found  in  Reference 
[1 1).  The  behavior  of  Bi  can  then  be  computed  by  inte¬ 
gration  of  the  obtained  system  of  differential  equations 
using  a  multi-Runge-Kutta  procedure.  The  l^havior 
of  the  whole  cloud  is  thus  obtained.  Earlier  studies 
[11,  25,  18]  have  shown  that  collective  bubble  behavior 
can  have  a  dramatic  effect  on  both  bubble  growth  and 
implosion.  Specifically,  bubble  growth  is  inhibited  by 
bubble  interactions,  while  bubble  collapse  is  enhanced. 
This  cumulative  effect  comes  from  the  fact  that  the  in¬ 
teraction  reduces  any  driving  pressure  drop  as  a  result 
of  the  other  bubble  growth,  while  it  increases  the  col¬ 
lapse  driving  pressure  as  a  result  of  the  other  bubble 
collapse.  Due  to  the  cumulative  effects  of  the  collapse 
of  all  the  bubbles  in  the  cloud,  each  bubble  ends  its  col¬ 
lapse  under  the  influence  of  a  pressure  which  is  orders  of  ^ 
ir^nitude  higher  than  that  for  an  isolated  bubble  (see 
Figure  9  described  below  and  corresponding  discussion) 


Extension  to  a  slightly  compressible  liquid 

The  incompressibility  approximation  assumed  above  can 
be  relaxed.  In  this  section  we  extend  our  asymptotic 
treatment  of  a  bubble  cloud  to  the  case  of  a  slightly 
compressible  liquid.  Briefly  the  method  followed  is  that 
of  expansion  in  two  parameters  -  the  Mach  number 
M,  and  the  parameter  e  introduced  earlier.  We  de¬ 
rive  0(M)  corrections  to  the  incompressible  equations 
(valid  till  O(e^)  discussed  above. 

To  consider  the  effect  of  compressibility  we  consider 


the  following  equations  of  motion: 

i(|  +  («V),)+V.„.0 

(57) 

(^  +  (uV)u)+iv,.0 

(58) 

'-‘Lj 

(59) 

The  flow  is  assumed  irrotational,  so  that  we  can  define 
a  velocity  potential 


u  ss  Vd. 


Substituting  from  (59)  for  the  velocity  in  the  equations 
of  motion  we  obtain 

VV  +  ^[^  +  (Vd  V)A]  »0,  (61) 

and 

^  +  5lWl’  +  h  =  0  (G2) 

We  now  consider  the  cases  where  the  length  scale 
lo  =  Cgorvi  is  much  larger  than  the  length  scales  fo  and 
rto,  so  that 


rto  <  lo  < 


(63) 


and  define  a  new  parameter  M  such  that 


rulrp 

Coo 


(fri) 


We  can  identify  M.  with  the  Macli  number,  and  use  it 
as  a  perturbation  parameter.  The  details  of  this  calcu¬ 
lation  will  be  demonstrated  in  a  later  paper  [29],  and 
we  only  outline  the  approach  here,  and  present  some 
preliminary  results. 

The  problem  can  be  decomposed  into  an  acoustic 
part  and  a  hydrodynamic  part.  The  acoustic  part  con¬ 
sists  of  the  “far”  field  corresponding  to  the  pure  liquid 
far  away  from  the  cloud  region,  while  the  “near"  field 
is  that  in  the  neighbourhood  of  the  bubbles,  and  corre¬ 
sponds  to  the  hydrodynamic  part  of  the  problem.  The 
near  field  can  be  decomposed,  as  before,  into  an  “inner” 
(corresponding  to  the  neighborhood  of  a  bubble)  and 
“outer”  field  (corresponding  to  the  rest  of  the  cloud). 

It  turns  out  that  if  we  take  M  ^  the  inner  ct|ua- 
tions  are  almost  identical  to  the  incompressible  ones 
until  0{M),  except  that  they  account  for  the  time  re¬ 
tardation  due  to  the  compressibility  of  the  medium. 

Performing  the  analysis  with  this  assumption  yields 
that  the  preceding  equations  hold,  with  the  equation  of 
the  bu'-ble  radius  at  0(e°}  owdified  from  a  Rayleigh- 
Plesset  form  to  a  Keller- Herring  form  [21] 

This  equation  can  be  written  as 


(65) 


where 

+P.-y.  (66) 


and  c  is  the  sound  speed. 

This  model  is  being  used  in  in  combination  with  the 
bubble  interaction  model  to  extend  the  study  to  the 
case  where  a  slight  compressibility  of  the  liquid  is  taken 
into  account.  Figure  7,  for  instance  shows  the  influence 
of  a  finite  sound  speed  on  the  behavior  of  a  bubble  in  a 
6-bubble  configuration. 


(60) 


7  Boundary  Element  Method  for 
Three-Dimensional  Bubble  Dy¬ 
namics 

In  order  to  enable  the  simulation  ol  bubble  behavior 
in  complex  geometry  and  flow  configurations  includ¬ 
ing  the  full  non-linear  boundary  conditions,  a  three- 
dimensional  Boundary  Element  Method  was  developed. 
This  method  uses  Green’s  identity  to  solve  Laplace’s 
equation.  If  the  velocity  potential,  or  its  normal 
derivative  is  known  on  the  fluid  boundaries  (points  A/), 
and  satisfies  the  Laplace  equation,  then  ^  can  be 
determined  anywhere  in  the  domain  of  the  fluid  (field 
points  P)  using  the  identity: 

where  ax  =  0  is  the  solid  angle  under  which  P  sees  the 
fluid. 

a  =  4,  if  P  is  a  point  in  the  fluid 

a  =  2,  if  P  is  a  point  on  a  smooth  surface 

a  <  4,  if  P  is  at  a  corner  of  the  discretized  surface. 

The  advantage  of  this  integral  representation  is  that  it 
eflectivcly  reduces  the  dimension  of  the  problem  by  one. 

If  the  field  point  P  is  selected  to  be  on  the  boundary 
of  the  fluid  domain  (a  bubble  surface  or  on  any  other 
boundary),  then  a  closed  system  of  equations  can  be 
obtained  and  used  at  each  time  step  to  solve  for  values 
of  d^jdn  (or  (ft)  assuming  that  all  values  of  d  (or  d^fdn) 
are  known  at  the  preceding  step. 

To  solve  Equation  (66)  numerically,  it  is  necessary 
to  discretize  the  bubble  into  panels,  perform  the  inte¬ 
gration  over  each  panel,  and  then  sum  up  the  contribu¬ 
tions  to  complete  the  integration  over  the  entire  bubble 
surface.  To  do  this,  the  initially  spherical  bubble  is 
discretized  into  a  geodesic  shape  using  flat,  triangular 
panels.  After  discretizing  the  surface.  Equation  (66) 
becomes  a  set  of  N  equations  (N  is  the  number  of  dis¬ 
cretization  nodes)  of  index  t  of  the  type: 

E  (/i.,  •  ^)  =  E  (So  •  (6«) 

where  Ai,  and  Bij  are  elements  of  matrices  which  are 
the  discrete  equivalent  of  the  integrals  given  in  Equa¬ 
tion  (66).  To  evaluate  the  integrals  in  (66)  over  any 
particular  panel,  a  linear  variation  of  the  potential  and 
its  normal  derivative  over  the  panel  is  assumed.  In 
this  manner,  both  ^  and  are  continuous  over 

the  bubble  surface,  and  are  expressed  as  a  function  of 
the  values  at  the  three  nodes  which  delimit  a  particular 
panel.  Obviously  higher  order  expansions  are  conceiv¬ 
able,  and  would  probably  improve  accuracy  at  the  ex¬ 
pense  of  additional  analytical  effort  and  numerical  com¬ 
putation  time.  The  two  integrals  in  (66)  are  then  evalu¬ 
ated  analytically.  The  resulting  expressions,  too  long  to 


present  here,  crui  be  found  in  (27].  In  order  to  proceed 
with  the  computation  of  the  bubble  dynamics  several 
qu^ultities  appearing  in  the  above  boundary  conditions 
need  to  be  evaluated  at  each  time  step.  The  bubble 
volume  presents  no  particular  difficulty,  while  the  unit 
normal  vector,  the  local  surface  curvature,  and  the  local 
tangential  velocity  at  the  bubble  interface  need  further 
development.  In  order  to  compute  the  curvature  of  the 
bubble  surface  a  local  bubble  surface  three-dimensional 
fit,  f(x,y,z)  =  0,  is  first  computed.  The  unit  normal 
at  a  node  and  the  local  curvature  can  then  be  expressed 
using  Equations  (5). 

To  obtain  the  total  fluid  velocity  at  any  point  on  the 
surface  of  the  bubble,  the  tangential  velocity,  Vt,  must 
be  computed  at  each  node  in  addition  to  the  normal 
velocity,  Vn  =  d^/dn  n.  This  is  also  done  using  a  local 
surface  fit  to  the  velocity  potential,  =  A(x,  y,  z  i.  Tak¬ 
ing  the  gradient  of  this  function  at  the  considered  node, 
and  eliminating  any  normaJ  component  of  velocity  ap¬ 
pearing  in  this  gradient  gives  a  good  approximation  for 
the  tangential  velocity 

Vt  =  n  X  (V^i  X  n).  (6‘J) 

With  the  problem  initialized  and  the  velocity  poten¬ 
tial  known  over  the  surface  of  the  bubble,  an  updated 
value  of  d^/dn  can  be  obtained  by  performing  the  inte¬ 
grations  outlined  above,  and  solving  the  corresponding 
matrix  equation.  The  unsteady  Bernoulli  equation  can 
then  be  used  to  solve  for  D(^/Dt,  the  total  material 
derivative  of 

^  =  +  (70) 

D4/Dt  provides  the  total  time  variations  of  p  at  any 
node  during  its  motion  with  the  fluid.  The  second  term 
on  the  right  hand  side  is  the  hydrostatic  pressure  and 
is  introduced  to  ttccount  for  cases  where  the  influence 
of  the  gravitational  acceleration  is  not  negligible.  Using 
an  appropriate  time  step,  all  values  of  ^  on  the  bubble 
surface  can  be  updated  using  ^  at  the  preceding  time 
step  and  D^jDt.  In  the  results  presented  below  the 
time  step  was  based  on  the  ratio  between  the  length  of 
the  smaller  panel  side,  /mm  and  the  highest  node  veloc¬ 
ity.  k’mu-  This  choice  limits  the  motion  of  any  node  to 
a  fraction  of  the  smallest  panel  side.  It  has  the  great 
advantage  of  constantly  adapting  the  time  step,  by  re¬ 
fining  it  at  the  end  of  the  collapse  -  where  /mm  becomes 
very  small  and  V,^*!  very  large  -  and  by  increasing  it 
during  the  slow  bubble  size  variation  period.  New  co¬ 
ordinate  positions  of  the  nodes  are  then  obtained  using 
the  position  at  the  previous  time  step  and  the  displace¬ 
ment. 


dM  =  -H  Vt  j  di. 


This  time  stepping  procedure  is  repeated  throughout 
the  bubble  oscillation  period,  resulting  in  a  shape  his¬ 
tory  of  the  bubbles. 


8  Presence  of  a  Viscous  Basic 
Flow 


Cavit&lion  bubbles  seldom  grow  end  collapse  in  a  qui¬ 
escent  fluid  or  in  a  uniform  flow  field.  To  the  contrary, 
cavities  are  most  commonly  observed  in  shear  layers, 
boundary  layers  and  vortical  structures.  To  study  bub¬ 
ble  dynamics  in  a  nonuniform  flow  field,  let  us  consider 
the  case  where  the  “basic  flow”  of  velocity  Vq  is  known 
and  satisfies  the  Navier  Stokes  equations: 

^  -h  Vo  •  Wo  =  -ivPo  +  vV^Vo  .  (72) 

If  the  basic  flow  is  potential  the  application  of  the  Bound¬ 
ary  Element  Method  is  straightforward  and  there  is  no 
need  for  any  additional  assumptions. 

In  the  presence  of  the  oscillating  bubbles,  the  veloc¬ 
ity  field  is  given  by  V  which  also  satisfies  the  Navier 
Stokes  equation: 

^-1-V  VV= -ivP-|-i/V*V  .  (73) 

at  p  '  ' 

Both  V  and  Vq  also  satisfy  the  continuity  equation. 
We  can  now  define  bubble  flow  velocity  and  pressure 
variables,  Vi,  and  Pt,  as  follows: 

Vb  =  V  -  Vo,  Ps  =  P  -  Po.  (74) 

If  we  assume  that  this  bubble  flow  field  (Vb  and  i\)  is 
potential,  we  can  use  a  method  similar  to  the  one  de¬ 
scribed  in  the  previous  section  to  study  the  dynamics. 
This  assumption  implies  that,  even  though  the  basic 
flow  is  allowed  to  interact  with  the  bubble  dynamics 
and  be  modified  by  it,  no  new  vorticity  is  allowed  to  be 
generated  by  the  bubble  behavior.  Within  this  restric¬ 
tion,  we  have 


Vb  =  Vd»,  VV*  =  0.  (75) 

By  subtracting  (72)  from  (71),  and  accounting  for  (74) 
we  obtain 


V 


5Vb’-l-VoVb  +  4 


Vbx(VxVo).(76) 


This  equation,  once  integrated,  may  be  considered  the 
equivalent  of  the  classical  unsteady  Bernoulli  equation 
in  potential  flow.  As  an  illustration  consider  the  case 
where  the  basic  flow  field  is  that  of  a  two-dimensional 
Rankine  vortex,  Vq  =  Viet,  with 


r  >  ««; 


VJ  =  wr  =  r  <  (77) 

where  Oc  is  the  radius  of  the  viscous  core,  f  the  vortex  ‘ 
circulation  and  Vg  the  tangential  velocity.  In  that  case  i 
the  Bernoulli  equation  can  be  replaced  by: 


|Vbl*+^  =  constant  along  radial  direction.(78) 


Accounting  for  at-infinity  conditioiu,  the  pressure  at 
the  bubble  wall,  Pt,  is  related  to  the  pressure  field  in 
the  Rankine  vortex,  a.  by; 


IP  P  at  2  J 


bubble  wall 


(79) 


The  nondimetuional  basic  flow  pressure,  normalized 
with  the  ambient  pressure.  Pa,,  is  known  and  is  given 
by: 


7o{r)  =  1  -  n 


f  <a. 


where  lengths  are  normalized  by  Rm*x,  the  maximum 
rruiius  the  bubble  would  achieve  in  an  infinite  medium 
if  the  pressure  drops  to  the  value  on  the  vortex  axis. 
The  swirl  parameter  R,  defined  as. 


n  =  —(-—)* 
Pj2xaJ  ' 


(80) 


characterizes  the  intensity  of  the  rotation-generated  pres¬ 
sure  drop  relative  to  the  ambient  pressure.  The  pressure 
on  the  vortex  axis  is  ( 1  —  fl)  and  goes  to  zero  if  R  =  1 . 

9  Computational  Results  and  Dis¬ 
cussion 

We  present  in  this  section  some  results  obtained  witli 
the  Boundary  Element  Method  code  (SDynaFS),  and 
compare  them  with  results  from  the  a  aptotic  expan¬ 
sion  method.  The  accuracy  of  the  numerical  code  was 
evaluated  by  using  simple  test  cases  known  in  the  liter¬ 
ature  such  as  the  collapse  of  spherical  and  axisymmet- 
ric  bubbles.  For  spherical  bubbles,  comparison  with 
the  Rayleigh- Plesset  “exact”  solution  revealed  that  nu¬ 
merical  errors  were  less  than  0.14  percent  for  a  dis¬ 
cretized  bubble  of  162  nodes.  The  error  dropped  to 
0.05  percent  for  252  nodes.  The  two  discretizations  - 
162  nodes  (320  triangular  panels)  or  252  nodes  (500 
panels)  -  rure  usually  selected  for  most  of  our  nonspher- 
ical  bubble  dynamics  runs.  However,  for  the  purpose 
of  studying  multibubble  interactions  we  were  limited  to 
102  node  bubbles  (200  panels)  due  to  the  limitations 
of  our  32  MBytes  MIPS  RC3240  computer.  For  an  8- 
bubble  configuration  the  code  uses  about  30  MBytes 
for  102-node  bubbles.  With  this  “coarse”  discretization 
the  error  is  about  2  percent  on  the  achieved  maximum 
radius,  but  is  very  small,  0.03  percent,  on  the  bubble  pe¬ 
riod.  (This  can  be  seen  in  figure  9).  Comparisons  were 
also  made  with  studies  of  axisymmctric  bubble  collapse 
available  in  the  literature  [8,  4],  and  have  shown,  for 
the  coarse  discretization,  difierences  with  these  stud- 
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ies  on  the  bubble  period  of  the  order  of  1  percent.  Fi¬ 
nally,  comparison  with  actual  test  results  of  the  complex 
three-dimensional  behavior  of  a  large  bubble  collapse  in 
a  gravity  field  near  a  cylinder  shows  very  satisfactory 
results,  [15]  (see  Figure  8).  The  observed  difference  in 
the  period  was  shown  to  be  related  to  the  confinement 
of  the  experimental  bubble  in  a  cylindrical  container 
(27). 

Figure  9  compares  the  results  obtained  with  the  3D 
code  with  those  given  by  the  asymptotic  approach.  The 
bubble  cloud  is  subjected  to  a  sudden  pressure  drop, 
and  for  ease  of  interpretation,  only  symmetric  cloud 
configurations  are  considered.  Results  for  one,  two,  four 
and  eight-bubble  symmetric  configurations  are  shown. 
For  the  two-bubble  case  the  bubble  centers  are  sepa¬ 
rated  by  a  distance  /o,  and  the  initial  gas  pressure  in 
each  bubble  is  such  that  the  bubble  would  achieve  a 
maximum  radius  Rmax  =  Rto  =  0.07/o  if  isolated.  The 
four-bubble  configuration  considers  similar  bubbles  cen¬ 
tered  on  the  corners  of  a  square  with  sides  of  dimension 
Iq.  Finally,  the  eight  bubbles  are  located  on  the  corners 
of  a  cube  of  side  Iq.  The  figure  presents  the  variations 
with  time  of  the  distance  between  an  initial  bubble  cen¬ 
ter  and  both  the  point  closest  to  (<  0),  and  the  point 
farthest  (>  0)  from  the  “cloud  center”.  These  points 
are  selected  because  they  lie  along  the  direction  of  de¬ 
velopment  of  the  reentrant  jet  the  farthest  point  be¬ 
coming  the  tip  of  the  jet  which  penetrates  the  bubble 
during  the  collapse.  As  we  can  sec  from  the  figure,  the 
BCM  method  clearly  shows  that  for  bubbles  oscUlat- 
ing  in  phase  the  period  of  oscillation  increases  with  the 
number  of  interacting  bubbles.  The  maximum  bubble 
size  along  the  jet  axis  is  however  not  significantly  mod¬ 
ified.  The  jet  advancement  towards  the  “cloud  center” 
increases  with  the  number  of  bubbles.  This  is  seen  by 
the  crossing  of  the  r  =  0  line  by  the  upper  curves  on 
the  graph  which  becomes  more  and  more  pronounced 
with  an  increase  in  the  number  of  bubbles.  This  effect 
is  more  pronounced  for  larger  values  of  e  (see  Figure 
10). 

Figure  9  also  compares  the  results  of  the  BEM  code 
with  the  asymptotic  approach.  It  illustrates  the  lim¬ 
itations  of  the  incompressible  asymptotic  approach  as 
it  stands  now.  When  the  number  of  bubbles  increases 
the  method  diverges  towards  the  end  of  the  collapse 
and  predicts  either  a  much  faster  collapse  than  obtained 
with  the  more  accurate  BEM  method  (N=2  and  4),  or 
an  unexplained  early  bubble  rebound  (TV  =  8).  This  be¬ 
havior  occurs  earlier  when  either  the  number  of  bubbles 
or  the  value  of  e  increases. 

Figure  10  shows  the  influence  of  c  on  the  bubble 
dynamics  for  a  4-bubble  configuration.  Using  the  BEM 
3D  results  enables  one  to  study  the  influence  of  reducing 
bubble  inter-distance  on  the  dynamics  of  each  bubble. 
Increasing  the  proximity  between  the  bubbles,  or  in¬ 
creasing  the  number  of  bubbles  is  seen  to  increase  the 
lengthening  effect  on  the  bubble  period,  while  enhanc¬ 
ing  the  reentrant  jet  formation,  as  in  the  more  clas¬ 


sical  case  of  bubble  collapse  near  a  solid  wall.  In  all 
cases,  the  reentrant  jet  formed  is  directed  towards  the 
center  of  the  bubble  cloud,  or  here,  the  center  of  the 
square.  As  expected,  the  asymptotic  approach  gives  a 
very  good  approximation  at  low  values  of  c,  but  fairs 
poorly  for  high  values  of  t  (note  that  for  <  =  0.5  the 
bubbles  touch  at  their  maximum  size).  The  above  con¬ 
clusions  on  the  asymptotic  approach  have  to  be  tem¬ 
pered  by  the  fact  that  all  cases  presented  addressed  rel¬ 
atively  intense  bubble  collapse  (with  a  strong  reentrant 
jet  formation).  The  relevant  nondimensional  param¬ 
eter  to  characterize  the  collapse  intensity  is  the  ratio, 
^»m,  of  the  gas  pressure  to  the  outside  pressure  at  max¬ 
imum  bubble  size.  This  ratio  is  about  0.06  for  the  cases 
shown  above.  For  higher  values  of  Vgm  a  smoother  col¬ 
lapse  followed  by  a  rebound  occurs,  and  the  asymptotic 
approach  fairs  much  better  (2S|.  Figures  1 1  and  12  il¬ 
lustrate  further  the  three-dimensional  behavior  of  the 
bubble,  using  198-node  bubbles.  Figure  11  shows  two 
cross-sectional  views  of  the  bubble  shapes  at  various 
times  during  the  collapse  for  a  strong  interaction  case 
(c  =  0.498),  for  a  4-bubble  configuration.  The  first  view 
shows  bubble  contours  in  the  Z  =  0  plane,  plane  of  the 
four  bubble  centers.  In  this  plane  all  four  bubbles  can 
be  seen,  and  the  reentrant  jet  appears  very  wide  giving 
the  bubble  at  the  end  of  the  collapse  the  appearance  of 
a  “deflated  balloon”.  The  second  view  is  a  diagonal  cut 
though  the  centers  of  two  of  the  bubbles.  In  ihi.s  view, 
the  reentrant  jet  appears  much  more  pronounced.  The 
combination  of  the  two  views  illustrates  very  clearly  the 
reentrant  jet  formation,  its  direction  towards  the  center 
of  the  square,  and  gives  a  qualitative  idea  about  the 
intensity  of  the  collapse.  In  this  case,  due  the  geome¬ 
try  of  the  configuration,  the  jet  has  a  two-dimensional 
flat  shape,  rather  than  a  conic2d  axisymmetric  shape. 
This  clearly  provides  one  reason  for  the  failure  of  the 
asymptotic  approach  for  this  case,  since  the  expansions 
in  th^d  approach  were  stopped  to  an  order  (t^)  which 
does  not  allow  the  description  of  any  azimuthal  bubble 
shape  variations.  Figure  12  presents  a  3D  view  of  the 
bubbles  towards  the  end  of  a  relatively  weak  collapse 
of  a  4-habble  configuration  (e  —  0.185).  Since  the  case 
shown  is  symmetrical  and  all  bubbles  have  the  same 
shape,  this  diagonal  view  crun  be  interpreted  as  showing 
the  shape  of  the  same  bubble  from  different  view  angles. 
The  reentrant  jet  is  here  again  seen  to  be  wide,  pointed, 
and  well  advanced  towards  the  other  side  of  the  bub¬ 
ble.  A  complete  history  of  the  euivancement  of  the  jet 
in  the  bubble  can  be  deduced  from  figure  10.  Figures  13 
through  17  illustrate  various  important  effects  due  to  ei¬ 
ther  asymmetries  in  the  bubble  configuration,  or  due  to 
the  presence  of  an  underlying  nonuniform  flow.  Figure 
13  shows  the  case  of  an  asymmetric  five  bubble  config¬ 
uration.  All  bubbles  have  the  same  initial  radius  and 
internal  pressure,  and  are  initially  spherical  and  located 
in  the  same  plane.  The  most  visible  effect  observed  is 
that  on  the  center  bubble.  Its  growth  is  initially  sim¬ 
ilar  to  that  of  the  other  bubbles,  but  it  ends  up  being 
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the  least  deformed.  Later  on,  as  the  collapse  phase  ad¬ 
vances  with  the  development  of  a  reentrant  jet  directed 
towards  the  central  bubble,  this  bubble  appears  to  be 
shielded  by  the  rest  of  the  cloud.  Its  period  appears  to 
be  at  least  double  that  of  the  other  bubbles.  Unfortu¬ 
nately,  the  code  cannot  presently  follow  the  dynamics 
beyond  this  point  since  it  fails  following  the  touchdown 
of  the  first  reentrant  jet  on  the  other  bubble  side.  Here, 
this  occurs  before  any  significant  progress  of  the  collapse 
of  the  central  bubble  is  observed.  The  issue  of  con¬ 
tinuing  the  computations  beyond  this  point  is  clearly 
important  and  is  presently  the  subject  of  an  ongoing 
research  at  dynaflow.  lleference  [30]  gives  results  of 
our  first  attempt  towards  solving  this  problem.  Figure 
14  shows  a  4-bubble  configuration  where  the  bubbles 
are  centered  on  the  corners  of  a  square.  All  bubbles 
were  chosen  so  that  they  would  behave  identically  if 
in  an  infinite  medium.  However,  a  time  delay  between 
the  bubble  oscillations  was  imposed.  As  a  result,  at 
t  =  0  the  bubbles  had  relative  initial  sizes  in  the  ra¬ 
tios  2, 1,3, 1  counter-clockwise  starting  from  the  bubble 
centered  at  the  origin.  This  results  in  a  very  asym¬ 
metric  behavior  of  the  cloud  configuration.  The  bubble 
periods  appear  to  be  lengthened  the  most  for  the  larger 
bubbles  at  1  =  0.  The  “delayed"  bubbles  (the  smaller  at 
t  =  0)  are  prevented  by  the  other  bubbles  from  growing 
significantly,  and  end  up  collapsing  very  early  in  their 
history.  The.se  bubbles  on  the  other  hand  significantly 
influence  the  “earlier”  ones  by  increasing  at  some  point 
the  pressure  drop  these  bubbles  sense  and  then  by  pre¬ 
venting  them  later  on  from  collapsing.  Since  the  code 
presently  b^e^lks  down  before  a  significant  collapse,  we 
can  only  speculate  that  a  very  strong  collapse  of  the 
larger  bubbles  would  ensue,  because  of  the  large  pres¬ 
sure  produced  by  the  collapse  of  the  smaller  bubbles. 
This  can  be  illustrated  by  observing  the  modification  of 
the  imposed  pressure  drop  by  the  behavior  of  an  indi¬ 
vidual  bubble.  As  shown  in  figure  15,  the  bubble  growth 
initially  reduces  the  effective  pressure  drop  that  would 
be  felt  by  a  second  bubble  at  the  distance  lo,  this  trend 
is  later  reversed,  and  is  followed  by  a  significant  pressure 
rise  during  the  bubble  collapse. 

Figure  16  shows  the  three-dimensional  behavior  of 
a  bubble  in  a  line  vortex.  The  bubble  is  initially  po¬ 
sitioned  at  a  distance  of  2Jlmax  from  the  vortex  axis 
located  at  X  =  2.  The  normalized  core  size  is  4  in  this 
case.  Figure  16a  gives  a  view  in  the  XOY  plan  of  the 
bubble  at  different  instants.  The  bubble  is  seen  spiral¬ 
ing  around  the  vortex  axis  (  perpendicular  to  the  fig¬ 
ure)  while  approaching  it.  At  the  same  time,  due  to  the 
presence  of  the  pressure  gradient,  the  bubble  strongly 
deforms  and  a  reentrant  jet  is  formed  directed  towards 
the  axis  of  the  vortex.  Figure  166  shows  the  same  bub¬ 
ble  seen  from  the  OX  axis.  Here  some  elongation  is 
observed  along  the  axis  of  the  vortex  as  well  as  a  very 
distinct  side  view  of  the  re-entrant  jet.  This  result  is 
totally  contrary  to  the  usually  held  belief  that  bubbles 
constantly  grow  during  their  capture  until  they  reach 


the  axis  and  elongate  along  it.  Finally,  Figure  17  shows 
in  the  XOY  plane  perpendicular  to  the  vortex  axis  the 
motion  of  two  particular  points  on  the  bubble,  A  and 
B,  initially  along  OY.  Also  shown  is  the  motion  of  the 
mid  point,  C.  While  C  seems  to  follows  a  path  similar 
to  the  classical  logarithmic  spiral,  A  and  B  follow  more 
complicated  paths,  even  moving  away  from  the  vortex 
axis  at  some  point  in  time. 

Figures  18  and  19  ,  address  the  behavior  of  a  bub¬ 
ble  near  a  solid  wall  in  the  presence  of  a  nonuniform 
flow  field  and  as  a  result  of  a  relative  velocity  between 
the  bubble  and  the  flow.  In  the  example  shown  a  sim¬ 
ple  linear  velocity  profile  is  used  to  simulate  the  the 
boundary  layer  flow  near  the  wall  in  which  the  bubble 
dynamics  is  considered.  The  basic  flow  velocity  varies 
from  a  value,  V,ktaT  at  a  distance  from  the  wall  to 
zero  at  the  wall.  The  basic  pressure  is  assumed  constant 
across  the  shear  layer  and  is  an  input  of  the  problem, 
as  is  the  initial  gas  pressure  inside  the  bubble, 
Pjo-  The  bubble  center  is  located  at  a  distance  lu  from 
the  wall,  the  ratio  rio//o  being  a  key  parameter  char¬ 
acterizing  the  bubble  /  wall  interaction.  Here,  another 
important  parameter  is  the  ratio  between  the  charac¬ 
teristic  shear  velocity  and  a  characteristic  bubble  dy- 
namics  velocity  [16],  for  instance  x  =  V'.A.ar/^/AP/p. 
Figure  18  shows  an  example  of  bubble  growth  and  col¬ 
lapse  shape  contours  obtained  with  SDynaFS  near  a 
solid  wail  in  the  absence  of  shear.  Figure  19  shows  for 
the  same  conditions  the  bubble  collpase  in  the  presence 
of  the  nonuniform  flow.  A  very  significant  effect  of  the 
wall  flow  is  seen  on  the  development  of  the  reentrant  jet. 
The  jet  is  seen  to  be  much  weakened  and  delayed.  Since 
we  have  made  these  numerical  observations  in  1990  in 
:[16],  tests  conducted  by  other  researchers  in  the  Large 
I  Cavitation  Channel  appears  to  confirm  experimentally 
'  at  least  some  aspects  of  these  observations. 

Figure  20  shows  the  strong  interaction  between  a 
'growing  and  collapsing  bubble  and  a  vortex  ring.  Figure 
20a  shows  a  high  speed  movie  sequence  where  the  vortex 
ring,  the  axis  of  which  is  on  the  left  edge  of  the  succes¬ 
sive  pictures,  was  generated  using  the  impulsive  motion 
of  a  piston  in  a  tank  where  a  reduced  ambient  pressure 
Vlas  imposed  [45].  The  bubble  was  spark-generated  us¬ 
ing  submerged  electrodes  positionned  where  the  initial 
bubble  center  is  sought.  The  figure  shows  that  the  bub¬ 
ble  grows  initially  almost  spherically,  then  the  shear 
flow  due  to  the  vortex  ring  becomes  very  important 
leading  to  a  stretching  and  elongation  of  the  bubble 
along  a  stream  line  of  the  vortex  flow.  The  bubble  then 
collapses  in  a  very  unusual  manner  producing  a  con¬ 
striction  along  the  vortex  flow  line,  then  decomposing 
into  two  bubble  clouds.  A  set  of  various  bubble  /  vortex 
interaction  intensities  is  presented  in  [45].  Figure  20b  is 
a  direct  numerical  simulation  of  the  experimental  case 
shown  in  figure  20a.  The  vortex  ring  flow  was  simu¬ 
lated  assuming  a  Rankine  model  and  a  viscous  core  size 
as  observed  from  other  tests  where  microbubble  motion 
inthe  vortex  flow  were  visualized.  Given  such  a  crude 


model  of  the  vortex  ring  &nd  given  th&t  the  modification 
of  the  vortex  flow  by  the  bubble  dynamics  neglected, 
the  similitude  between  the  numerical  simulation  and  the 
experimental  result  is  quite  satisfactory  and  is  able  to 
capture  most  of  the  feature  of  the  bubble  behavior.  An 
improved  viscous  model  and  the  inclusion  of  the  basic 
flow  modification  will  enable  an  even  better  correspon¬ 
dence.  The  study  of  such  an  interaction  is  essential  to 
the  understanding  of  the  the  interaction  between  mi¬ 
crobubble  and  large  organized  viscous  structures  which 
occur  in  boundary  layers.  These  interactions  are  ex¬ 
pected  to  be  much  more  significant  at  full  scale  than 
in  the  laboratory,  particularily  due  to  a  significant  in¬ 
crease  of  the  ratio  between  hydrodynamics  scales  and 
bubble  scales. 

10  Conclusions 

In  this  contribution  the  dynamics  of  the  interaction 
between  bubbles  and  nearby  boundaries  (other  bub¬ 
bles  or  complex  geometries)  or  nonuniform  flows  was 
considered  using  an  asymptotic  method  and  a  three- 
dimensional  Boundary  Element  model.  Both  approaches 
enabled  us  to  address  aspects  of  the  bubble  dynam¬ 
ics  that  have  been  ignored  to  date  due  to  their  math¬ 
ematical  difficulty.  The  asymptotic  approach,  valid  for 
the  case  of  weak  interactions,  enables  a  better  under¬ 
standing  of  the  general  trends  without  recourse  to  an 
extensive  analysis  of  test  cases,  since  it  provides  ana¬ 
lytical  expressions  from  parts  of  the  solutions.  On  the 
other  hand  direct  3D  simulation  have  the  advjuitage 
of  enabling  the  study  of  strong  interactions  where  the 
asymptotic  expansion  metod  fails.  Comparison  of  the 
two  methods  provides  a  me2tns  of  mutual  validation  of 
the  methods. 

From  the  application  of  both  methods  the  following 
conclusions  can  be  drawn  from  the  study: 

1.  When  compared  to  the  dynamics  of  a  single  bub¬ 
ble,  significant  modification  of  the  bubble  dynamics  and 
shape  is  observed  for  multibubble  interaction.  For  iden¬ 
tical  bubbles  acting  in  concert,  an  increase  in  the  bubble 
period  is  observed  without  significant  modification  of 
the  bubble  maximum  size  when  the  number  of  bubbles 
increase  or  when  their  separation  distance  decreases. 

2.  A  shielding  effect  of  the  bubbles  was  observed 
leading  to  an  increased  period  and  maximum  size  of 
the  bubbles  in  the  center  of  the  cloud. 

3.  While  very  large  pressures  are  computed  using 
the  asymptotic  method  with  bubble  clouds  composed 
of  the  same  size  bubbles,  more  moderate  pressures  are 
obtained  when  the  bubbles  are  not  exactly  in  phase  and 
when  large  deformations  are  taken  into  account. 

4.  Bubble  collapse  near  a  solid  wall  and  in  the  pres¬ 
ence  of  a  nonuniform  flow  field  is  seen  to  be  significantly 
modified  by  the  presence  of  this  flow  field.  Reentrant 
jet  formation  is  seen  to  be  delayed  and  weakened  when 
not  eliminated. 


5.  Bubble  capture,  growth  and  collapse  in  a  line  vor¬ 
tex  flow  field  is  seen  to  involve  significantly  non  spheri¬ 
cal  effects  which  have  been  systematically  neglected  by 
previous  studies.  For  instance,  noise  generation  at  the 
inception  of  tip  vortex  cavitation  can  probably  be  ex¬ 
plained  by  the  deformation,  collapse  and  splitting  of  the 
bubble  while  being  captured. 

6.  The  study  of  the  interaction  between  bubbles  and 
large  organized  structures  provides  some  hints  about 
the  complexity  of  bubble  dyanmics  in  real  full  scale  flow 
fields. 

On-going  areas  of  improvement  of  this  study  include 
extension  of  the  asymptotic  approach  to  the  case  of  a 
compressible  fluid  and  coupling  of  the  multibubble  ap¬ 
proach  to  a  two-phase  medium  model.  The  Boundary 
Element  Method  approach  is  being  improved  to  include 
the  full  description  of  the  reentrant  jet  piercing  of  the 
bubble  and  its  subsequent  advancement  in  the  fluid. 
The  3D  code  SOynaFS  is  also  being  exercised  on  a 
Cray  Y-MP  and  implemented  on  a  parallel  Connection 
Machine  in  order  to  significantly  improve  computation 
time,  and  to  allow  practical  consideration  of  a  much 
larger  number  of  elements  than  at  present. 
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a  b  c 

Figure  la-e:  Fig.  lb  and  Fig.  le  <how  the  geometry  and  flow  field  of  the  problem  eonsidereo.  The  trajectory  of  the 
bubble  center  along  the  headform  (of  radius  10  cm)  is  indicated  in  Fig.  lb.  The  pressure  (in  Pa  -  y  axis)  and  the 
velocity  (in  ms~'  -  right  y  axis)  of  the  basic  flow  along  this  streamline,  are  plotted  against  the  non-dimensional  time. 
The  free  stream  velocity  is  1.15  ms~‘.  Fig.  la  shows  the  computed  bubble  contours  for  e  =  0.3,  sod  tinte  between 
O.lTo  to  2T(,.  Bubble  translation,  rotation  and  re-entrant  jet  formation  are  clearly  seen. 
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Figure  2vc:  Bubble  contours  at  various  times  for  e  =  0.15,0.3  and  0.6.  Here  the  initial  bubble  radius  was  kept 
constant  at  1  cm,  while  the  initial  standoff  from  the  head  form  was  varied  to  change  e.  Increasing  interaction  is  seen 
with  decreasing  standoff. 
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Figure  3a-c:  Bubble  contours  at  various  times  for  c  s  0.15,0.3  and  0.6.  Here  the  initial  standoff  distance  Is  was  kept 
constant  at  3.333  cm,  while  the  initial  radius  was  varied  to  change  e.  Increasing  interaction  is  seen  with  increasing 
initial  bubble  size. 
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Figure  4:  5:  Figure  6: 

Figure*  4-6:  The  interaction  of  the  bubble  with  a  line  vortex  is  shown  in  these  figures  (see  Section  5).  Fig.  4  shows  the 
cross-section  of  the  predicted  bubble  shape  in  the  x  —  y  plane  (normal  to  the  vortex  axis).  The  vortex  passes  through 
(x,y)  =  (0, 0)  along  the  r  axis  (normal  to  the  plane  of  the  paper).  Fig.  5  indicate*  the  motion  of  the  points  initially 
farthest  from  and  closest  to  the  vortex  axis  in  Fig.  4.  Fig.  6  shows  the  cross- section  of  the  predicted  bubble  shape  in 
a  plane  containing  the  vortex  line  and  the  center  of  the  moving  coordinate  system.  The  vortex  axis  is  at  -20,  on  the 
abscissa. 


Figure  7:  Influence  of  compressibility  on  the  dynamic*  of  a 
6-bubble  cloud.  The  figure  shows  RiOi,  =  0,  ()  vs.  time  for  , 
one  bubble.  The  bubble*  have  an  initial  radius  of  0.01  cm 
and  are  arranged  at  equal  distances  from  the  origin  along 
the  coordinate  axes,  so  that  e  s  0.07  .  The  bubbles  are  at 
equilibrium  at  (  =:  0  when  they  are  subjected  to  a  sudden 
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Figure  8:  Large  bubble  collapse  near  a  cylinder.  Com¬ 
parison  between  our  thiee-dimensional  BEM  code  and  the 
experimental  result*  of  Goertner  et  al 


pressure  drop.  Here  P  =  2.0,  and  W  =  679.  The  solid 
line  indicates  the  incompressible  solution.  Also  plotted 
is  the  corresponding  curve  for  A4  =0.01  (snoall  dashes), 
M  =0.03  (srnall  dash-dot),  and  M  =0.07  (dash-dot).  The 
strong  eifect  of  increasing  compressibility  can  be  seen. 


Figure  10;  Motion  of  the  bubble  points  farthest  and  closest 
to  the  cloud  center  versus  time  for  a  4-bubble  symmetric 
configuration.  Comparison  between  3D  code  results  and 
the  asymptotic  analysis.  Influence  of  bubble  proximity  or 
«•  PfO/Pmmi  =  283. 


Figure  9;  Motion  of  the  bubble  points  farthest  and  doe-  j 
est  to  the  cloud  center  versus  time  for  1,2,4  and  8-bubble  i 
symmetric  configurations.  Comparison  between  3D  code  ' 
results  and  the  asymptotic  analysis,  e  =  0.07,  PftIPamk  =  ' 
283. 


FtKUi«  1\'.  Bubble  contAuie  during  colUpee  of  e  4-bttbbk 
configuration,  a)  Cross  sectional  view  in  the  plane  Z  —  0. 
b)  Cross  sectional  view  in  the  plane  Y  =  X.  «  =  0.498 
based  on  the  maximum  radius.  Note  the  non-axisyminetric 
shape  of  the  jet  during  collapse. 


Figure  13:  Growth  and  collapse  of  S  bubbles  having  the 
same  initial  size  and  internal  pressuM.  Influence  of  the 
initial  bubble  geometry  on  dynamics.  <  s  0.474  baaed  on 
the  maximum  rtulius.  The  center  bubble  is  seen  to  have  a 
remarkably  different  behavior. 


Figure  12:  Bubble  Contours  for  the  collapse  of  a  4-bubble 
cloud  for  <  s  0. 185.  Since  the  case  shown  is  symmetrical 
and  all  bubbles  have  the  same  shape,  this  diagonal  view 
can  be  interpreted  as  showing  the  shape  of  the  same  bubble 
from  different  view  angles. 


Figure  14:  Growth  and  collapse  of  4  identical  bubbles  ini¬ 
tially  symmetrically  distributed  but  with  different  initial 
radii  (2,1,3,!  clockwise  starting  from  origin).  The  figure 
shows  the  influence  of  'phasing'  on  the  dynamics. 


Figure  15:  Pressure  at  distance  fo  from  a  bubble  ibilowing  a  sudden  pressure  drop,  e  =  0.3,  P/a/Pam*  =  283. 
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1  Introduction 

Pr&ctic^  liquid  flows  contiun  many  microscopic  bubbles  which 
rMpoad  dynamicaUy  to  the  flow.  These  bubbles  can  grow  >^.1^ 
^ely  ud  coUapse,  leading  to  caritation  and  all  its  deleterious 
csectf  [I»2J.  These  bubbles  seldom  occur  singly,  nad  their  mu- 
tu*i  mterac^on  is  likely  to  play  an  important  part  in  the  duid 
driumcs.  However,  most  previous  studies  consider  only  the 
problem  of  single  bubbles  (including  only  spherical  or  axisyxn- 
m^nc  deformaiions  in  their  models),  or  consider  highly  simpli¬ 
fied  models  of  multiple  bubble  interactions.  To  study  cavitation 
m  practical  flows  one  needs  to  be  able  to  properly  model  these 
S  P**ractions.  Mathematically  the  problem  is  a  diiScult  one,  as 
F  tt  M  intxinmc^y  three-dimensional,  and  involves  multiple  free 
surfaces  (with  the  associated  non-linearity).  Purely  analytical 
progress  into  the  problem  is  clearly  out  of  reach  presently. 

Our  stupes  into  this  subject  have  proceeded  along  two  differ¬ 
ent  paths.  In  the  fcst,  [3-7,13,14],  an  asymptotic  approach  was 
raployed,  usmg  the  assumption  that  the  characteristic  inter- 
ouoble  mstance  was  large  compared  to  characteristic  bubble 
sue.  ^  Solutions  vahd  to  the  third  order  in  this  parameter  were 
obtained.  Om  more  recent  efforts  have  been  devoted  to  the  de- 
veopment  of  a  completely  three-dimensional  boundary  element 
m^hod  capable  of  hantUing  multiple  free-surfKes,  and  rigid 
spaces  and  particles.  A  computer  program  (SDynaFS)  im¬ 
plementing  the  method  has  been  devdoped.  It  has  been  applied 
to  problmns  involving  single  bubbles  in  a  variety  of  configura- 
from,  md  more  recently  to  problems  involving  several  bubbles 
5*^. .  bubbles  are  in  either  a  shear  flow  or  in  the  flow 

fieiu  of  a  Ranldne  vortex  [8-12]. 

In  this  paper  we  present  some  preliminary  results  from  nu¬ 
merical  expenments  with  the  code  SDynaFS.  We  study  a  num- 
flows  involving  &  few  bubbles,  with  pvticul&r  exnphws 
on  the  effects  of  various  paxaxzxeters  on  bubble  growth  and  col- 
lapse  Additionally  the  “exact"  numerical  solutions  from  the 
boundary  element  technique  are  used  to  obtain  a  domain  of 
validity  for  the  asymptotic  studies. 

2  ^atiiematical  Formtilation 

Connder  an  incompressible  liquid  in  an  infinite  domain  (this 
res.nction  can  be  relaxed  to  allow  rigid  boundaries  or  other 
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free  surfaces  within  the  domain).  Distributed  in  this  liquid  are 
.V  bubbles,  numbered  1, ...  JIf.  Since  we  shall  be  concerned  with 
cavitation  bubbles  where  rclativriy  lane  wall  vdodtiea  are  in¬ 
volved,  viscosity  lus  no  apprecisble  eSeet  on  the  dynamics  of 
the  bubble.  Additionally  we  restrict  the  case  to  ^ws  where 
the  Mach  number  is  sm^  enough  so  that  the  incompressibil¬ 
ity  assumption  holds.  (We  sre  currently  working  to  relax  this 
assumptioii).These  two  assumptions  are  classical  in  cavitation 
bubble  studies,  and  with  suitable  initial  conditions  the  flow  is 
izTotational.  Following  standard  procedure  we  introduce  a  ve¬ 
locity  potential  in  terms  of  wUch  the  conservation  laws  in 
the  liquid  may  be  stated  in  the  form 

VV*0  (1) 

and 

P  +  P  =  constant  (2) 

Here  (2)  is  the  BemouUi  integral  of  the  momentum  equation. 
We  shall  study  the  reaction  of  this  system  to  a  prescribe  pres- 
mire  field  ^  infinity,  These  equations  are  subject  to 

initial  conditions  for  the  potential,  and  boundary  conditions  on 
the  sufaces  of  the  bubbles  (and  on  any  rigid  surfaces  in  the 
domain).  At  all  boundaries  we  impose  the  condition  that  the 
surface  is  a  material  surfoce  and  moves  with  the  flow,  so  that 
a  •  Vp  =  a  •  V„  (3) 

where  V,  is  the  velocity  of  the  tuilace,  and  a  is  the  local  unit 
vector  normal  to  the  stuface.  In  addition  on  the  surface  of  the 
bubble  we  must  balance  the  normal  stresses  in  the  liquid  and 
the  gas.  The  bubble  is  assumed  to  contain  both  non-condensible 
gas  and  vapor.  Within  the  bubble  the  pressure  it  assumed  not 
to  vary  spatially,  and  to  be  riven  by  the  sum  oi  the  partial 
pressures  of  the  noncondensible  g*ses,  Pf,  and  that  of  the  va¬ 
por,  P,.  Vaporization  of  the  liquid  is  assumed  to  occur  at  a  fast 
enough  rate  to  that  the  vapor  pressure  can  be  assumed  constant 
throughout  the  simulation  and  equal  to  the  equilibrium  v^or 
pressure  at  the  liquid  ambient  temperature,  ^ce  time  tc^es 
associated  with  gas  diffusion  sre  much  larger  than  those  of  ir- 
terest,  the  amount  of  non-condensible  gas  inside  the  bnbbiei 
is  assumed  to  remain  constant.  This  gas  is  assumed  to  satisfy 
the  polytropic  relation,  PV*  =  eoiutantf  where  V  is  the  bubble 
volume,  and  k  the  polytropic  index,  with  k  =  1  representing 
isothermal  behavior  and  k  =  Cp/C^  adiabatic  behavior.  With 
these  assumptions  the  condition  of  normal  stress  balance,  at 
anv  time  f.  on  anv  point  Xc  on  the  surface,  mav  be  stated  as 


Pl(x5. 0  =  -P.  +  Pm  *  -  »C(X5. t).  (4) 

where  Pl  i*  the  liquid  pressure  st  the  bubble  well,  ud  Vo 
»re  the  initisl  gu  pressure  sad  volume  lespectivdy,  9  is  tlw 
sur&ce  tensioa  coeffident,  C  the  local  curvature  of  the  bubble, 
and  V  the  instantaneous  value  of  the  bubble  v<dume.  Here  P^ 
and  Vo  are  known  quantities  at  <  s  0.  The  curvature  of  the 
bubble  can  be  computed  n«ing  the  relation  C  ss  V  •  n.  The 
pressure  at  the  bubble  surfaces  can  be  related  to  the  potential 
using  Bernoulli’s  equation,  to  give 

^  5  -  -p.  -  /V.  (^)*  +  9V .  n(5) 

'On  any  moving  rigid  surfaces,  we  need  an  equation  similar  to  (5) 
relating  the  vdodty  of  the  surface  to  the  pressure.  Equations 
(1-5),  along  with  prescribed  initial  conditions,  form  a  complete 
system  of  equations  for  the  variables  and  determine 

the  location  and  geometry  of  the  bubbles,  and  the  pressure  and 
velodty  in  the  domain.  The  two  methods  used  to  solve  this 
non-linear  problem  are  described  briefly  in  what  follows.  For 
more  complete  descriptions  see  [5,8,9]. 


Boundary  element  solution 

The  boundary  element  method  (BEM)  uses  Green’s  identity  to 
solve  Laplace’s  equation.  If  the  velodty  potential,  ^  (or  its 
normal  derivative,  d^j&n)  is  known  on  the  boundaries  of  the 
domain,  and  ^  satisfies  the  Laplace  equation,  then  ^  can  be 
determined  anywhere  in  the  domain  of  the  fluid  by  using  the 
identity: 


/  L_ 

Js[  any  I  X  -  y  1 


=  ttir^(x).(6) 


We  first  select  x  on  the  boundary  to  determine  d^f9n  (or  on 
the  boundary,  and  then  using  the  known  values  on  the  boundary 
determine  ^  at  the  required  point  in  the  domain.  Here  air  =  0 
is  the  solid  angle  under  which  the  point  x  sees  the  fluid,  with 
a  3=  4  if  X  is  a  point  in  the  fluid 
a  =  2  if  X  is  a  point  on  a  smooth  surface 
o  <  4  if  X  is  a  point  at  a  sharp  comer  on  the  boundary. 

The  advantage  of  this  representation  is  that  it  reduces  the 
dimension  of  the  problem  by  one.  If  the  pdnt  x  is  selected  to 
be  on  the  bounda^  of  the  fluid  domain  (a  bubble  turizzs  or  on 
any  other  boundary),  then  a  closed  syst^  of  equations  can  be 
obtained  and  used  at  each  time  step  to  solve  for  Wues  of  d^/dn 
(or  ^).  The  points  on  the  moving  boundaries  (bubble  surfaces) 
are  advanced  in  a  Lagrangian  fashion  using  the  calculated  ve¬ 
locities,  while  the  potential  at  the  subsequent  times  is  obtained 
by  integrating  (5). 

To  solve  (6)  numerically,  we  discretize  the  bubble  surfaces  as 
well  as  other  boundaries  into  panels.  A  local  linear  basis  for  ^ 
and  d^/ dn  is  assumed  over  each  pai:rl.  Integration  is  performed 
over  each  panel,  and  the  result!^  sunmed  up  to  complete  the 
integration  over  the  complete  boundivy.  The  initially  spherical 
bubble  is  discretized  into  a  geodesic  iihape  using  fiat,  triangular 
panels.  Equation  (6)  then  Incomes  a  set  of  M  linear  equations 
(M  is  the  total  number  of  discretization  nodes)  of  index  t  of  the 
type: 


•  ^j)  - 


(7) 


where  Ai,  and  Bi,  are  elements  of  matrices  which  are  the  dis¬ 
crete  equivalent  of  the  integral  operators  given  in  Equation  (6). 
Details  of  the  calculation  of  these  matrices,  of  the  geometric^ 
quantities  needed  (normal,  curvature,  volume),  the  other  phys¬ 
ical  variables  (tangential  and  normal  velocities,  pressure) 


the  ad^tive  time  integration  scheme  can  be  found  in  [8,9^11). 
Results  of  the  validation  of  this  code  may  be  found  in  [9,7,12]. 

If  the  potential  at  a  point  within  the  domain  is  needed,  (6) 
(or  its  discrete  eqvdvalent  (7))  can  be  used.  The  known  values  of 
4  and  8^/dn  on  the  ’ooundi^  are  used  to  conq>ute  the  int^rals 
on  the  1^  hand  side.  To  calculate  vdodties  at  an  interior  p<unt 
the  potential  in  a  neighborhood  of  the  point  is  obtained  and 
local  finite-differencing  used,  while  the  pressure  is  obtained  via 
the  Bernoulli  equation  (2). 


Asymptotic  solutions 

We  seek  asymptotically  valid  solutions  to  Equations  (1-5),  under 
the  assiunption  that  the  characteristic  size,  ru,  of  the  bubbles 
is  small  compared  with  a  characteristic  inter-  bubble  distance 
lb.  The  small  parameter  used  to  linearize  the  system  is  the  ratio 
between  ru  and  lo  denoted  e.  The  zero  order  approximation  (<  = 
0)  reduces  to  the  case  of  a  single  bubble  in  an  infinite  medium. 
In  the  absence  of  relative  motion  with  respect  to  the  surrounding 
fluid,  each  of  the  bubbles  reacts  to  the  local  pressure  variations 
spherically,  as  if  isolated. 

At  higher  orders  of  approximation  (<  ^  0),  mutual  bub¬ 
ble  interactions  and  individual  bubble  motion  and  deformation 
come  into  play.  These  approximations  are  obtained  by  means 
of  the  method  of  matched  asymptotic  expansions.  The  “outer 
problem”  is  that  obtained  when  the  reference  length  is  chosen 
to  be  lo.  This  problem  is  associated  with  the  macroscopic  be¬ 
havior  of  the  cloud,  and  each  bubble  appear  in  it  only  as  the 
summation  of  singularities  of  various  orders.  The  'Hnner  prob¬ 
lem”  is  that  obtained  when  the  lengths  are  normalized  by  rw 
The  solution  of  this  problem  provide,  the  microscopic  details  of 
the  behavior  of  the  cloud,  i.e.,  in  the  vicinity  of  an  individual 
bubble  center  (B,).  The  presence  of  the  other  bubbles,  all  con¬ 
sidered  to  be  at  infinity  in  the  “inner  problem,”  is  sensed  only 
by  means  of  the  matching  condition  with  the  “outer  problem.” 
The  boundary  conditions  at  infinity  for  the  “inner  problem”  are 
obtained,  at  each  order  of  approximation  by  the  asymptotic  be¬ 
havior  of  the  outer  solution  in  the  vicinity  of  Bj.  Thus,  if  one 
knows  the  behavior  of  all  bubbles  except  B,,  the  motion,  defor¬ 
mation  and  pressure  field  due  to  this  cavity  can  be  determined 
by  solving  linearised,  non-dimensional  versions  of  Equations  (1- 
S).  The  non-dimensionalization  yields  the  following  parameters 
e,‘P,'W,u,N.  These  are  defined  by 


lo  AB 


Here  e  is  a  measure  of  the  void  fraction  in  the  bubble  cloud,  V 
is  a  'cavitation  number,’  W  is  a  Weber  number,  v  is  the  ratio  of 
the  forcing  frequency  w  and  the  natural  frequency  of  a  bubble 
with  radius  ru,  while  Ap  is  the  characteristic  pressure  variation 
associated  with  the  forcing  Boo- 

At  the  lowest  order,  e  =  0,  each  bubble,  B„  behaves  spher¬ 
ically  as  if  in  an  infinite  medium  and  the  time  dependence  of 
its  radius,  a^(t),  is  given  by  the  Rayleigh- Plesset  equation,]!]. 
This  first  approximation  of  the  whole  flow  field  (a  distribution 
of  sources  or  sinks  representing  aU  bubble  oscillations)  sets  the 
boundary  conditions  at  infinity  at  the  following  order  of  approx¬ 
imation.  The  same  process  is  then  repeated  for  the  successive 
orders.  One  can  show,  [5,6],  that  up  to  the  order  0(B),  the 
influence  of  the  remaining  bubbles  on  each  bubble  B„  can  be 
schematically  replaced  by  the  influence  of  a  single  equivalent 
bubble  centered  at  Gi  (see  Figure  1).  The  growth  rate  and 
position  of  this  equivalent  bubble  are  determined  by  the  distri¬ 
bution  and  the  growth  rate  of  the  other  cavities.  In  general, 
this  fictitious  bubble  equivalent  to  the  “rest -of- the- cloud”  and 


the  corref^ndisg  "cloud  center”  end  "equivnlent  bubble  inten- 
■itjr”  nre  different  lor  each  bubble.  If  0ig  ii  the  angle  between  the 
direction  of  the  center,  B,G,,  and  the  direction  of  a  field  point 
the  equation  of  the  surface  of  the  axiajmunetiic  bubble 
Bi  can  be  written  in  the  form: 

m, .  t) = 4(0 + ««i(o + <*k(o + m- «» »iA + 

+*’(4(0  +  +  S3(0^j(cO*^.>)I  +  4**).  (®) 

where  P2  ii  the  Legendre  polynomial  of  order  2,  and  argument 
cosd,^,  while  the  <f  dependence  is  not  seen  till  the  order  of  the 
included  terms. 

The  first  component,  aQ(t),  is  given  by  the  Rayleigh-Plesset 
equation,  while  the  other  components,  aj,,  and  p!,,  are  pven 
by  similar  second  order  differential  equations  which  can  be  writ¬ 
ten  in  symbolic  form  as  follows: 

I’*(y;)  =  E(|)  . »i-l)^m(cOsd->).  (10) 

Here  represents  a  second  order,  non-linear,  differential 

operator  in  time,  acting  on  the  radius  component  j/j,  (one  of 
4i/n>9n)  bubble  i;  {|/  is  the  initial  distance  between  the 

bubbles  Bi  and  B,;  .■..,yi_i)  is  known  (it  is  a  function  of 

the  terms  (y(),  dete  mined  at  the  preceding  orders);  m  indicates 
the  order  of  the  spheiical  harmonic;  0ij  is  the  angle  between  the 
direction  BjBj  connecting  the  bubble  centers  and  the  direction 
of  motion  of  bubble  t  toward  the  cloud  center,  B,;  and  n  indi¬ 
cates  the  order  of  approximation.  The  detailed  expressions  can 
be  found  in  [5].  The  behavior  of  Bi  can  then  be  computed  by 
integration  of  the  obtained  system  of  differential  equations  us¬ 
ing  a  Runge-Kutta  procedure.  The  behavior  of  the  whole  cloud 
'  thus  obtained. 


Earlier  studies  [3,5,6]  have  shown  that  coUective  bubble  be¬ 
havior  can  have  a  dramatic  effect  on  both  bubble  growth  and 
implonon.  Specifically,  bubble  growth  is  inhibited  by  bubble  in- 
teractions,  while  bubble  collapse  is  enhanced.  This  cumulative 
'  rfect  comes  from  the  fact  that  the  interaction  reduces  any  driv- 
mg  pressure  drop  as  a  result  of  the  other  bubble  growth,  while 
it  increases  the  collapse  driving  pressure  as  a  result  of  the  other 
bubble  collapse.  Due  to  the  cumulative  effects  of  the  collapse  of 
all  the  bubbles  in  the  cloud,  each  bubble  ends  its  collapse  under 
the  influence  of  a  pressure  which  is  orders  of  magnitude  higher 
than  that  for  an  isolated  bubble  (see  Figures  6  and  7). 


3  Numerical  Experiments 

Comparison  of  the  two  methods 

While  the  BEM  code  represenU  a  significant  advance  in  that  it 
^ows  us  to  simulate  flows  with  very  strong  bubble  interactions 
in  a  relatively  accurate  way,  it  is  computationally  intensive  com¬ 
pared  to  the  asymptotic  code.  While  the  latter  requires  0(N) 
floating  point  operations  per  time  step,  where  JV  is  the  nunfoer 
of  bubbles,  the  BEM  code  requires  operations  per  time 

step  where  Af  is  the  total  number  of  nodes  in  the  discretization. 
It  is  thus  a  matter  of  some  interest  to  determine  the  region  in 
the  parameter  space  (see  (8))  for  which  the  asymptotic  analysis 
holds.  A  complete  map  of  the  parameter  space  is  a  matter  of 
current  study.  Here  a  few  prelimi' aiy  results  are  presented. 

In  all  cases  presented  for  comparison  here  the  ratio  e  is  the 
ratio  of  the  initial  radius  of  the  bubble,  and  the  minimum  dis- 
(•*  t  =  0)  between  any  two  bubbles  in  the  configuration. 
The  study  was  restricted  to  one  particular  form  of  the  driving 
pressure  field-a  drop  in  the  pressure  field  at  time  1  =  0.  Thus 
the  influence  of  the  parameter  u  is  not  studied.  Two  values  of 


the  initial  pressure  drop  were  chosen  corresponding  to  values 
for  “Pof  1.004  (a  very  la^e  drop)  and  2.508  (a  relatively  milder 
drop).  The  number  of  bubbles  varied  from  2  to  8,  while  the  value 
of  epsilon  was  also  varied.  The  studies  were  performed  for  large 
W  (corresponding  to  large  bubbles).  Symmetric  bubble  config¬ 
urations  were  chosen  for  ease  of  visualisation,  and  efficiency  in 
computation.  The  bubbles  were  arranged  respectively  at  the 
edges  of  a  line,  a  square,  and  a  cube.  In  each  case  the  bubble 
osdllations  caused  "collapse”  of  the  bubble  in  the  direction  to¬ 
wards  the  center  of  the  cloud.  The  data  for  the  "radii”  reported 
are  for  pmnts  on  a  bubble  which  are  closest  to  the  cloud  cen¬ 
ter  initially  (the  pMitive  radii  in  Figure  2)  and  that  which  are 
frolhest  from  the  cloud  center  (the  negative  radii). 

As  can  be  seen  (Figure  2)  the  BEM  code  riiows  that  the 
time  period  of  the  oscillation  of  the  bubbles  increases  with  the 
number  of  interacting  bubbles.  The  maximum  bubble  sise  along 
the  jet  axis  is  however  not  much  modified.  The  jet  advancement 
towards  the  doud  center  increases  with  M.  This  is  seen  from 
the  fact  that  the  upper  curves  in  the  graph  cross  the  r  =  0  axis 
earlier  as  B  increases.  This  effect  is  more  pronounced  as  <  is  in¬ 
creased  (Figure  3).  The  asymptotic  code  predicts  substantially 
the  same  curves  for  small  AT  (Figure  2)  and  low  e  (Figure  3), 
but  begins  to  diverge  at  higher  values.  The  method  predicts  ei¬ 
ther  a  much  faster  collapse  for  B  =  2,4  or  an  unexpected  early 
rebound  for  B  =  8  in  Figure  2. 

In  the  cases  addressed  in  Figure  2  and  3  the  cdlapse  of  the 
bubbles  was  rdatively  intense.  This  may  be  seen  that  the  value 
of  P  =1.001,  corresponds  to  a  pressure  drop  of  240  times  the 
original.  Thus  it  is  unreasonable  to  expect  good  agreement  from 
the  asymptotic  analysis.  To  check  if  the  method  fares  better  in 
case  the  pressure  drop  is  milder,  a  case  where  Pco  is  reduced  to 
approximately  40%  of  its  original  value  was  studied,  correspond¬ 
ing  to  V  =2.508.  Results  from  such  a  study  are  shown  figures  4 
and  5.  The  agreement  between  the  asymptotic  method  and  the 

BEM  code  is  seen  to  be  quite  good  at  low  e.  Figure  4  presents 
the  influence  of  changing  B  while  figure  5  presents  results  for 
a  four  bubble  study  where  <  is  varied  from  0.05404  to  0.386. 
(Note  that  the  bubbles  would  touch  for  <  =  0.5,  as  the  scaling 
is  based  on  the  radius.) 

The  relative  influence  the  dynamics  of  an  individual  bubble 
has  on  its  neighbors  may  be  best  understood  by  examining  the 
pressure  at  a  point  and  compare  it  with  its  value  in  the  absence 
of  the  bubbles.  Figures  6  and  7  show  the  pressure  at  the  center 
of  the  cloud,  non-  ^mensionalized  with  respect  to  the  maximum 
pressure  that  would  have  been  induced  by  a  "Raylrigh-Plesset 
bubble”  (i.e.  an  isolated  bubble  at  a  distance  lo/2  away.  The 
pressure  predicted  by  the  asymptotic  analysis  is  seen  to  be  much 
higher  during  collapse.  This  high  value  is  explained  by  the  much 
higher  values  of  the  velocity  during  collapse  predicted  by  the 
asymptotic  analysis  (see  Figure  2,3,4)  than  by  the  BEM  code. 
Again  the  influence  of  increasing  B  or  increasing  t  is  to  make 
the  asymptotic  analysis  less  accurate. 

An  explanation  of  why  the  predictions  of  the  asymptotic 
method  are  in  error  during  the  collapse  phase  is  provided  by 
Figure  8,  which  shows  the  collapse  of  a  4  bubble  cloud.  Here 
the  value  of  <  =  0.4.  Here  two  cross-sectional  cuts  of  the  cloud 
are  shown,  the  first  being  a  top- view,  while  the  second  is  a  view 
from  the  plane  of  the  bubbles  with  the  viewing  angle  perpen¬ 
dicular  to  an  edge.  The  fact  that  the  bubbles  are  distribute  in 
a  plane  is  clearly  visible  from  the  appearance  of  the  jet,  which 
is  seen  to  have  a  two-dimensional  fiat  appearance,  rather  than 
a  conical  axisymmetric  shape.  Since  the  asymptotic  method,  to 
the  order  we  have  solved  for  (0(e^)),  only  allows  for  deforma¬ 
tions  expressible  in  terms  of  the  first  two  Legendre  modes,  it 
becomes  inaccurate  during  the  final  stages  of  the  collapse.  The 
error  made  in  the  pressure  is  much  higher  since  it  depends  on 
the  time  derivative  of  the  shape  (the  velocity). 

From  these  experiments  we  may  conclude  that,  as  expected. 


Uie  ujrmptotic  method  is  good  for  relatively  large  inter  babble 
separation,  for  a  small  number  of  bubbles,  and  when  the  bubUe 
collapse  is  weak. 

Other  Experiments 

Here  we  report  the  results  of  some  numerical  experiments  per¬ 
formed  with  SOynuFS  on  some  asymmetric  bubble  configura¬ 
tions.  The  efiTects  of  phasing  (i.e.  the  introduction  of  differences 
in  the  temporal  response),  and  the  screening  effect  of  the  outer 
hubbies  in  a  cloud  on  their  inner  members  are  studied. 

Figure  9  shows  a  4-bubble  configuration  where  the  bubbles 
are  centered  on  the  comers  of  a  square.  All  bubbles  were  chosen 
so  that  they  would  behave  identically  if  in  an  infinite  medium. 
However,  a  time  delay  between  the  bubble  oscillations  was  im¬ 
posed.  As  a  result,  at  t  =  0  the  bubbles  had  relative  initial 
sises  in  the  ratios  2, 1, 3, 1  counter-  clockwise  starting  from  the 
bubble  centered  at  the  origin.  A  dramatic  modification  in  the 
behavior  of  the  cloud  is  seen.  The  bubble  periods  appear  to 
be  increased  for  the  larger  bubbles  at  t  s  0.  The  “delayed” 
■bubbles  (the  smaller  ones  at  t  =  0)  are  prevented  by  the  other 
bubbles  from  growing  too  much,  and  end  up  collapsing  very 
early  in  their  history.  These  bubbles  on  the  other  hand  signifi¬ 
cantly  influence  the  “earlier”  ones  by  increasing  at  some  p<nnt 
the  pressure  drop  these  bubbles  sense  and  then  by  preventing 
them  later  on  from  collapsing.  Since  the  code  presently  breaks 
down  during  the  last  stages  of  a  violent  collapse,  we  can  only 
speculate  that  a  very  strong  collapse  of  the  larger  bubbles  would 
ensue,  because  of  the  large  pressure  produced  by  the  collapse  of 
the  smaller  bubbles.  This  can  be  illustrated  by  observing  the 
modification  of  the  imposed  pressure  drop  by  the  behavior  of 
an  individual  bubble.  As  shown  in  figure  8,  the  bubble  growth 
initially  reduces  the  effective  pressure  drop  that  would  be  felt  by 
a  second  bubble  at  the  distance  loi  this  trend  is  later  reversed, 

and  is  followed  by  a  significant  pressure  rise  during  the  bubble 
collapse. 

Figme  10  shows  the  case  of  an  asyrmnetric  five  bubble  con¬ 
figuration.  All  bubbles  have  the  same  initial  radius  and  inter¬ 
ne  pressure,  and  are  initially  spherical  and  located  in  the  same 
plane.  The  most  visible  effect  is  observed  on  the  center  bub¬ 
ble.  Its  growth  is  initially  similar  to  that  of  the  other  bubbles, 
but  it  ends  up  being  the  least  deformed.  Later  on,  as  the  col- 
lapse  phase  advances  with  the  development  of  a  reentrant  jet 
directed  towards  the  central  bubble,  tUs  bubble  appears  to  be 
shielded  by  the  rest  of  the  cloud.  Its  period  appears  to  be  at 
least  double  that  of  the  other  bubbles.  Unfortunately,  the  code 
cannot  presently  follow  the  dynamics  beyond  this  point  since 
it  fails  following  the  touchdown  of  the  first  reentrant  jet  on  the 
other  bubble  side.  Here,  this  occurs  before  much  progress  of  the 
collapse  of  the  central  bubble  is  observed.  The  issue  of  contin¬ 
uing  the  computations  beyond  this  point  is  clearly  important 
and  is  presently  the  subject  of  an  ongoing  research  program  at 
D'^'NAFLOW.  Figure  11  shows  a  similar  computation  for  a  16 
bubble  cloud.  Here  due  to  memory  limitations  the  discretisa¬ 
tion  is  coarser.  However  the  same  qualitative  features  as  the  5 
bubble  cloud  can  be  observed. 

4  Conclusion 

In  this  contribution  the  dynamics  of  a  multi-bubble  system  was 
considered  using  an  asymptotic  method  and  a  three-dimensional 
Boundary  Element  model.  While  the  asymptotic  method  is  sim¬ 
ple  and  satisfactory  for  relatively  weak  interactions  and  non¬ 
violent  bubble  oscillations,  the  3D  numerical  approach  is  more 
involved  computationally,  but  allows  one  to  study  both  very 
large  deformations  and  very  intense  oscillations.  For  multibuh 
ble  interaction  the  3D  code  shows  significant  modifications  of 


the  babble  dynamics  and  shape.  For  identical  bubbles  acting 
in  concert,  an  increase  in  the  babbie  period  is  observed  without 
significant  modification  the  babble  maTimutn  siae  when  the 
number  of  bubbles  increase  or  when  their  separation  distance 
decreases.  For  violent  interaction  the  asynqstotic  approach  al¬ 
lows  one  to  follow  the  dynamics  only  parti^y  during  the  col¬ 
lapse.  The  pressures  that  it  predicts  during  the  collapse  increase 
tremendously  at  the  “cloud  center”  with  the  number  of  bub¬ 
bles.  Ciomparisons  with  the  BEM  code  results  show  that  the 
asymptotic  approach  can  significantly  overpredict  the  vdodties 
at  the  end  of  the  coU^Me,  which  implies  that  the  conclnsioiu 
on  the  pressures,  while  still  correct,  need  to  be  tempered.  Sim- 
Oarly,  other  real  fluid  flow  conditions,  such  as  the  presence  in 
the  cloud  of  various  bubble  sises,  the  presence  of  a  velocity  or 
pressure  gradient,  etc.,  moderate  the  conclusions  drawn  from 
simplified  symmetric  models.  These  various  effects  can  be  con¬ 
sidered  and  analyzed  using  the  3D  code. 

The  phasing  study  indicates  that  the  influence  of  compress¬ 
ibility  on  the  dynamics  of  multiple  bubbles  is  likely  to  be  sig¬ 
nificant.  Similarly  the  screening  effect  observed  in  the  multiple 
bubble  simulations  shows  that  the  dynamics  of  a  cloud  of  bub¬ 
bles  is  very  different  from  that  of  a  single  bubble. 

We  are  presently  attempting  to  repeat  our  asymptotic  anal¬ 
ysis  by  including  compressibility.  The  results  from  the  phasing 
study  indicate  that  the  compressibility  of  the  medium  is  likely 
to  play  an  important  role,  as  identical  bubbles  would  receive 
pressure  information  at  different  times,  and  consequently  could 
have  very  different  behavior.  The  large  reduction  of  the  sound 
speed  (from  its  value  in  ptire  water)  in  a  bubbly  medium  makes 
it  important  that  such  an  effect  be  included. 

WhDe  the  BEM  code  3DynaFS  represents  a  significant  ad¬ 
vancement  in  our  ability  to  computationally  treat  problems 
hitherto  impossible  in  an  efildent  way,  its  application  to  more 
realistic  problems  requires  much  further  work.  In  a  current 

riudy  at  DYNAFLOW  we  are  attempting  to  take  advantage  the 
inherent  parallelizability  of  the  BEM  technique  by  implement¬ 
ing  it  on  a  Connection  Machine. 
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Figun  1:  (^metry  of  tite  bubble  cloud.  Hie  iadnenee  of  the  bubble  cloud 
(bubble*  OD  «  bubble  B‘  may  be  replaced  by  the  action  of  a«Bfle  babble 
placed  at  O'. 


I 


Figure  3:  Motion  of  the  bubble  point*  farthect  and  cio*e*t  to  the 
*cioad  eenter'  versa*  time  for  l,2,d  and  8-bubble  aymmetric  configura- 
tion*.  Comparuon  between  SDyn^S  and  the  asymptotic  code  remit*. 
t  *  0.00i6,7  =  I.OOH.IV  =  2.4  x  10*.  Note  t  =  0.07  if  it  were  calculated 
at  maximum  bubble  aixe. 


Figure  3:  Motion  of  lb*  bubble  poiiiia  Iaribe»(  from  ami  clow»i  to  the  'cloud 
center*  versu*  time  for  a  4-bubbie  ayimiieirir  couliguraiioii.  Comiutiauu 
between  SDynaFS  cod*  reaulu  and  tbe  asymptotic  code  rcauiu.  InUueucr 
of  bubble  proximity  or  c  s  Rmaa/lo-  ^  —  1.0014,  Ws  2.4  x  10*.  Tbe  valuuk 
of  <  uaed  in  the  asymptotic  calculations  m  based  on  tbe  initial  radius,  and 
arc  0.070, 0d)2, 0.0323,  and  0.0043,  rospectively  for  tbe  caae*  sbowo. 


Figure  4:  Tbe  «A*ct  of  «*a«g«»g  the  number  of  bubble*,  i  w  0.047,7  : 
3.008,  W  w  0.7*.  Tbi*  caae  i*  one  where  the  coUapa*  i*  laaa  viotent.  Noi 
the  mbatantial  imptevement  in  tbe  agraemant  of  tbe  asymptotic  analysis  so 
the  rcaulU  bom  SOyanK.  Tbe  solid  line  indicata*  the  Raylaigb-Plaaset  soIl 
tion,  tbe  abort  daabm  tbe  BEM  aolntion,  while  tbe  long  daaba*  the  asymptoti 
result*. 


Figure  5:  The  cSact  of  rhanging  t.  N  —  i,P  *2.508,  W  *8.7  xlO* .  The 
asymptotie  lesnlts  are  indicated  with  long  daabe*.  and  tbe  BEM  results 
with  abort  dmha*.  Tbe  sobd  line  indicate*  tbe  Rayleigb-Pkaaei  solution. 
Assrmptotk  result*  for  c  *  0J09  are  not  abown. 


Figure  0:  Comparison  of  tbe  pressure  predicted  by  SDyaaFS  and  the 
asymptotic  analysis  at  tbe  eenter  of  the  bubble  cloud  for  Figure  4.  Tbe 
pressure  is  noo-diroenaioaalised  by  tbe  max.  preamre  that  would  be  felt  in 
tbe  field  of  an  isolated  bubble  at  a  distance  lo/2  from  tbe  eenter.  This  scaling 
was  chosen  to  highlight  any  relationship  between  N  and  tbe  increase  in  the 
preasute.  Tbe  agreement  for  N  *  2  is  good,  but  worsens  for  other  cases  for 
reason*  cited  in  the  text. 
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Figure  7:  Compuuoo  of  th*  preaure  predicted  by  SDyiuJ'S  and  the  Myrnp- 
totic  aaslyais  for  Figure  5.  The  reeults  from  the  aiymptotic  analysis  are  shown 
only  for  the  e  =  0.054  and  r  =  0.139  cases. 


Figure  9:  Bubble  caotaais  during  colUpse  of  a  4-babbk  configuration. 
•)  Cross  sectional  view  in  the  plane  Z  st  0.  b)  &oat  sectional  view  in 
t^  plane  Y  =  X.  *  =  0.408  baaed  on  the  marimiim  radios.  Note  the 
■oa-anaynunetric  shape  of  the  jet  during  collapse. 
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Fifuw  10:  Growth  ud  collapoe  of  5  bubble*  h*vui(  the  tune  toitiel  site 
and  internal  pressure.  Influence  of  the  initial  bubble  geometry  on  dynamics. 
<  =  0.474  based  on  the  maxiniam  radius.  The  center  bobble  is  seen  to  have 
a  remarkably  diflerent  behavior. 


Figure  9:  Growth  and  coUapre  of  4  identical  bubbles  initially  symmetrically 
distributed  but  with  different  initial  radii  (2,1.3. 1  clockwise  starting  from 
origin).  The  figure  shows  tbe  influence  of  ‘phasing'  (see  discussion  u  53)  on 
the  dynamics. 
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Figure  11;  Contours  of  the  collapse  of  a  suteeo  bubble  cloud.  The  bubbli 
are  arranged  initially  on  a  regular  grid  in  a  plaue.  Again  the  central  bubbli 
show  different  behavior  than  the  outer  bubbles  Contours  from  Itie  growl 
phase  are  on  the  left  while  those  from  the  coHapse  pbaae  ate  on  ibc  tiglit 


From  "MATHEMATICAL  APPROACHES  IN  HYDRODYNAMICS,"  ed.  TOUVIA  MILOH, 
SIAM,  Philadelphia,  1991. 
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Dynamics  of  the  Interaction  of  Non-Spherical 
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Abstract 

The  presence  of  cavities  in  a  liquid  can  have  significant  effects  on  its  behavior  and  its  Sow 
characteristics  In  practical  Sow  situations,  these  effects  cannot  either  be  fully  understood  or 
predicted  without  addressing  complicated,  but  nonetheless  fundamental  phenomena  associated  with 
the  dynamics,  interactions,  and  deformation  of  bubbles.  The  importance  of  these  phenomena  has  long 
been  recognized,  but  has  largely  been  neglected  due  to  the  difficulty  of  the  associated  mathematical 
problems.  In  this  contribution,  bubble  shape- oscillations  in  response  to  nonunifoimfiow  fields  and/or 
due  to  their  interaction  with  other  bubbles  are  considered  using  both  a  fully  three-  dimensional 
boundary  integral  method  and  a  previously  devdoped  matched  asymptotic  expansions  technique. 
Results  from  both  approaches  in  a  few  particular  cases  are  compared,  and  the  limits  of  application 
of  these  methods  for  these  cases  is  assessed. 

4.1.  Introduction 

The  understanding  of  bubble  and  cavity  dynamics  has  preoccupied  researchers  and 
engineers  over  the  past  several  decades.  Since  the  early  work  of  Rayleigh  [1]  and 
Besant  [2],  numerous  papers  and  books  have  been  devoted  to  the  study  of  cavity 
flows.  However,  due  to  the  complexity  of  the  general  mathematical  problem,  most 
approaches  have  been  limited  to  the  study  of  spherical  bubbles,  or  elongated  linearized 
two-dimensional  cavities.  More  recently,  with  the  advent  of  new  mathematical 
and  computational  tools,  increasing  attention  has  been  given  to  the  study  of  more 
practical  cavity  configurations;  namely  nonspherical  bubbles  amd  bubble  clouds. 
This  contribution  presents  a  recently  developed  three-dimensional  nonlineu  numerical 
approach  whose  results  will  be  compared  with  sui  earlier  contribution,  presently  being 
improved,  which  uses  an  asymptotic  approach. 

Since  the  late  seventies  considerable  attention  has  been  given  to  the  study  of 
nonspherical  bubble  dynamics,  but  restricted  to  the  akxisymmetric  cases  in  the  vicinity 
of  a  solid  wall  or  a  free  surface  [3, 4, 5, 6].  All  these  studies  were  constrained  to  the 
simplified  case  where  external  forces  act  in  the  same  direction  as  the  nearby  rigid 
or  free  boundary  and  took  advantage  of  the  axisymmetry  of  the  resulting  problem. 
Deviations  from  this  simplifying  assumption  were  not  considered,  even  though  such 
deviations  can  be  expected  to  have  significant  influence  on  the  results.  Examples  of 
where  this  assumption  fails  include  large  cavity  dynamics  near  complex  geometries  in 
a  gravity  field,  the  dynamics  of  a  cloud  of  bubbles,  and  bubble  dynamics  in  a  shear 
or  boundary  layer.  The  study  presented  here  differs  from  all  previous  investigations 
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in  that  it  considers  both  the  fully  three'dimensional  dynamics  of  the  bubble  and  that 
it  accounts  for  the  strong  interaction  between  bubbles  in  a  “cloud”  or  multi-bubble 
system. 

The  dynamics  of  bubble  clouds  have  also  recently  received  a  lot  of  attention 
[8,9,10],  as  they  have  been  observed  to  produce  dramatic  deleterious  effects  (erosion, 
noise,  ..  etc.),  which  cannot  be  explained  with  approaudies  based  on  single  bubble 
dynamics.  All  these  studies  but  [5,9],  have  considered  only  the  contribution  of  the 
bubble  volume  change  on  the  cloud  dynamics,  and  have  neglected  bubble/fluid  relative 
motion  and  bubble  deformation.  Our  own  previous  contributions  considered  these 
effects  in  the  limiting  configurations  where  bubble  size  is  small  compared  to  inter¬ 
bubble  distance  (small  void  fraurtion). 

In  the  numerical  method  presented  here  this  limitation  is  removed.  A  more 
complete  three-dimensional  dynamic  behavior  of  the  bubbles  including  the  fully 
nonlinear  boundary  conditions  of  the  problem  is  considered.  The  method,  already  well 
tested  for  bubble  dynamics  in  a  quiescent  fluid  [11,12],  is  presently  being  extended  to 
the  investigation  of  bubble  dynamics  in  complex  flow  fields  such  as  vortical,  boundairy 
and  shear  flows  [13,14].  Some  of  these  results  are  shown  below.  The  use  of  the  method 
for  the  study  of  multiple  bubble  dynamics  is  here  illustrated  and  the  results  compared 
with  the  results  of  the  matched  asymptotic  exp2msion  method. 

In  the  following  sections  we  present  the  general  model  used  for  the  bubble 
dynamics.  The  assumptions  needed  for  the  asymptotic  approach  are  then  presented, 
and  the  steps  needed  to  expand  the  various  orders  of  approximation  are  outlined. 
The  following  two  sections  are  devoted  to  the  numerical  approach  and  describe  its 
implementation  for  nonspherical  bubble  dynamics  in  the  presence  or  absence  of  an 
underlying  base  flow.  This  is  followed  by  a  section  presenting  and  discussing  some 
particular  results  using  both  the  asymptotic  and  the  numerical  methods. 

4.2.  Bubble  Dynamics  Model 

This  study  will  consider  cavitation  bubbles  where  relatively  large  bubble  wall  velocities 
are  involved,  and  where,  as  a  result,  viscosity  has  no  appreciable  effect  on  the  growth 
and  collapse  of  the  bubbles.  The  study  will  also  be  restricted  to  the  case  where  the 
flow  velocities  remain  smadl  compared  to  the  speed  of  sound  in  water,  and  as  a  result, 
compressibility  effects  are  neglected.  This  is  valid  until  the  last  phases  of  bubble 
collapse.  The  above  two  assumptions,  classicad  in  cavitation  bubble  dynamics  studies, 
result  in  a  flow  due  to  the  bubble  wall  motion  that  is  potential  (velocity  potential, 
and  which  satisfies  the  Laplace  equation, 

(4.1)  =  0. 

The  solution  must  in  addition  satisfy  initial  conditions  and  boundary  conditions 
at  infinity,  at  the  bubble  walls  and  at  the  boundaries  of  any  nearby  bodies. 

At  all  moving  or  fixed  surfaces  (such  as  a  bubble  surface  or  a  nearby  boundary) 
an  identity  between  fluid  velocities  normal  to  the  boundary  and  the  normal  velocity 
of  the  boundary  itself  is  to  be  satisfied.  For  instance,  at  the  bubble-liquid  interface, 
the  normal  velocity  of  the  moving  bubble  wall  must  equal  the  normal  velocity  of  the 
fluid,  or, 

(4.2)  V<Jn  =  Vsn, 

where  n  is  the  local  unit  vector  normal  to  the  bubble  surface  and  Vs  is  the  local 
velocity  vector  of  the  moving  surface. 
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The  bubble  is  assumed  to  contaia  aoocoadeosible  gas  as  well  as  vapor  of  the 
surrounding  liquid.  The  pressure  within  the  bubble  at  any  given  time  is  considered  to 
be  the  sum  of  the  partial  pressures  of  the  noncondensible  gases,  Pg  ,  and  that  of  the 
vapor,  Pg.  Vaporization  of  the  liquid  is  assumed  to  occur  at  a  fast  enough  rate  so  that 
the  vapor  pressure  may  be  assumed  to  remain  constant  throughout  the  simulation 
and  equal  to  the  equilibrium  vapor  pressure  at  the  liquid  ambient  temperature.  In 
contrast,  since  time  scales  associated  with  gas  diffusion  are  much  larger,  the  amount 
of  noncondensible  gas  inside  the  bubbles  is  assumed  to  remain  constant  and  the 
gas  is  assumed  to  satisfy  the  polytropic  relation,  PV*  =  constant,  where  V  is  the 
bubble  volume  and  k  the  polytropic  constant,  with  I;  =  1  for  isothermal  behavior  and 
k  =  Cp/cg  for  adiabatic  conditions. 

The  pressure  in  the  liquid  at  the  bubble  surface,  P^  ,  is  obtained  at  any  time  from 
the  following  pressure  balance  equation: 

(4.3)  Pi.  =  P.  +  P,.(y)‘  -  Ct. 

where  and  Vq  are  the  initial  gas  pressure  and  volume  respectively,  <j  is  the  surface 
tension,  C  the  local  curvature  of  the  bubble,  and  V  the  instantaneous  value  of  the 
bubble  volume.  Here  P,.  and  Vo  are  known  quantities  at  f  =  0. 

4.3.  Asymptotic  Theory  for  Multiple  Bubble  Dynamics 

Let  us  consider  a  finite  number  of  bubbles  clustered  in  a  cloud.  If  the  characteristic 
size,  rjoi  of  the  bubbles  in  the  cloud  is  small  compared  with  a  characteristic  inter¬ 
bubble  distance  /q,  then  an  asymptotic  analysis  of  the  bubble  dynamics  can  be 
developed  using  the  ratio  between  rto  and  lo  as  the  small  parameter,  (.  Thus,  the  first 
order  approximation  (c  =  0)  consists  in  neglecting  interactions  between  the  bubbles. 
In  the  absence  of  relative  motion  with  respect  to  the  surrounding  fluid,  each  of  the 
individual  bubbles  reacts  to  the  local  pressure  variations  spherically,  as  if  isolated. 

At  higher  orders  of  approximation  (e  jk  0),  mutual  bubble  interactions  and 
individual  bubble  motion  and  deformation  come  into  play.  These  approximations 
are  obtained  by  means  of  the  method  of  matched  asymptotic  expansions.  The  "outer 
problem”  is  that  obtained  when  the  reference  length  is  chosen  to  be  Iq.  This  problem 
is  associated  with  the  macroscopic  behavior  of  the  cloud,  and  each  bubble  appear  in 
it  only  as  the  summation  of  singularities  of  various  orders.  The  "inner  problem”  is 
that  obtained  when  the  lengths  are  normalized  by  r^o-  The  solution  of  this  problem 
provides  the  microscopic  details  of  the  behavior  of  the  cloud,  i.e.,  in  the  vicinity  of  an 
individual  bubble  center  (Bi).  The  presence  of  the  other  bubbles,  all  considered  to  be 
at  infinity  in  the  "inner  problem,”  is  sensed  only  by  means  of  the  matching  condition 
with  the  “outer  problem.”  The  boundary  conditions  at  infinity  for  the  “inner  problem” 
are  obtained,  at  each  order  of  approximation  by  the  asymptotic  behavior  of  the  outer 
solution  in  the  vicinity  of  Bi .  Thus,  if  one  knows  the  behavior  of  all  bubbles  except 
Bi,  the  motion,  deformation  and  pressure  field  due  to  this  cavity  can  be  determined 
by  solving  linearized  forms  of  the  equations  presented  in  the  previous  section. 

The  following  assumption  was  adopted  for  the  numerical  exaunples  presented 
below.  The  characteristic  geometric  scale  of  the  cloud  is  smsdl  compared  to  the 
outside  driving  pressure  field  scale.  Therefore,  to  first  approximation,  the  same  driving 
pressure  is  assumed  to  be  felt  at  the  same  time  by  all  bubbles  in  the  cloud.  Variations 
of  this  pressure  due  to  the  position  of  each  bubble  are  only  seen  at  the  higher  orders. 
In  a  more  general  case,  the  pressure  felt  by  each  bubble  is  dependent  on  the  bubble 
location  and  on  the  modification  of  the  outside  flow  field  by  the  presence  of  the 
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bubble  cloud.  We  are  presently  implementing  such  an  approach  which  accounts  for 
the  compressibility  of  the  two-phase  bubbly  medium. 

At  the  lowest  order,  e  =  0,  each  bubble  (of  index  t)  behaves  spherically  as  if  in  an 
iniinite  medium  and  the  time  dependence  of  its  radius,  a^t),  is  given  by  the  Rayleigh- 
Plesset  equation,  [15].  If  the  compressibility  of  the  medium  is  to  be  included,  then 
an  equivalent  equation  such  as  in  [7]  can  be  used.  This  first  approximation  of  the 
whole  flow  field  (a  distribution  of  sources  or  sinks  representing  all  bubble  oscillations) 
sets  the  boundary  conditions  at  infinity  at  the  following  order  of  approximation.  The 
same  process  is  then  repeated  for  the  successive  orders.  One  can  show,  [9,16],  that 
up  to  the  order  O(e^),  the  influence  of  the  remaining  bubbles  on  each  bubble  Bi, 
can  be  schematically  replaced  by  the  influence  of  a  single  equivalent  bubble  centered 
at  Gi.  The  growth  rate  and  position  of  this  equivalent  bubble  are  determined  by 
the  distribution  and  the  growth  rate  of  the  other  cavities.  In  general,  this  fictitious 
bubble  equivalent  to  the  “rest-of-the-cloud”  and  the  corresponding  “cloud  center”  and 
“equivalent  bubble  intensity”  are  different  for  each  bubble.  If  Big  is  the  angle  between 
the  centers’  direction  BjGj  and  the  direction  of  a  field  point  BjM,  the  equation  of  the 
surface  of  the  axisymmetric  bubble  B,-  can  be  written  in  the  form: 

Oo(0  +  «a‘i(0  +  f^[a2(0  +  /aCO-  cos  Bij]  + 

(4.4)  -I-  €^[4(f)  -1-  4(f)-  costfjj  +  J3(f)7»2(costf,;)]  +  o(c^), 

where  is  the  Legendre  polynomial  of  order  2,  and  argument  cos  Bij. 

The  first  component,  ao(f),  is  given  by  the  Rayleigh-Plesset  equation,  while  the 
other  components,  aj,,  and  4>  **'6  given  by  similar  second  order  differential 
equations  which  can  be  written  in  symbolic  form  as  follows: 

(4.5)  =  . 

Here  2?2(j4)  represents  a  differential  operator  of  the  second  order  in  time  acting  on 
the  radius  component  (  one  of  a^,4>ffn)  of  bubble  *  ;  is  the  initial  distance 
between  the  bubbles  B,-  and  Bj]  —-ijd-i)  ^  ^  known  function  of  the  terms 

(l4)i  determined  at  the  preceding  orders;  m  is  an  integer  indicating  the  order  of  the 
spherical  harmonic;  Bij  is  the  angle  between  the  direction  BiBj  connecting  the  bubble 
centers  amd  the  direction  of  motion  of  bubble  i  toward  the  cloud  center,  Bg\  and  n 
is  an  integer  indicating  the  order  of  approximation.  The  detailed  expressions  can  be 
found  in  reference  [9] 

The  behavior  of  B,-  can  then  be  computed  by  integration  of  the  obtained  system 
of  differential  equations  using  a  multi-Runge-Kutta  procedure.  The  behavior  of  the 
whole  cloud  is  thus  obtained. 

Earlier  studies  [9,16,17]  have  shown  that  collective  bubble  behavior  can  have  a 
dramatic  effect  on  both  bubble  growth  and  implosion.  Specifically,  bubble  growth  is 
inhibited  by  bubble  interactions,  while  bubble  collapse  is  enhanced.  This  cumulative 
effect  comes  from  the  fact  that  the  interaction  reduces  any  driving  pressure  drop  as 
a  result  of  the  other  bubble  growth,  while  it  increases  the  collapse  driving  pressure 
as  a  result  of  the  other  bubble  collapse.  Due  to  the  cumulative  effects  of  the  collapse 
of  all  the  bubbles  in  the  cloud,  each  bubble  ends  its  collapse  under  the  influence  of 
a  pressure  which  is  orders  of  magnitude  higher  than  that  for  an  isolated  bubble  (see 
Figure  4.8  and  corresponding  discussion). 
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4.4.  Boundary  Element  Method  for  Three-Dimensional  Bubble  Dynamics 
In  order  to  enable  the  simulation  of  bubble  behavior  in  complex  geometry  and  flow 
conflgurations  including  the  full  non-linear  boundary  conditions,  a  three-dimensional 
Boundary  Element  Method  was  developed.  This  method  uses  Green’s  identity  to  solve 
Laplace’s  equation.  If  the  velocity  potential,  ^  ,  or  its  normal  derivative  is  known  on 
the  fluid  boundaries  (points  M),  and  <p  satisfies  the  Laplace  equation,  then  ^  can  be 
deternuned  anywhere  in  the  domain  of  the  fluid  (field  points  P)  using  the  identity: 

where  ut  z=  Q  is  the  solid  angle  under  which  P  sees  the  fluid, 
a  =  4,  if  P  is  a  point  in  the  fluid, 
a  =  2,  if  P  is  a  point  on  a  smooth  surface,  and 
a  <  4,  if  P  is  a  point  at  a  sharp  corner  of  the  discretized  surface. 


The  advantage  of  this  integral  representation  is  that  it  effectively  reduces  the 
dimension  of  the  problem  by  one.  If  the  field  point  P  is  selected  to  be  on  the  boundary 
of  the  fluid  domain  (a  bubble  surface  or  on  any  other  boundary),  then  a  closed  system 
of  equations  can  be  obtained  and  used  at  each  timestep  to  solve  for  values  of  d<i>ldn 
(or  <f))  assuming  that  all  values  of  (or  doldn)  are  known  at  the  preceding  step. 

To  solve  Equation  (4.6)  numerically,  it  is  necessary  to  discretize  the  bubble  into 
panels,  perform  the  integration  over  each  panel,  and  then  sum  up  the  contributions 
to  complete  the  integration  over  the  entire  bubble  surface.  To  do  this,  the  initially 
spherical  bubble  is  discretized  into  a  geodesic  shape  using  flat,  triangulai  panels.  After 
discretizing  the  surface,  Equation  (4.6)  becomes  a  set  of  iV  equations  (iV  is  the  number 
of  discretization  nodes)  of  index  i  of  the  type: 


(4.7) 


i 


where  and  Bij  are  elements  of  matrices  which  are  the  discrete  equivalent  of  the 
integrals  given  in  Equation  (4.6). 

To  evaluate  the  integrals  in  (4.6)  over  amy  particular  panel,  a  linear  variation  of 
the  potential  and  its  normal  derivative  over  the  panel  is  assumed.  In  this  manner, 
both  and  are  continuous  over  the  bubble  surface,  ar.i  are  e.\pressed  as  a 

function  of  the  values  at  the  three  nodes  which  delimit  a  particular  panel.  Obviously 
higher  order  expansions  are  conceivable,  and  would  probably  improve  accuracy  at 
the  expense  of  additional  analytical  'ffort  and  numerical  computation  time.  The  two 
integrals  in  (4.6)  are  then  evaluated  analytically.  The  resulting  expressions,  too  long 
to  present  here,  can  be  found  in  [18]. 

In  order  to  proceed  with  the  computation  of  the  bubble  dynamics  several 
quantities  appearing  in  the  above  boundeiry  conditions  need  to  be  evaluated  at  each 
time  step.  The  bubble  volume  presents  no  particular  difficulty,  while  the  unit  normad 
vector,  the  local  surface  curvature,  and  the  local  tangential  velocity  at  the  bubble 
interface  need  further  development.  In  order  to  compute  the  curvature  of  the  bubble 
surface  a  local  bubble  surface  three-dimensional  fit,  /(x,y,z)  =  0,  is  first  computed. 
The  unit  normal  at  a  node  can  then  be  e.xpressed  as: 


(4.8) 


n  =  ±; 


Vf 

Vf 
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with  the  appropriate  sign  chosen  to  insure  that  the  normal  is  always  directed  towards 
the  fluid.  The  local  curvature  is  then  computed  using 

(4.4;  C  =  V  •  n. 


To  obtain  the  total  flmd  velocity  at  any  point  on  the  surface  of  the  bubble,  the 
tangential  velocity,  ,  must  be  computed  at  each  node  in  addition  to  the  normal 
velocity,  Vn  =  d^/dn  n  .  This  is  also  done  using  a  local  surface  fit  to  the  velocity 
potential,  <t>i  =  h(z,  y,  z).  Taking  the  gradient  of  this  function  at  the  considered  node, 
and  eliminating  any  normal  component  of  velocity  appearing  in  this  gradient  gives  a 
good  approximation  for  the  tangential  velocity 


(4.10) 


=  n  X  (V^,  X  n). 


With  the  problem  initialized  and  the  velocity  potential  known  over  the  surface 
of  the  bubble,  an  updated  value  of  can  be  obtained  by  performing  the 

integrations  outlined  above,  and  solving  the  corresponding  matrix  equation.  The 
unsteady  Bernoulli  equation  can  then  be  used  to  solve  for  D<^/Dt,  the  total  material 
derivative  of 


(4.11) 


.  t  r.  ■  .2  Pa  —  Pl  .  1  1  tt  i  i2 

—  =  ^+|V,|  =  — - J2  +  j|V#|= 


D4>/Dt  provides  the  total  time  variations  of  ^  at  any  node  during  its  motion  with 
the  fluid.  The  second  term  on  the  right  hand  side  is  the  hydrostatic  pressure  and  is 
introduced  to  account  for  cases  where  the  influence  of  the  gravitational  acceleration 
is  not  negligible. 

Using  an  appropriate  timestep,  all  values  of  ^  on  the  bubble  surface  can  be  updated 
using  <f>  at  the  preceding  time  step  and  D<l>/Dt.  In  the  results  presented  below  the 
timestep  was  based  on  the  ratio  between  the  length  of  the  smdler  panel  side,  Imin 
and  the  highest  node  velocity,  Vmax-  This  choice  limits  the  motion  of  any  node  to  a 
fraction  of  the  smallest  pauel  side.  It  has  the  great  sulvantage  of  constantly  adapting 
the  timestep,  by  refining  it  at  the  end  of  the  collapse  -  where  Imin  becomes  very 
small  amd  Vmas  very  large  -  and  by  increasing  it  during  the  slow  bubble  size  variation 
period.  New  coordinate  positions  of  the  nodes  are  then  obtained  using  the  position  at 
the  previous  time  step  and  the  displacement, 

(4.12)  dM  =  (d^/dn.n  +  Vt)df. 


This  time  stepping  procedure  is  repeated  throughout  the  bubble  oscillation  period, 
resulting  in  a  shape  history  of  the  bubbles. 


4.5.  Presence  of  a  Basic  Flow 

Cavitation  bubbles  seldom  grow  and  collapse  in  a  quiescent  fluid  or  in  a  uniform  flow 
field.  To  the  contrary,  cavities  are  most  commonly  observed  in  shear  layers,  boundary 
layers  and  vortical  structures.  To  study  bubble  dynamics  in  a  nonuniform  flow  field, 
let  us  consider  the  case  where  the  "basic  flow”  of  velocity  Vq  is  known  and  satisfies 
the  Navier  Stokes  equations  ^  : 

(4.13)  ^  +  Vq  •  Wo  =  -ivPo  +  i/V=Vo  . 

*lf  the  basic  flow  is  potential  the  j4>pIication  of  the  Boundary  Element  Method  is  straightforward 
and  there  is  no  need  for  any  additional  assumptions 
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T  nrtsence  of  the  oacillating  bubbles,  the  velocity  field  is  givea  by  V  which  also 
SWk« 


+  V  ■  VV  =  - -VP  +  1/7’V  . 
dt  p 


(4.14) 

Both  V  and  Vq  also  satisfy  the  continuity  equation.  We  can  now  define  bubble 
flow  velocity  and  pressure  variables,  and  P|,  as  follows: 


(4.15) 


Vb  =  V-Vo. 


If  we  that  this  bubble  flow  field  (Vjj  and  P*)  is  potential,  we  can  use  a 

method  «miUr  to  the  one  described  in  the  previous  section  to  study  the  dynamics. 
This  assumption  implies  that,  even  though  the  basic  flow  is  allowed  to  interact  with 
the  bubble  dynamics  and  be  modified  by  it,  no  new  vorticity  is  allowed  to  be  generated 
by  the  bubble  behavior.  Within  this  restriction,  we  have 

(4.16)  Vb  =  7%  =  0. 

By  subtracting  (4.14)  from  (4.13),  and  accounting  for  (4.16)  we  obtain 

(4.17)  7  [^  +  i  I  Vb  I’  +Vo  .  Vb  +  ^]  =  Vb  X  (V  X  Vo). 

This  equation,  once  integrated,  may  be  considered  the  equivalent  of  the  classical 
unsteady  Bernoulli  equation  in  potential  flow. 

As  an  illustration  consider  the  case  where  the  basic  flow  field  is  that  of  a  two- 
dimensional  Rankine  vortex,  Vq  =  V^.e#,  with 


r>  a 


(4.18) 


V#  5=  wr  = 


Tr 

2Tar 


»*<Oe, 


where  Oe  is  the  radius  of  the  viscous  core,  T  the  vortex  circulation  and  Vt  the  tangential 
velocity.  In  that  case  the  Bernoulli  equation  can  be  replaced  by: 

(4j[9)  q-  i  I  Vb^  I  +—  =  constant  along  radial  directions. 

Accounting  for  at-infinity  conditions,  the  pressure  at  the  bubble  wall,  Pl,  is  related 
to  the  pressure  field  in  the  Rankine  vortex,  Pq,  by: 

The  nondimensional  basic  flow  pressure,  Po,  normalized  with  the  ambient  pressure, 
Poo ,  is  known  and  is  given  by: 


bubble  wall 


Po(7)  =  i-n[i-i(^)'|-. 


r  <  a* 


r  >  Oe, 
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where  lengths  are  normalised  by  Rm**,  the  maximum  radius  the  bubble  would  achieve 
in  an  infinite  medium  if  the  pressure  drops  to  the  value  on  the  vortex  axis.  The  swirl 
parameter  G,  defined  as, 


(4.21) 


characterizes  the  intensity  of  the  rotation-generated  pressure  drop  relative  to  the 
ambient  pressure.  The  pressure  on  the  vortex  axis  is  (1  ~  G)  and  goes  to  zero  if 


G  =  l. 


4.6.  Computational  Results  and  Discussion 

We  present  in  this  section  some  results  obtained  with  the  Boundary  Element  Method 
code  (SDynaFS),  and  compare  them  with  results  from  the  asymptotic  expansion 
method.  The  accuracy  of  the  numerical  code  was  evaluated  by  using  simple  test  cases 
known  in  the  literature  such  as  the  collapse  of  spherical  and  axisymmetric  bubbles. 
For  spherical  bubbles,  comparison  with  the  Rayleigh-PIesset  "exact”  solution  revealed 
that  numerical  errors  were  less  than  0.14  percent  for  a  discretized  bubble  of  162  nodes. 
The  error  dropped  to  0.05  percent  for  252  nodes.  The  two  discretizations  -  162  nodes 
(320  triangular  panels)  or  252  nodes  (500  panels)  -  are  usually  selected  for  most  of  our 
nonspherical  bubble  dynamics  runs.  However,  for  the  purpose  of  studying  multibubble 
interactions  we  were  limited  to  102  node  bubbles  (200  panels)  due  to  the  limitations  on 
our  32  Mbytes  MIPS  RS3240  computer.  For  an  8-bubble  configuration  the  code  uses 
about  30  Mbytes  for  102-node  bubbles.  With  this  “coarse”  discretization  the  error 
is  about  2  percent  on  the  achieved  maximum  radius,  but  is  very  small,  0.03  percent, 
on  the  bubble  period.  (This  can  be  seen  in  figure  4.2).  Comparisons  were  also  made 
with  studies  of  axisymmetric  bubble  collapse  available  in  the  literature  [4,6],  and  have 
shown,  for  the  coarse  discretization,  differences  with  these  studies  on  the  bubble  period 
of  the  order  of  1  percent  .  Finally,  comparison  with  actual  test  results  of  the  complex 
three-dimensional  behavior  of  a  large  bubble  collapse  in  a  gravity  field  near  a  cylinder 
shows  very  satisfactory  results,  [12]  (see  Figure  4.1).  The  observed  difference  in  the 
period  was  shown  to  be  related  to  the  confinement  of  the  experimental  bubble  in  a 
cylindrical  container  [18]. 

Figure  4.2  compares  the  results  obtained  with  the  3D  code  with  those  given  by 
the  asymptotic  approach.  The  bubble  cloud  is  subjected  to  a  sudden  pressure  drop, 
and  for  ease  of  interpretation,  only  symmetric  cloud  configurations  ue  considered. 
Results  for  one,  two,  four  and  eight-bubble  symmetric  configurations  are  shown.  For 
the  two-bubble  case  the  bubble  centers  are  separated  by  a  distance  /o>  the  initial 
gas  pressure  in  each  bubble  is  such  that  the  bubble  would  achieve  a  maximum  radius 
Rmax  —  Rw  —  0.07 /q  if  isolated.  The  four-bubble  configuration  considers  similar 
bubbles  centered  on  the  comers  of  a  square  with  sides  of  ^mension  /q.  Finally,  the 
eight  bubbles  are  located  on  the  comers  of  a  cube  of  side  /q.  The  figure  presents  the 
variations  with  time  of  the  distance  between  an  initial  bubble  center  and  both  the 
point  closest  to  (<  0),  and  the  point  fau^tfaest  (>  0)  from  the  “cloud  center”.  These 
points  are  selected  because  they  lie  along  the  direction  of  development  of  the  reentrant 
jet  the  farthest  point  becoming  the  tip  of  the  jet  which  penetrates  the  bubble  during 
the  collapse. 

As  we  can  see  from  the  figure,  the  BEM  method  clearly  shows  that  for  bubbles 
oscillating  in  phase  the  period  of  oscillation  increases  with  the  number  of  interacting 
bubbles.  The  maximum  bubble  size  along  the  jet  axis  is  however  not  significantly 
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Fig.  4.1.  Large  bubble  collapse  near  a  cylinder.  Comparison  between  the  three-dimensional 
BEM  code  results  [18]  and  experimental  results  of  reference  19. 


modified.  The  jet  advancement  towards  the  “cloud  center”  increases  with  the  number 
of  bubbles.  This  is  seen  by  the  crossing  of  the  r  =  0  line  by  the  upper  curves  on  the 
graph  which  becomes  more  and  more  pronounced  with  an  increase  in  the  number  of 
bubbles.  This  effect  is  more  pronounced  for  larger  values  of  c  (see  Figure  4.3). 

Figure  4.2  also  compares  the  results  of  the  BEM  code  with  the  asymptotic 
approach.  It  illustrates  the  limitations  of  the  incompressible  asymptotic  approach 
as  it  stands  now.  When  the  number  of  bubbles  increases  the  method  diverges  towards 
the  end  of  the  collapse  and  predicts  either  a  much  faster  collapse  than  obtained  with 
the  more  accurate  BEM  method  (N=:2  and  4),  or  an  unexplained  early  bubble  rebound 
(N=:fi).  This  behavior  occurs  earlier  when  either  the  number  of  bubbles  or  the  value 
of  e  increases. 

Figure  4.3  shows  the  influence  of  e  on  the  bubble  dynamics  for  a  4-bubble 
configuration.  Using  the  BEM  3D  results  enables  one  to  study  the  influence  of  reducing 
bubble  inter-distance  on  the  dynamics  of  each  bubble.  Increasing  the  proximity 
between  the  bubbles,  or  increasing  the  number  of  bubbles  is  seen  to  increase  the 
lengthening  effect  on  the  bubble  period,  while  enhancing  the  reentrant  jet  formation, 
as  in  the  more  classical  case  of  bubble  collapse  near  a  solid  wall.  In  all  cases,  the 
reentrant  jet  formed  is  directed  towarib  the  center  of  the  bubble  cloud,  or  here, 
the  center  of  the  square.  As  expected,  the  asymptotic  approach  gives  a  very  good 
approximation  at  low  values  of  e,  but  fairs  poorly  for  high  values  of  e  (note  that  for 
e  =  0.5  the  bubbles  touch  at  their  mAYimnm  size). 

The  above  conclusions  on  the  asymptotic  approach  have  to  be  tempered  by  the 
fact  that  all  cases  presented  addressed  relativriy  intense  bubble  collapse  (with  a  strong 
reentrant  jet  formation).  The  relevant  nondimensional  parameter  to  characterize  the 
collapse  intensity  is  the  ratio,  Pgm  of  the  gas  pressure  to  the  outside  pressure  at 
maximum  bubble  size.  This  ratio  is  about  0.06  for  the  cases  shown  above.  For  higher 
values  of  Pgm  a  smoother  collapse  followed  by  a  rebound  occurs,  and  the  asymptotic 
approach  fairs  much  better  [5]. 

Figures  4.4  and  4.5  illustrate  further  the  three-dimensional  behavior  of  the  bubble, 
using  198-node  bubbles.  Figure  4.4  shows  two  cross-sectional  views  of  the  bubble 


Fig.  4.3.  Motion  of  the  bubble  poinU  farthest  from  and  closest  to  the  "cloud  center"  versus 
time  for  a  4-bubble  symmetric  configuration.  Comparison  between  SDynaFS  code  results  and 
the  asymptotic  code  results.  Influence  of  bubble  proximity  or  <  =  Rmas/lo,  PtofPmmS  —  233. 
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Fig.  4.4.  Bubble  contours  during  collapse  of  a  ^-bubble  configuration,  a)  Cross  sectional  aiew 
in  the  plane  2=0.  b)  Cross  sectional  view  in  the  plane  Y=X.  e  =  0.498,  Pgo/Pamb  =  283. 


shapes  at  various  times  during  the  collapse  for  a  strong  interaction  case  (e  =  0.498), 
for  a  4-bubble  coniiguration.  The  first  view  shows  bubble  contours  in  the  Z  =  0 
plane,  plane  of  the  four  bubble  centers.  In  this  plane  all  four  bubbles  can  be  seen, 
and  the  reentrant  jet  appears  very  wide  giving  the  bubble  at  the  end  of  the  collapse 
the  appearance  of  a  “deflated  balloon”.  The  second  view  is  a  diagonal  cut  though 
the  centers  of  two  of  the  bubbles.  In  this  view,  the  reentrant  jet  appears  much  more 
pronounced.  The  combination  of  the  two  views  illustrates  very  clearly  the  reentrant  jet 
formation,  its  direction  towairds  the  center  of  the  square,  and  gives  a  qualitative  idea 
about  the  intensity  of  the  collapse.  In  this  case,  due  the  geometry  of  the  configuration, 
the  jet  has  a  two-dimensional  flat  shape,  rather  than  a  conical  axisynunetric  shape. 
This  clearly  provides  one  reason  for  the  failure  of  the  asymptotic  approach  for  this 
case,  since  the  expansions  in  that  approach  were  stopped  to  am  order  (e^)  which  does 
not  allow  the  description  of  any  azimuthal  bubble  shape  variations. 

Figure  4.5  presents  a  3D  view  of  the  bubbles  towuds  the  end  of  a  relatively  weak 
collapse  of  a  4-bubble  configuration  (e  =  0.185).  Since  the  case  shown  is  symmetrical 
and  2l11  bubbles  have  the  same  shape,  this  diagonal  view  can  be  interpreted  as  showing 
the  shape  of  the  same  bubble  from  different  view  angles.  The  reentrant  jet  is  here 
again  seen  to  be  wide,  pointed,  and  well  advanced  towards  the  other  side  of  the  bubble. 
A  complete  history  of  the  advancement  of  the  jet  in  the  bubble  can  be  deduced  from 
figure  4.3. 

Figures  4.6  through  4.10  illustrate  various  important  effects  due  to  either 
asymmetries  in  the  bubble  configuration,  or  due  to  the  presence  of  an  underlying 
nonuniform  flow.  Figure  4.6  shows  the  case  of  an  asymmetric  five  bubble  configuration. 
All  bubbles  have  the  same  initial  radius  and  internal  pressure,  and  are  initially 
spherical  and  located  in  the  same  plane.  The  most  visible  effect  observed  is  that 
'  the  center  bubble.  Its  growth  is  initially  similar  to  that  of  the  other  bubbles,  but  it 
ends  up  being  the  least  deformed.  Later  on,  as  the  collapse  phase  advances  with  the 
development  of  a  reentrant  jet  directed  towards  the  central  bubble,  this  bubble  appears 
to  be  shielded  by  the  rest  of  the  cloud.  Its  period  appears  to  be  at  least  double  that 
of  the  other  bubbles.  Unfortunately,  the  code  cannot  presently  follow  the  dynamics 
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Fig.  4.5.  Three-dimensional  view  of  bubble  shape  att  —  1.8  during  collapse  of  a  4-bubble 
configuration,  e  =  0.184,  Pgo/Pamb  ~  283. 


beyond  this  point  since  it  fails  following  the  touchdown  of  the  first  reentrant  jet  on 
the  other  bubble  side.  Here,  this  occurs  before  any  significant  progress  of  the  coUapse 
of  the  central  bubble  is  observed.  The  issue  of  continuing  the  computations  beyond 
this  point  is  clearly  important  and  is  presently  the  subject  of  an  ongoing  research  at 
DYNAFLOW. 

Figure  4.7  shows  a  4-bubble  configuration  where  the  bubbles  are  centered  on  the 
corners  of  a  square.  All  bubbles  were  chosen  so  that  they  would  behave  identically 
if  in  an  infinite  medium.  However,  a  time  delay  between  the  bubble  oscillations  was 
imposed.  As  a  result,  at  t  =  0  the  bubbles  had  relative  initial  sizes  in  the  ratios  2, 1, 3, 1 
counter-clockwise  starting  from  the  bubble  centered  at  the  origin.  This  results  in  a 
very  asymmetric  behavior  of  the  cloud  configuration.  The  bubble  periods  appear 
to  be  lengthened  the  most  for  the  larger  bubbles  at  f  =  0.  The  "delayed”  bubbles 
(the  smaller  at  t  =  0)  are  prevented  by  the  other  bubbles  from  growing  significantly, 
and  end  up  collapsing  very  early  in  their  history.  These  bubbles  on  the  other  hand 
significantly  influence  the  "earlier”  ones  by  increasing  at  some  point  the  pressure  drop 
these  bubbles  sense  and  then  by  preventing  them  later  on  from  collapsing.  Since  the 
code  presently  breaks  down  before  a  significant  collapse,  we  can  only  speculate  that  a 
very  strong  collapse  of  the  larger  bubbles  would  ensue,  because  of  the  large  pressure 
produced  by  the  collapse  of  the  smaller  bubbles.  This  can  be  illustrated  by  observing 
the  modification  of  the  imposed  pressure  drop  by  the  behavior  of  an  individual  bubble. 
As  shown  in  figure  4.8,  the  bubble  growth  initially  reduces  the  effective  pressure  drop 
that  would  be  felt  by  a  second  bubble  at  the  distance  /o,  this  trend  is  later  reversed, 
and  is  followed  by  a  significant  pressure  rise  during  the  bubble  collapse. 

Figure  4.9  shows  the  three-dimensional  behavior  of  a  bubble  in  a  line  vortex.  The 
^bble  is  initially  positioned  at  a  distance  of  2J'Zmax  ^om  the  vortex  axis  located  at 
A'  =  2.  The  normalized  core  size  is  4  in  this  case.  Figure  4.9a  gives  a  view  in  the 
XOY  plan  of  the  bubble  at  different  instants.  The  bubble  is  seen  spiraling  around  the 
vortex  axis  (  perpendicular  to  the  figure)  while  approaching  it.  At  the  same  time,  due 
to  the  presence  of  the  pressure  gradient,  the  bubble  strongly  deforms  and  a  reentrant 
jet  is  formed  directed  towards  the  axis  of  the  vortex. 
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Fig.  4.6.  Growth  and  collapse  of  5  bubbles  having  the  same  initial  size  and  internal  pressure. 
Influence  of  the  initial  bubble  geometry  distribution  on  dynamics,  e  =  0.474,  Pgo/PamS  =  283. 


INTERACTION  BETWEEN  FOUR  BUBBLES  INTERACTION  BETWEEN  FOUR  BUBBLES 


Fig.  4.7.  Growth  and  collapse  of  4  identieal  bubbles  initially  symmetrically  distributed  but 
with  different  initial  radii  dodnsise  stardng  from  origin).  Influence  of  phasing  on 

dynamics.  Pgo/PamS  —  283. 
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Fig.  4.8.  Pressure  at  a  distance  lo  from  a  bubble  following  a  sudden  pressure  drop,  e  = 
Rmas/lo  —  0.3,  Pffil Pamh  ~  283. 


Figure  4.96  shows  the  same  bubble  seen  from  the  OX  axis.  Here  some  elongation 
is  observed  along  the  axis  of  the  vortex  as  well  as  a  very  distinct  side  view  of  the 
re-entrant  jet.  This  result  is  totally  contrary  to  the  usually  held  belief  that  bubbles 
constantly  grow  during  their  capture  until  they  reach  the  axis  and  elongate  along  it. 

Finally,  Figure  4.10  shows  in  the  XOY  plane  perpendicular  to  the  vorte  -  axis  the 
motion  of  two  particular  points  on  the  bubble,  A  and  B,  initiaUy  along  C  /.  Also 
shown  is  the  motion  of  the  mid  point,  C.  While  C  seems  to  follows  a  path  similar  to 
the  classical  logarithmic  spiral,  A  and  B  follow  more  complicated  paths,  even  moving 
away  from  the  vortex  axis  at  some  point  in  time. 

4.7.  Conclusions 

In  this  contribution  the  dynamics  of  a  multi-bubble  system  was  considered  using 
am  asymptotic  method  and  a  three-dimensional  Boundatry  Element  model.  The 
emphasis  in  the  presentation  was  placed  on  the  3D  BEM  results  since  they  are 
both  more  accurate  amd  constitute  a  more  recent  development  in  our  efforts.  While 
the  asymptotic  method  is  simple  and  satisfatctory  for  relatively  weak  interactions 
and  non-violent  bubble  oscillations,  the  3D  numericad  approach  is  more  involved 
computationally,  but  adlows  one  to  study  both  very  large  deformations  and  very  intense 
oscillations.  For  multibubble  interaction  the  3D  code  shows  signihcamt  modifications  of 
the  bubble  dynamics  and  shape.  For  identical  bubbles  acting  in  concert,  an  increase  in 
the  bubble  period  is  observed  without  significamt  modification  of  the  bubble  maximum 
size  when  the  number  of  bubbles  increase  or  when  their  sepauration  distance  decreases. 
For  violent  interaction  the  asymptotic  approach  allows  one  to  follow  the  dynamics  only 
partially  during  the  collapse.  The  pressures  that  it  predicts  during  the  colla^ise  increase 
tremendously  at  the  “cloud  center”  with  the  number  of  bubbles.  Comparisons  with  the 
BEM  code  results  show  that  the  asymptotic  approach  can  significantly  overpredicts 
the  velocities  at  the  end  of  the  collapse,  which  implies  that  the  conclusions  on  the 
pressures,  while  still  correct,  need  to  be  tempered.  Similarly,  other  real  fluid  flow 
conditions,  such  as  the  presence  in  the  cloud  of  various  bubble  sizes,  the  presence  of 
a  velocity  or  pressure  gradient,  ..etc.  moderate  the  conclusions  drawn  from  simplified 
symmetric  models.  These  various  effects  can  be  considered  and  analyzed  using  the  3D 


— % 

1 

M 

taUMll 

■ 

■ 

m 

s 

ki 

n 

1 

t«ui: 

— 

Hh 

— 

Fig.  4.9.  Three-dimeruionai  bubble  shapes  at  various  times  during  bubble  capture  in  a  vortex 
line,  u  -  0.948,  Oe  =  4RmaM,  PgolPamb  -  584.  a)  View  in  XOY plan,  b)  View  in  XOZ plan. 


Fig.  4.10.  Motion  of  two  bubble  points  initiallg  on  axis  OY  and  their  mid  point  versus  time, 
u  =  0.948,  Oe  s=  4Rmaa,  Fgo/iom*  =*  584.  a)  Vortcx  at  X:s2,  b)  Vortex  at  X=l. 
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code.  In  this  communication,  an  example  of  these  effects  related  to  the  problon 
of  bubble  capture,  growth  and  collapse  in  a  line  vortex  flow  field  was  presented. 
Nonspherical  effects,  commonly  neglected,  were  shown  to  significantly  modify  our 
understanding  of  the  phenomenon.  As  a  result,  noise  generation  at  the  inception  of 
tip  vortex  cavitation  can  now  be  explained  by  the  deformation,  collapse  and  splitting 
of  the  bubble  while  being  captured. 

On-going  areas  of  improvement  of  this  study  include  extension  of  the  asymptotic 
approach  to  the  case  of  a  compressible  fluid  and  coupling  of  the  multibubble  approach 
to  a  two-phase  medium  model.  The  Boundary  Element  Method  approach  is  being 
improved  to  include  the  full  description  of  the  reentrant  jet  piercing  of  the  bubble  and 
its  subsequent  advancement  in  the  fluid.  The  3D  code  is  also  being  implemented  on  a 
parallel  Connection  Machine  in  order  to  significantly  improve  computation  time,  and 
to  allow  practical  consideration  of  a  much  larger  number  of  elements  than  at  present. 
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